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HTE 1 7
1 E OBJECTIYES OF THE COURSE

o TO PROMOTE UMDERSTANDING OF PROCESSES OF TRANSFER OF
CONCENTRATION, HEAT AND MOMENTUM, IN:

o ENGINEERING EQIUTPMENT.
e THE NATURAL ENVIRDNMENT,
o T0O FACILITATE QUANTITATIVE PREDICTION OF THESE PROCESSES.

o HEWCE TO PERMIT DESIGNS TO BE OPTIMISED, QUICKLY AND
ECONOMICALLY,




HTE 1 3
1 E RELATION OF PREDICTION TO DESIGM & RESEARCH
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HTE 1 I PROCESSES TO BE PREDICTED -

1 15 THE NATURAL ENVIROMMENT

ATMOSPHERE: e SPREAD OF SMOKE FROM CHIMNEY ;
o DISPERSION OF MOIST AIR FROM COOLING-TOWER;
e WIND FORCES ON BUILDINGS,

HYDROSPHERE: » THERMAL POLLUTION OF RIVERS:
o HEATING AND COOLING OF LAKES:
o DISPERSION OF SEWAGE IN THE DCERN.

INSIDE GUliniNGE. @ RFATING AND YENTILATING;
o MOVEMENT OF SMOKE RESULTIMG FROM FIRES.

BENEATH THE GROUND: e DIL RECOVERY:
o SOLUTTON MININMG,

ll.;-',{’.:‘r.f_ﬂ .’;'T # .o G Wt
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HIE 1 5 PROCESSES TO BE PREDICTED -

p 15 AEROSPACE

o TURBO-JET ENGINES: » FLOWS IN COMPRESSORS, TURBINES,
o COOLING OF TURRINE BLADES.
o MIXING IN EXHAUST DUCTS,
o DESIGN OF COMBUSTION CHAMBERS FOR LOW POLLUTION,

¢ ROCKET ENGINES: » RADIATION FROM EXHAUST PLUMES.
o UWSTEADY CORBUSTION OF SOLID-PROPELLANT MOTORS,

¢ AIRCRAFT: o COOLING OF FUSELAGE IN SUPERSOMIC FLIGHT,
e PREDICTION DF AERODYNAMIC FORCES.
o BOUNDARY LAYERS AT WING-FUSELAGE JUNCTION.
o AIRFRAME-ENGINE INTEGRATION AND INTERACTION.

HIE 1 b PROCESSES TO BE PREDICTED -

- om—

1 15 SHIP HYDROOYNAMLCS

o WAVE DRAG: e INFLUENCES OF HULL SHAPE, SPEED,
o INFLUENCES OF PITCHING AND ROLLING.

o FRICTION: o INFLUENCES OF HULL SHAPE, SPEED,
o INFLUENCES OF ROUGHNESS, BIOLOGICAL GRONTH.

o STELN REGION: e PREDICTION OF VELOCITY DISTRIBUTION MEAR
STERN AND IN WAKE.
o DESIGN OF PROPELLERS FOR MAXIMUM EFFICIENCY, LGN NOISE.
o [DESIGN OF RUDDERS.




HIE 1 ! PROCESSES TO BE PREDICTED -

1 15 COMBUSTION PROCESSES

o FURNACES: o HEAT-FLUX DISTRIBUTION AT WALLS.
o EFFICIENCY OF BURMING OF FUELS,
o [INFLUENCE OF FLOW PATTERN ON POLLUTANT FORMATION,

o INTERNAL-COMBUSTION EMGINES: o SPARK-IGNITION,
o DESIGN OF STRATIFIED-CHARGE GASOLINE EMGINES.
o INFLUENCE OF CHAMBER DESIGN ON DIESEL COMBUSTION.
¢ UNSTEADY FLOW IN AIR-INTAKE DUCTS.

® FIRES: » IGNITION AND SPREAD OF DOMESTIC FIRES,
o IGNITION AND SPREAD OF FOREST FIRES.
o EXTINCTION OF FIRES BY CHEMICAL MEANS.

HTE 1 a PROCESSES TO BE PREDICTED -

1 15 INDUSTRIAL ERUIPMENT

o HEAT EXCHANGERS: e STEAM CONDENSERS FOR POWER PLANT,
o COOLING OF WATER EY CONTACT WITH AIR.
o PRE-HEATING FUEL OIL BEFORE BURNING.
o PRE-HEATING AIR BY INDIRECT COMTACT WITH EXHAUST,

o FASS-TRANSFER EQUIPMENT: o DISTILLATION COLUMNS,
e LIBUID-LIRUID CONTACTERS,
@ TEXTILE-DRYING EQUIPMENT,

¢ METALLURGICAL PROCESSES: e IRON-ORE REDUCTION,
o CONTINUDUS CASTING OF ALUMINIUM,




HTIE1 | 9 PROCESSES TO BE PREDICTED -

1 15 DOMESTIC

o HEATING OF BUILDINGS: o HEAT LOSS BY CONDUCTION,
o USE OF SOLAR COLLECTORS.
o HEAT PUMPS AND THEIR SOURCES.
o DISTRICT-HEATING SCHEMES.

® AIR MOVEMENT: o PROMOTION OF DRAUGHT-FREE VENTILATION
BY JETS.
o CIRCULATION OF DEHUMIDIFIED AIR,

e EQUIPMENT: o COOKERS.
e FREFRIGERATORS.
e AIR PURTFICATION.

HIE 1 10 PROCESSES TO BE PREDICTED -

1 15 BIOLOGICAL

o WITHIN THE BODY: e OXYGENATION OF BLOOD,
o |OCAL SHEAR INTENSITY AT BLOOD-VESSEL WALLS,
o TEMPERATURE CONTROL BY CAPILLARY CONTRACTION,
o COOLING BY PERSPIRATION.

o EQUIPNENT: o ARTIFICIAL LUNGS.
o EQUIPMENT FOR EFFECTING LOCAL FREEZING,
o COOLING OF DENTISTS® HIGH-SPEED DRILLS.
o PROVISION OF CONTROLLED ENVIRONMENTS.




