Equations of elasticity: Cartesian grid

Equations
In this model u = (U, V, W) is vector of displacement.

The equations of X-force balance are:
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The displacements and the stresses are connected by Hooke’s law:
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D - dilatation (relative changing of volume at deformation),
G,L -first (u) and second (1) Lame's constant:

E - Young’s module,

P - Poisson’s coefficient,

o - thermal-expansion coefficient,
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The Equations for uy and u, have a similar type.
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The terms in figured bracket {} is standard div(grad) term Phoenics with anisotropy diffusion.

For two-dimensional (x,y) problems, the U-equation simplifies to:
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Stresses and strains in the z-direction are linked by the equation:
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where b, is a parameter which expresses the extent to which the material is free to expand in that
direction, which may vary between zero (for free expansion) and infinity (for absolute
constraint).

With (3a) can be written as
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For what is known as the Plane-Strain model,
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while for what is known as the Plane-Stress model,

1
L2726 [—L(gxx +gyy)+ Hgt]
For one-dimensional (x) problems
0,=-b,¢,, o,=-beg,

z%zz7!

b,=0,0, =0 ¢,=

and
1-d
&, = 1 ~[-Le,, +He,],
L+2G+b,1-d.d,
£,y = 1 1-d, [-Le,, +He ],
L+2G+b,1-d.d,
L L

dy=————d,=—
L+2G+b, L+2G+Dh,

FVE
We shall use standard approximation for fluxes:
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Fig. 1 Internal uyx-Cell

Boundary Condition

Tangential boundary (en, Fig. 1) :
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At a FVE-level possible to unite two members:
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I.e. on boundary by means of patch it is necessary to assign tangential stresses itself!

Normal boundary (e, Fig. 2) :
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Fig. 2 Boundary uy-Cell

Boundary condition :
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Uniting members FVE, shall get
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I.e. on boundary by means of patch it is necessary to assign normal stresses itself!



Equations of elasticity: Polar grid

Initial equations - a Hooke’s law (U=ug,V =Uu;, W =U;):

o, =2Gg, +Le—HT, e, :ﬂ’
or
10U V
Opg = 2Gepg + Le—HT, egjg=——+—,
00 00 00 r@@ ;
oW
c,,=2Ge,, +Le—HT, e, =—,
Y44 7z z az
(l oV 8U U]
Op=G|-—+——-——1|
roo or r
(o :G(a—u+ GWJ
oz or
- G(l&W GUJ
00 oz
€=€; +€gy t €4
and balance of force equation
Eg(rc“ﬁl%“9 + %0 _ O +f, =0,
ror r oo 0z r
1g(rcyer)+18099 + %%z , O +fy =0,
ror r oo 0z r
10 (rcsrz)+1%+86—zz+fZ =0,
ror r oo 0z

With (4.1) and (4.2) can be VV-equations written as
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This is polar analog main Cartesian equation (3). Similar equations possible to write for U and W
component:
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Boundary Condition on FGE-level

Displacement U (up) — tangential boundary (N/S and H/L).
Similar doing we have, either as in Cartesian case - two members unite on boundaries:
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Displacement U (up) — normal boundary (E/W).
Uniting members FVE, shall get
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Displacement V (u,) — tangential boundary ( E/W and H/L).
Similar doing
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Displacement V (u;) — normal boundary (N/S).
Here appears the problem with association of the members. This is connected with difference by
form of the members in V-equation
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Displacement W (u,) — tangential and normal boundary.
Similarly Cartesian coordinate system
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Colocate Displacements Mehod

We shall consider FVE for 2D(x,y) cartesian grid when displacements are determined in the
centre scalar cell.
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The equations of X-force balance are:
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The displacements and the stresses are connected by Hooke’s law:
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Integrating equation (13) on scalar cell P, possible get FVE
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Where internal source consists of gradient and tangential terms:
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For calculation all property-coefficients on faces of cells is used harmonic interpolation, for

instance
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For calculation of the temperature on faces is used linear interpolation
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For calculation of displacements in corners (the centre edges in z-direction), for instance Ven
shall consider "red"-rectangle P-E-E-N. We Shall consider that in this rectangle
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Boundary Condition
The Boundary conditions are assigned similarly mate the staggered displacements!