HTE 1 1 PROCESSES TO BE PREDICTED -

1 15 WUCLEAR POWER

o GAS-COOLED REACTORS: e OPTIMUM COOLING-FIN DESTGN FOR
FUEL RODS ENCASED IN METAL.
o FLOKW AND HEAT TRAMSFER IN ROD BUNDLES.

o BOILING-WATER REACTORS: e RESPOMSE OF SYSTEM TO SUDDEN
CHANGES CSHUT-DOWN; LIQUID ESCAPE),
o THO-PHASE FLOW IN COMPLEX CIRCUMSTAMCES.

o SODIUM-COOLED REACTORS: & INFLUENCE OF A BLOCKAGE 04
FLOW AND HEAT TRANSFER IN REACTOR-ROD BUNDLE,
o CIRCULATION OF SODIUM BY FREE COMVECTION IN VESSEL
SURRDUNDING REACTOR,

HTE 1 12
T REBUTREMENTS OF PREDICTION PROCEDURES

TRUTH, I.E. AGREEMENT WITH EXPERIENCE,

o SPEED, WITH ALLOWAMCE FOR: LEARNING TIME, SET-UP TIME,
EXECUTION TIME, INTERPRETATION.

o ECONOHY, WITH CONSIDERATION OF ALL COSTS.
o ACCESSIBILITY,

s FLEXIBILITY,




HTE 1 13
1 15

KINDS OF PREDICTION PROCEDURE

o TEST OF IDENTICAL EQUIPMENT AND SITUATION.

o TEST DF COMPONENTS + METWORK AMALYSIS.

TEST OF SCALE MODEL + DIMENSIONAL AMALYSIS.

o TEST OF SIMPLIFIED SCALE MODEL + HOPEFUL APPROXIMATIONS.

o SOLUTION OF DIFFERENTIAL ERUATIONS EMBODYING MATHEMATICAL
MODELS OF COMPLEX PHENOMENA (UNIVERSAL?).

o SOLUTION OF FUNDAMENTAL DIFFERENTIAL EQUATIONS,

HTE 1 14
i 15

COMPORENTS OF COMPUTER-BASED PREDICTIONS

| prediction I—— pptimisation jJ—gJ dasign

procedure la— computer code fe— | mathematics
[ —1 R
finite-difference equations I_h-:lun-:lur_-.- conditions
= 4 Ll
differential eguations tpecial conditions
' m— e geometry
Taws mode] s properties
conservation | turbulence operating
flux radiation circumstances
SOUFCE kinetics .




HTE 1 15

3 a1y CURRENT STATUS OF PREDICTIVE ABILITY

o TRUTH: GOOD ENOUGH FOR MANY PURPOSES; BUT CONTINUED
RESEARCH ON MODELS IS WEEDED,

o SPEED: EXECUTION TIME SATISFACTORY. LEARNING TIME, ETC.,
MUST BE REDUCED.

o LCCONDMY: EXECUTION COSTS OFTEN TOD HEAVY: REDUCTION
EASILY POSSIBLE,

o ALCESSIBILITY: GENERALLY POOR; MECHANISMS ARE BEING CREATED.

o FLEXIBILITY: GOOD, AND IMPROVING,




HTEl-i

2 15

LECTURE 2, CONSERVATION LAWS,
[NTRODUCTTON,

CONTENTS: » MASS CONSERVATION,
o MOVENTUN "CONSERVATION",
o CHEMICAL-SPECIES "CONSERVATION",
o ENERGY "CONSERVATION",

NOTES  : o "CONSERVATION" = BALANCE OF FACTORS EFFECTING
CHANGES,
o THESE LANS ARE ENTIRELY RELTABLE (MORE 50 THAN
TRANSPORT LANS, ETC.).
e VECTOR, AND CARTESIAN-TENSOR, FORMS WILL BE
FROVIDED,

HTE 1 2

m——a =

8 15

—

MASS CONSERVATION (OFTEN CALLED *CONTINUITY").

o [N WORDS: RATE OF IWCREASE OF DENSITY = NET RATE OF INFLOW
OF MASS INTO UNIT VOLUME,

¢ [N VECTOR NOTATION: [3¢ - aiy (o - o \

o NOMENCLATURE: o = DENSITY (MASS/VOLUME),
@ = VELOCITY VECTOR = MASS CROSSING UNIT AREA IN UNIT

+ DENSITY.
t = TIME.

%
dhﬁ;:l.imifﬁ,ii ds

¥+ ¥ 8

S=surface Ti=unit
normial

YEvolume




HIE 1 3 MASS CONSERVATION;

2 15 CARTESTAN-TENSOR FORM,

CONTINUITY EQUATION: 22 B, (g = 0.
NOTATION: w xy ETAHDS FOR s ¥g,; g (x,7,%),

u-l_ STHHDE FDH- u']_.! LI'_E; uﬂ '::u_.l""j"'"jq

1 STANDS FOR 1, 2. 3,

IF INDEX APPEARS TWICE, SUM OF 3 TERMS IS IMPLIED.
REPEATED INDICES ARE CALLED "DUMMY SUBSCRIPTS®.

TERMS WITHOUT DUMMY SUESCRIPTS ARE SCALARS,

TERHS WITH ONE DUMMY SUBSCRIPT ARE VECTORS.

ILL”ETMTH:]H: %ﬂf i :_;'fl I:IF'LL'I] + EIH |:|;,|_|2:| + 'E'_J-:E |:|'|u3:| = 0,

HTE 1 4 MASS CONSERVATION:

15 "BULK-CONTINUITY* FORM.

REARRAMGEMENT PRODUCES: [aiv & = - ]:Jﬁ {Lnp)

mmnm:-%5§%+mwmagg§+%§i.

D_ = “SUBSTANTIAL DERIVATIVE™ = RATE OF CHANGE FOR A
UE PARTICULAR "PARCEL® OF MATTER.

[MPORTANCE: o FOR MANY FLONS,.mms = o EVEN THOUGH » VARIES
WITH ¢ AND x,, E.G, 2 LIQUIDS,

OFTEN DeenpysotIS EASIER TO CALCULATE THAN ITS COMPONENTS,
N.B. = = ANY SCALAR, !




HTE 1 5 MOMENTUM "CONSERVATION" ;
i 19 (NEWTON'S SECOND LAW OF MOTION).

o IN WORDS, FOR THE m'TH DIRECTION: RATE OF INCREASE OF m -
DIRECTION MOMENTUM (wow) PER UNIT VOLUME = NET RATE OF
INFLOW OF mocu PLUS MET FORCE. BOTH PER UNIT VOLUME,

o [N VECTOR NOTATION:

-g? (ou ) + div ( pil aed = diy Em Y By — 1

o NOMENCLATURE: o u_ = mom PER UNIT MASS,
¢ P, = FLUID-STRESS (PRESSURE, SHEARY YECTOR,
@ &, = BODY FORCE IN DIRECTION m PER UNIT VOLUME,
o I, = RESISTIVE FORCE IN DIRECTION = PER UNIT VOLUME,

HTE 1 b MOMENTUN “CONSERVATION" ;
2 15 CARTESIAN -TENSOR FORM.

o DIFFERENTIAL EQUATION:|:

o MNOTES: ® by 5 IS THE 4-DIRECTION COMPONENT OF ALL THE
FLUID STRESSES AFFECTING m-DIRECTION MOMENTUM.
o OFTEN, BUT NOT NECESSARILY, m WILL BE ONE OF THE 1'S.
o BODY FORCE g, INCLUDES EFFECTS OF GRAVITY, ELECTRD-

MAGNETIC FORCES.
® RESISTANCE FORCE z_ IS FINITE WHEN THE FLUID I3
PENETRATING A POROUS MEDIUN, o
e [N LATIEH CASE u e U £I|||IEH HHEH B = 14 'iil_«_:.a- %-_u,_ |
: i




HIE 1 ! MOMENTUN "CONSERVATION®:

Z 15 COMBINATION OF MOMENTUM AND MASS EI}LIFI.TIE]I'-IS.

e VECTOR FORM: E'“Tr.+ug1-uau n—{d:wp + By - I
i

s ALTERNATIVE: I"-lﬂ, - a .-_[-]-j_u,- ];| o e

o GENERAL RE.P"IHHI'{. o THE SAME PHYSICAL FACTS CAN BE EXPRESSED
[N MANY ALTERNATIVE MATHEMATICAL FORMS.

® KHICH FORM 1S CONVENIENT DEPENDS UPON WHAT PROBLEM IS TO
BE SOLVED, AND BY WHAT METHOD.

o ONLY FEW FORMS ARE PROVIDED IN THESE LECTURES,

HTE 1 B

: (T3 CHEMICAL-SPECIES “CONSERVATION®

® [N WORDS: RATE OF INCREASE OF MASS OF CHEMICAL SPECIES &
NET RATE OF CONVECTIVE + DIFFUSIVE INFLOW + NET RATE OF
CHEMICAL PRODUCTION, ALL PER UNIT VOLUME,

o VECTOR FORM: -.'élLt '::I:EE_:' + Ay {mlpﬁ # 'jt} - T

2

| @ NOMENCLATURE: e m, = MASS FRACTION OF 2,
@ Jy ® DIFFUSION FLUX OF ¢ = TOTAL FLUX - mgen (xg/m®s),
o &, = CHEMICAL PRODUCTION RATE OF t (kg/m's),

lHﬂTEE:lZ my = 1, |Z El-ﬂ.-z R, = 0,

all & all & all L




HTE 1 g CHENICAL-SPECIES "CONSERVATION™;

o —

7 15 ALTERNATIVE FORMS,

o CARTESIAN TENSOR FORM: .-

tnuimi + JE,i} = Ry

X
i

o COMEIMATION WITH CONTINUITY:

.am - — ..I'm :
DEEEE + 1, grad My 4= PEEE = —gdiw jl + Hl

o ALTERNATIVE VARIABLES:

» A SYMBOL CAM BE ASCRIBED TO emy (E.G, ®,), WITH DBVIDUS
CONSEQUENCES,

o COMPOSITION CAN BE DESCRIBED IN TERMS OF MOLE FRACTION,
PARTIAL PRESSURE ; BUT DIFFICULTIES ARISE.

HTE 1 10 CHEMICAL-SPECIES “CONSERVATION®;
. 15 RELATION TO CHEMICAL-ELEMENT -EI]'I'ISEH".I'P.TEDH.

o HDHEE['IELATURE.' o = & MASS OF ELEMENT o/MASS OF HL":TLFHE
all & Mg My g, WHERE, my, o " MASS OF ELEMENT =/MASS OF
SrECIES 2,
o NOTE: m_ VARIES; ™, g IS A CONSTANT FOR SPECIES =,
o INSERTION IN EQUATION OF PANEL 8, WITH SUMMATION FOR ALL
SPECIES IN THE MIXTURE AFTER MULTIPLICATION BY m_ ,.

E|1:[|:-rr|:|-+-:!:ll.'-|,'rr|r.m+E m“LEJ-ﬂ
all & !

o NOTE: ® J— “m, , ®; WAS BEEN PUT = 0 BECAUSE CHEMICAL

all

REACTION CANNOT CREATE OR DESTROY ELEMENTS.




WEL | 11 | ENERGY “CONSERVATION";
2 15 (FIRST LAN OF THERMODYNAMICS)

o [N WORDS: RATE OF INCREASE OF CINTERNAL ENERGY + KINETIC
ERERGYY = NET RATE OF INFLON OF STAGNATION ENTHALPY + NET
RATE OF (HEAT + SHEAR WORK) + (RADIATION + ELECTRICAL +
OTHER SOURCES), ALL PER UMIT VOLUME,

o YECTOR FORM:

-ET {pch - E];' + div (puh + 4 + ﬁﬂ ¥ Z h:r,}:z.:' - Eraﬂ*'J

. i all &
o NOMENCLATURE: o B = b » §,02

$b= 7 mh.. ah, = +J‘T 8, ETHAT
S e R R

R
8 @ T heat flux vector, W, = shear-work vector, § = source,

HTE 1 12 ENERGY “CONSERVATION”

—

2 15 ALTERRATIVE FORMS,

o CARTESIAN TENSORS:

% (ph = p) » %1 f.ﬂui'i'i ' Qi It l.-.-Eh1 + L, h:"r,,i:'-sraﬂ*"
o COMBIMATION WITH CONTINUITY:
F‘%'E * %1 o T ;i T e 3E ¥ B 5
o SINCE o8 =) (m, e, a7+ b, am ), THE FIRST TERM CAN BE
REWRITTEN,

nT n T
"{f;mi Cod FE I:1a o tli;lE iu.u,n'E]l}

= — iy




HTE 1 E ENERGY "CONSERVATION®;
? 15 NOTES.

o AT LOW MACH NOS. (MORE STHIETL‘I’ ECKERT NOS.) w_ CAN BE
NEGLECTED: AMD ap/at MAY BE SMALL,

o SINCE %’ v Mycy = o €74, THE MIXTURE SPECIFIC HEAT AT
CONSTANT PRESSURE, an = car + 3 ¢n, )y +u||"’1_ ¢ 4T} dmy.

all &
o IF ALL ;"S5 ARE EQUAL AT THE SAME TEMPERATURE,
dh £ odT + i d.ﬂ:ll,
all 8 TP
BECAUSE 2 dm, = q,
nll R
HTE 1 14

; TS GENERAL FORM OF CONSERVATION EQUATION

o NOMENCLATURE: LET # STAND FOR w,, =, K, OR UNITY (FOR
CONTINUITY EQUATION,

¢ GENERAL EQUATION: ALL THE FOREGOING EQUATIONS CAN BE WRITTEN
AS:

3 - o
S (Pd) + div (pii ¢ + j¢3 8,

e NOTES: -Fmarl, T, =0 AND 8, = o,
e FOR ¢ * -+R1'4
» FOR ¢ %ﬁ jﬁ B T AED Be ™ 8eia %y
o FOR ¢ = u,, J, = part of div p_ AND
ﬂ¢ = ramaining part + gy - fm_




HTE 1
2

15
15

CORCLUDING REMARKS ABOUT CONSERVATION EQUATIONS

o ALL THE ERUATIONS EXHIBIT SIMILARITIES OF FORM,

o OTHER EQUATIONS OF THE SAME FORM ARE ENCOUNTERED ELSEWHERE
IN PHYSICS, E.G.:

o LAY OF CONSERVATION OF ELECTRICAL CHARGE:
o LAW OF "CONSERVATION® OF TURBULENCE ENERGY.

o BEFORE THE EQUATIONS CAN BE USED, EXPRESSIONS MUST BE
FOUND FERMITTING THE EVALUATION OF Jy (TRANSPORT LAWS)

AND OF s, (SOURCE LANS),




HIE 1 _}d LECTURE 3. FLUX LAWS.
3 15 [NTRODUCT LON,

CONTENTS: o HEAT CONDUCTION,
o DIFFUSION OF MATTER.
e VISCOUS ACTION.
o RADIATIVE TRANSFER.

NOTES: e THE “FLUX LAWS" PROVIDE THE EXPRESSIONS FOR J,, G,
Pys ETC.

o THE LAWS FOR ALL FOUR TRANSFER PROCESSES EXHIEIT
SIMILARITIES, WHICH WILL BE EMFHASISED AND USED; BUT
THEY ARE FAR FROM BEING IDENTICAL.

HTE 1 2
—— FOURIER'S LAN OF HEAT CONDUCTION

3 15

e IN WORDS: HEAT IS TRANSFERRED OPPOSTTELY TO THE TEMPERATURE
GRADIENT, IN PROPORTION TO THAT GRADIENT; THE
PROPORTIONALITY CONSTANT DEPENDS ON THE LOCAL
PROPERTIES OF THE MEDILM,

s IN SYMBOLS: & = -2 graa T

o MNOMENCLATURE: e » = THERMAL CONDUCTIVITY (a/ma®c),
o LATER, ry, WILL BE INTRODNCED, DEFINED BY:

Iy = Afa (kg fm=)

o r, IS CALLED THE EXCHANGE COEFFICIENT FOR HEAT,




HTE 1 3

3 15 FOURTER"S LAW; REFINEMENTS,

e

o EFFECTS OF OTHER GRADIENTS: IN GASES, HEAT MAY BE TRANSFERRED
AS A CONSEQUENCE OF GRADIENTS OF CONCENTRATION AMD
PRESSURE, THE EFFECTS ARE SMALL,

e TURBULENCE: IN TURBULENT FLOW, EDDY EXCHAMGE TRANSFERS
ENERGY IN A MAMNER SIMILAR TO HEAT CONDUCTION; THEN WE
WRITE [§'= 5 graa 1] o TIME-AVERAGE QUANTITIES BEING

UNDERSTOUD, :

o RELATION TO OTHER TRANSPORT PROPERTIES:
0 cu/h = PAANOTL NO. DIMEMSIONLESS: » = VISCOSITY.
o ole/h = LEWIS ND., DIMENSIONLESS; D = DIFFUSION COEFFICTIENT

HTE 1 4 HEAT CONDUCT [OM;

3 15 | SOURCES OF DATA.

o FOR GASES, ewfd 3 .7; SO A IS OBTAINED FROM VISCOSITY DATA.

[ ] FDH HLI_ FI_LFIDS; M Eueiffrle,ff i 1; ED J'Ef_f IE DETHIJHH] an
EFFECTIVE-VISCOSITY DATA,

o FOR ALL MATERIALS, COMPILATIONS EXIST IN TEXTBODKS AND HAND-
BOOKS, E.G., REID R C, SHERWOOD T K. *PROPERTIES OF GASES
AND LIQUIDS", McGRAW HILL, 1958; PERRY J H (ED,), “CHEMICAL
HENDBOOK" . McGRAW HILL, 1963.

® NOTE: FURTHER INFORMATION ABOUT »_,., THE EFFECTIVE
CONDUCTIVITY IN TURBULENT FLOWS, FOLLOWS IN LECTURE 8.




:
TEL Y 2 | Fiek's Law oF DIFeusIon

3 15

o IN WORDS: DEFINED SPECIES 1S TRAMSFERRED BY DIFFUSION
OPPOSITELY TO THE MASS-FRACTION GRADIENT, IN PROPORTION
10 THAT GRADIENT; THE PROPORTIOMALITY CONSTANT DEPEMDS ON
LOCAL PROPERTIES OF SPECIES AND MEDIUM.

o IN SYMBOLS; 31 = -, grad my

o NOMENCLATURE: o T, = EXCHANGE COEFFICIENT Cles/ms) .
e MORE USUALLY, 2y IS USED (w/s), WHERE B} = v, /e,
o2, IS CALLED THE DIFFUSION COEFFICIENT OF &,

HIE 1 b FICK'S LAN:

3 15 REFINEMENTS.

¢ EFFECTS OF OTHER GRADIENTS: ESPECIALLY IN GASES, SPECIES »
MAY DIFFUSE AS A CONSEQUENCE OF GRADIENTS OF OTHER
SPECIES, OF TEMPERATURE (THERMAL DIFFUSION) AND OF
PRESSURE. THE EFFECTS ARE SOMETIMES IMPORTANT.

o TURBULENCE: IN TURBULENT FLOW, EDDY EXCHANGE TRANSFERS
SPECIES IN A MANNER SIMILAR TO DIFFUSION: THEN WE WRITE:
g = - L.,y erad mg, TIME-AVERAGE QUANTITIES BEING
UNDERSTOOD,

® RELATION TO OTHER TRANSPORT PROPERTIES: e w/ry = SCHMIDT 0.
OF SPECIES ¢ (DIMENSIONLESS).

o I,/r, = LENIS NO. OF SPECIES + (DIMENSIONLESS),




WTE1 | 7 | FICK'S LAW;
3 15 | SOURCES OF DATA,

o SOURCES ARE SIMILAR TO THOSE FOR HEAT CONDUCTION, BUT:

rg <, FOR LIQUIDS,

ry << T, FOR SOLIDS,
o T, IS INDEPEMDENT OF PRESSURE FOR GASES (WHEREAS.Z, o 1/p),
o FOR TURBULENT FLUIDS (LIQUID OR GAS),

r u T
L. egff & II|,|1H‘

UMDER ALL CONDITIONS.

HTE 1 8
— | NEWTON'S LAW OF VISCOUS ACTION

3 1%

o IN WORDS: STRESSES DEVELOP IN A DEFORMIMNG LIQUID IN
OPPOSITION TO THE DEFORMATION AMD PROPORTIONATE TO THE
RATE OF DEFORMATION; THE PROPORTIOMALITY CONSTANT
DEPENDS ON LOCAL FLUID PROPERTIES,

o 1IN SYMBOLS: 7, = ;[Er;ﬂ uyor Lo {Ti-ﬂiad uy) + 1, 1, . graduy)
b (i, .grad u,) -~ 2 di
3 (Ty.8mad uy) - 2 3 auv ]

o NOMENCLATURE: o %, = %, + i,p, THE VISCOUS-STRESS VECTOR,
¢ i, = UNIT VECTOR IN DIRECTION i,
e » = HYDROSTATIC PRESSURE (s/m®),
o v = VISCOSITY OF FLUID (kig/ms),




| HTE 1 g NEWTON'S VISCOSITY LAW:

3 15 DISCUSSION,

C “fHFETTésanH:‘HEr&ﬂ'lI*.p. EﬂﬁﬂﬁifJIEEHHEFHIHEESNm
FICK'S LAWS, WITH T, = NEGATIVE OF THE MOVENTLM FLLL,

o [N SIPPLE FLOMS (E.G, BOUNDVRY LAYERS) THE FIRST TERM IS OFTEN THE CHLY
INPORTANT CHE,

o 7; CONTAINS ALL THE PARTS OF py ASSOCIATED WITH v,
o mmmmmmmlmms THE, COFPONENTS OF 7 ARE:-

1-4(23“1—Hd1vu:]

TERMS IMPORTANT
T IN BOUMNDARY
| 1,3 = (_ E P LAYERS
g =
1:3 - (_..a:!. ¥ -:!.I.JEJ o
iy, Ty
HTE 1 10 NEWTON'S VISCOSITY LAK:
3 | 15 SOURCES OF DATA.

o FOR ALL FLUIDS, SEE REID AND SHERWOOD, PERRY. ETC.

o FOR GASES., vz eu_, t ., WHERE u_ . = nms MOLECULAR
VELOCTTY AND t,__, = MEAN FREE PATH,

o FOR TURBULENT FLUIDS,

(1) EFFECTIVE SHEAR STRESSES ARE PRESUMED TO OBEY
NEWTON'S LAW. AND DD S0 APPROXIMATELY:

(2) upee w o ke, WHERE
& = KINETIC ENERGY OF TURBULENCE,
¢ = LENGTHSCALE OF TURBULENCE.




MIE1 | 11 | RADIATIVE TRANSFER:
E 15 | DEFINITIONS,

- — =
|

o RADIANT-ENERGY FLUX, 7, ,: THIS 1S THE ENERGY TRANSMITTED
FER UNIT AREA (a/m® u:‘.l PEH UNIT INCREMENT OF WAVELENGTH
» AND PER UNIT INCREMENT OF SOLID ANGLE .

o EMISSIVE POWER, Ey: THIS EQUALS A FUNCTION OF WAVE LEMGTH
A AND TEMPERATURE, TIMES T*, WHERE T = ABSOLUTE
TEMPERATURE,

o ABSORPTIVITY, a(m™*), AND SCATTERING COEFFICIENT st="ly; 1.
THESE EQUAL THE PROPORTION OF INCIDENT RADIATION ';
ABSORPTION/SCATTERED PER UNIT BEAM LEMGTH,

HTE 1 12 RADIATIVE TRANSFER;

3 15 LAKS,

o VOLUMETRIC SOURCE OF ENERGY:
Spaa = 0609 3, o wae - faniy man

o NOTES: e SCATTERING DOES NOT ENTER THIS RELATION; FOR IT
MERELY CHANGES THE ANGLE OF RADIATION, BUT DOES NOT
ALTER ITS INTENSITY.

o UNDER RESTRICTED CIRCUMSTANCES, EMISSION, REARSORPTION
AND SCATTERING OF RADIATION HAVE EFFECTS SIMILAR TO
THOSE OF HEAT CONDUCTION,

o & MD s ARE LIKE RECIFROCAL MEAN FREE PATHS,




HIE 1 I3 RADIATIVE TRANSFER:
3 15 PROPERTIES,

o ABSORPTIVITIES AND SCATTERING COEFFICIENTS ARE NEEDED FOR
Al'n,rL MATERIALS AND WAVE LENGTHS; THEY ARE INCOMPLETELY
AVAILABLE.

o FOR SOLIDS, = AND = ARE SO LARGE THAT IT IS MORE USEFUL TO
EMPLOY EXPRESSIONS REPRESENTING INTEGRALS OYER DEFTH INTO
THE SURFACE,

o SPECIAL TEXTS SHOULD BE CONSULTED, E.G.:
HOTTEL H € AND SAROFIM A F
"RADIATIVE HEAT TRAMSFER™,
McGRAW HILL, NEW YORK, 19&7.

HTE 1 14

e OTHER FLUX LANS
3 15

o OHM'S LAW OF ELECTRICAL COMDUCTION:
ELECTRICAL FLUX = -RESISTIVITY TIMES VOLTAGE GRADIENT,

o D'ARCY'S LAW OF FLOW IN POROUS MEDIA:
FASS FLUX = -RESISTANCE COEFFICIENT TIMES PRESSURE GRADIENT,

NDTES: e ANALOGIES BETWEEN FLUX LAWS CAN BE USED AS AIDS TO
UNDERSTANDING.,

SOMETIMES QUAMTITATIVE USE CAN BE MADE IN PREDICTIONS, BY WAY)
OF "ANALDGUE® EXPERIMENTS.




HTE L | 15 | FLUX LANS;
3 15 | CONCLUDING REMARKS.

o SIAILARITIES BETWEEN THE FLUX LAWS EXIST, AND CAN BE
EMPHASISED WITH ADVANTAGE.

THE NEXT TASK IS TO SUBSTITUTE FLUX LAWS INTO CONSERVATION
LANS TO GET THE DIFFERENTIAL EQUATIONS WHICH MUST BE
SOLVED,

THE FLUX LAWS ARE LESS RELIABLE THAN THE CONSERVATION LAWS
(E.G. INFLUENCES ARE OFTEN NEGLECTED).

o

@ CONTINUING RESEARCH WILL REFINE KNOWLEDGE OF THE RELEVANT
PROPERTIES.




HTEL| 1 | LECTURE 4. SOURCE LAWS.
i 15 INTRODUCTION.
CONTENTS: & CHEMICAL REACTION,

o ENERGY SDURCES.

o MOMERTUM SOURCES.
o MASS SOURCES.

» RADIATION SOURCES.,
¢ VOLUME SOURCES,

NOTES: o THE SOURCE LAWS PROVIDE EXPRESSIONS FOR s, IN THF
GENERAL DIFFERENTIAL EQUATION,

¢ THESE EXPRESSIONS EXHIBIT GREAT VARIETY,

o DEPARTURES FROM SIMILARITY IN FLUX TERMS CAM BE
COMPENSATED IN THE SOURCE TERMS,

HT 2

E . Eg- CHEMICAL-KINETIC LAHS
o GENERAL FORM: ®, = B, ¢m_,m , ..., T, Py senid
o EXAMPLE:

o REACTION: & + B + ¢ (JRREVERSIBLE),

e KIND: CONTROLLED BY FREBUEMCY OF SUFFICTENTLY EMERGETIC
COLLISION OF 4 AND ® MOLECULES IN GASEOUS FORM.
e RATE EXPRESSION,

R, = =8p% m,m, Nid®M ﬂﬂ)i exp (=E
" g Ny (o1 1




HTE 1 3 CHEMICAL-KINETIC LAWS

Ij 15 (CONTINUED)

o DEFINITIONS: » & = STERIC FACTOR, PROPORTION WITH CORRECT
ORIENTATION (<1),

o 4 ¢ MEAN MOLECULAR DIAMETER (% 5.5 = 107 my,

@ N % 6.032 x 107 = NO, OF MOLECULES IN 1 KG MOLE,
# N, = MOLECULAR WEIGHT OF a,

@ % = UNIVERSAL GAS CONSTANT, 8314.30/kg mole'x,

o M+ = HARMONIC MEAN w, 1.E, 1/(1/m, + 1pL),

o B = ACTIVATION EMERGY, OF ORDER 'll:IELI'.-'Hq,r male

@ SIAPLIFICATION: OFTEN, THE RATE EXPRESSION IS SIMPLIFIED
T0:

R, = --F".n1|d||7|H ]:l2 exp [-E'J{€T)]),

HTE 1 4 CHEMICAL-KINETIC LAWS:

g 15 DISCUSSION,

o GENERALISATION: ®, = -#m,™ m." p® exp (-' /¢£7)) WHERE
Z, n, b, ¢ AND &' ARE CONSTANTS OF THE REACTION.

o COMPLEXITY OF REACTION SCHEMES: USUALLY MANY SPECIES
PARTICIPATE IN SIMULTANEOUS REACTIONS: THE IDEAL REACTION
Tuel + oxygen + product

NEVER TAKES PLACE.

o THE NEED FOR “MODELS™: BECAUSE DATA ARE INCOMPLETE AND TIME
LIMITED, OFTEN IDEALISED MODELS OF CHEMICAL REACTION
ARE USED.




HIE 1 5 ENERGY SOURCES;

Y 13 "KINETIC HEATING*,

o SHEAR-WORK VECTOR:

3
“Wg B TyWy ¥ Ry + Taug

® COMPONENTS:
Wa,1 ™ T g¥y * Ty qug * Tg jug
= an i, B
13 & oo Ty
(2 W]‘ - div u]ul % E—] -{'”—E}uﬂ
dn d1l
3 1
£ [EEI * Bxﬁ}“HJ
wu,ﬂ g

KINETIC-HEATING SOURCE = -div &,

, -div W = 3 e
r IN A SIFPLE CASE, -aiv W, %, (0 ﬁ%;jl

HTE 1 b
A = | OTHER ENERGY SDURCES

o RADIATION: SEE PANEL 12 OF LECTURE 3.

CHEMICAL REACTION: THIS APPEARS IMPLICITLY, THROUGH THE
DIFFUSION FLUXES OF CHEMICAL SPECIES.

o TURBULENCE ENERGY: THIS IS USUALLY NEGLIGIBLE,

i

ELECTRICAL DISSIPATION = 3,10 d i)/ o1ae:

CONTACT WITH AN INTERSPERSED MEDIUM:
USUALLY 5y, = a(r_ ., - ™) WHERE = IS A VOLUMETRIC HEAT-
TRANSFER COEFFICIENT,




HIE 1 / ENERGY SOURCES;

4 15 DISCUSSION.

o GQUESTION: WHY IS THERE MOT A *CHEMICAL-ENERGY-SOURCE® TERN
7 ng ok, IN THE EQUATION?

o ANSER: THE HEATS OF FORMATION hy . APPEAR IMPLICITLY IN
MANY TERMS IN THE ENERGY EQUATION (PANEL 2.11): AND

div( 2 ny Jy» CAN BE WRITTEN AS:

“all j

i
e Lhy, diw 31 + .'T?f.gm-:! hLE'.

| NANIPULATION CAN LEAD T0.2 b, , ®,, AND OTHER TERMS.

I
| HIE 1 &
" I MOMENTUM SDURCES

o PRESSURE GRADIENT: o THIS IS THE SECOND OF THE TWD CONPONENTS
OF div 5y, VIZ, (FROM PANEL 3.8): div B = div(T, - i),

e THE MOMENTUM SOURCE FROM PRESSURE GRADIENT 1S THUS -i_.gradp,
OR -3p ,
&

mn
o VISCOUS TERMS: o LATER, THE MAJOR VISCOUS TERMS WILL BE
ENPRESSED AS div(u grad u ); THE REMAINDER OF asvir SWILL
BE TREATED AS SOURCE TERMS.

o THE REASOM IS TO STRESS UNIFORMITY,




HTE 1 4 MOMENTUM SOURCES

i 15 (CONTINUED)

o [NTERNAL RESISTANCE: e DEFINITION: £, = F o,

o PMEANING: RESISTIVE FORCE PER UMIT VOLUME IS PROPORTIONAL
10 THE LOCAL VELOCITY,

o MNON-LINEARITY: IN GENERAL, ¥, WILL DEPEND UPOW u_; FOR
EXAMPLE., AT HIGH REYNOLDS NO. IN A POROUS MEDILM,

Foolu |,

o WHEN TWO FLUIDS ARE INTERSPERSED, THE RELATION MAY BE:
fy ¥ Fp fogn = U, WHERE u, IS THE VELOCITY OF THE

SECOND FLUTD,

i
| HTE 1 10 MOMENTUM SOURCES

q 15 (CONTINUED)

o GRAVITATIONAL: o THE SOURCE IS g, = o i .2 . WHERE
gray = GRAVITATIONAL ACCELERATION VECTOR,

o OFTEN IT IS CONVENIENT TO REDEFINE p S0 THAT THE GRAVITATIONAL
TERM APPEARS AS:

= - -
(g = p) tm'ugruw

WHERE v IS A REFERENCE DENSITY.

8 MIVING-COORDINATE TERMS: THESE APPEAR IN MORE GENERAL
| TREATMENTS THAN THE PRESENT
o CURVILINEAR CODRDINATE TERMS: JONE,




HIE 1 11

| T RADIATION SOURCES

o EMISSION: o THE RADIATION SOURCE REPRESENTED BY REAIE,

(PANEL 3.12) 1S NORMALLY EMITTED UNIFORMLY WITH HESF'EET
T0 DIRECTION.

o THE INCREMENT INTO THE RADIATION OF ANGLE INTERVAL 4¢ IS
THUS a€r3e, &g/¢ax),

o SCATTERING: e DIFFUSE SCATTERING (I.E. EQUAL AT ALL ANGLES)
IS RARE, '

o SCATTERING THEREFORE TRANSFERS RADIATION FROM ONE ANGLE
INTERVAL TO ANOTHER,

" |
HTE 1 12 ' '
e a SUURCES

i 15 =

o IN THE STRICT SENSE, MASS SOURCES DO NOT OCCUR; BUT IT IS

USEFUL TO ENLARGE THE CONTINUITY COMCEPT TO INCLUDE THEM,
FOR TWD REASONS,

o FIRST, WHEN TWO FLUIDS ARE INTERSPERSED, MATERIAL MAY EE
TRANSFERRED FROM OME AND TO THE OTHER,

o EXAMPLE: WATER DROPLETS ARE SUSPENDED IN STEAM; VAPORISATION
AND CONDENSATION OCCUR,




HTE1 | 13 | MASS SODURCES
4 I5 | (CONTINUED)

o SECOMDLY, IN WUMERICAL WORK THE COMTINUITY EQUATION IS OFTEN
WOT SATISFIED IN THE EARLY PART OF THE COMPUTATION: THE
"RESIDUALS" TN THE EQUATIONS ARE CONVEMIENTLY THOUGHT OF
A5 “MASS SOURCES™,

o THE CONTINUITY EQUATION CAN THUS BE USEFULLY GENFRALISED
T

i =
Ff..-l:l + diw |:-|'.'|1:I::| - HITIB.H-E

WHERE & .0e (kz/m’s) IS NOT ALWAYS ZERD.

HTE 1 14

— OLUME SOURCES
g 15 ot

o FROM PANEL 2.4, THE "BULK-CONTINUITY" EQUATION IS:
div U = = D (8np),
Lt

o THE RHS IS THE *VOLUME SOURCE PER UNIT VOLUME",

o WHEN A FLUID CHANGES DENSITY ONLY AS A RESULT OF A
TEMPERATURE INCREASE (-0~ dp = saT), AND THE TEMPERATURE
INCREASE ARISES FROM A VOLUMETRIC HEAT SOURCE 4™, THERE
RESULTS THE USEFUL ERQUATION:

div U = § 4" f{ep)




HTE 1 15
1 T CONCLUDING REMARKS ABOUT SOURCE LAWS

e THE BALANCE (I.E. "CONSERVATION™) ERUATIONS CONTAIN TERMS OF
FOUR KINDS:

o TRANSIENT (3/3t), o CONVECTIVE,
¢ DIFFUSIVE » o SOURCE

o NOW THAT ALL FOUR HAVE BEEN TREATED, THE DIFFERENTIAL
ERUATIONS CAN BE CONSTRUCTED.

a THE FOLICY WILL BE TO EXPRESS THE FIRST THREE TERMS IN
SIMILAR FASHIONS, AND TO CARRY THE BURDEN OF VARIETY IN

THE FOURTH,




HTE 1 1 LECTURE &,
- 15 THE FUNDAMENTAL DIFFERENTIAL EQUATIONS,
INTRODUCTION,
CONTENTS: o MOMENTUM “CONSERVATIONT,
o CHEMICAL-SPECIES *CONSERVATIONT.
» ENERGY "CONSERVATIONT,
o GENERAL “"CONSERVATION™ EQUATION,
NOTE : o THE MASS-CONSERVATION EQUATION HAS
ALREADY BEEN SUFFICIENTLY DESCRIBED.
HTE 1 2 MOMENTUM “CONSERVATION® ;
- 15 VECTOR FORM.
o FROM PANELS 2.5 AND 3.9, WITH m & s i
%E pu; + diwv {ola Mg o :l[grud uy - "?i Ii div U + Til:ii.g:ﬂﬂ uj'ﬂl

T “r L ¥ r
+ 1y (dg.prad ug) + 4 (i) .prad 0|1 4 prad p - gy - £

e A SIMPLIFIED FORM IS:

'ET (pugy + div {p-u" ug) = div {u grad uij + 8

NHERE s, =

=+
- d;.grad p ¢ By ~ £,

+ diw {11[— -g- T‘:'l div u * Ti {l!ti‘grmi u.t]

* -I_j {Il-FH{l uy) o+ II-.' {11.grad uk}]}

i




AR 3 MOMENTUM *CONSERVATION®

5 15 DISCUSSION,

¢ FOR INCOMPRESSIBLE FLOW, aiv U VANISHES,

o WHEN w IS INODFPENDENT OF POSITION, THE WHOLE OF THE
REMATNDER OF aiv fu[....]7 VANISHES,

o THERE ARE OTHER CIRCUMSTANCES UNDER WHICH THIS TERM 1S SMLL
ENOUGH TO BE 1GNORED,

THE EQUATION IS ESSENTIALLY NON-LINEAR, BECAUSE VELOCITY
PRODUCTS APPEAR; ALSO f; MAY BE NON-LINEAR.

@ FOR SOLUTION, SPECIFICATION IS REQUIRED OF e, p, v AS
FUNCTICHS OF POSITION AND TIME.

HTE 1 K MOMENTUM * CONSERVATION® ;

5 15 CARTESIAN TENSOR FORM.

e DIFFERENTIAL EQUATION tm = 12 GENERAL IS TOD DIFFICULT):
& Couyd ”'EEJ- (paguy + Phgy = W z%; +:—:-11 - 3 %k '51:4}’
"By - %

o NOMENCLATURE: & &
0oy = El'._ v #uys THEREFORE e = 23w,

1 IF 1 = j, DTHERWISE o,

"
e NOTES: e 'lT]ilS I"iI[lTﬂlTIU'I"I IS MORE COMPACT THAMN THE VECTOR
NOTATION, IN THIS CASE.

[} H""J{ = EII'11_ p U 4 g diw L'f,
B:H i, CE Ei:':a




HTE 1 5 MOMENTUM “CONSERVATION"

5 15 | SPECIAL CASES.

o FOR AN INVISCID FLUID (u = o).

A
BE iﬂui:' + g‘;ﬂ ':i:l“;!ui::' t -EEIEI = K-

o FOR AN INVISCID UNIFORM-p FLUID:
ouy %J (ugu) =2 (- i}ﬂ-i * By
® WHEN CONVECTION TERMS ARE ALSO UNIMPORTANT:
¥ U -%:—%Ei T
o WHEN ONLY THE INNER RESISTAMNCE OPPOSES PRESSURE GRADIENTS:

3
R T
L

HIE 1 i CHEMICAL-SPECIES "CONSERVATION®;

5 15 VECTOR FORM,

o FROM PANELS 2.8 AND 3.5:

® THE ALTERNATIVE, FORMED BY COMBINATION WITH CONTINUI Y, IS:

n

B + 1 )
ati. + u,grad my s fdh.r{f'!l Erad J:pA] + R.l]

¢ [N TERMS OF THE SUBSTANTIAL DERTVATIVE:

1] 1
bt M = 5 (dw(ly grad my) + L




HTE 1 ! CHEMICAL-SPECIES "CONSERVATION™ ;
5 15 | DISCUSSTON,

® SIMILARITY TO MOMENTUM EQUATION: THE m, EQUATION “NATURALLY"

TAKES THE FORM INTO WHICH THE MOMENTUM EQUATION WAS
"FORCED",

o NON-LINEARITY: PROBABLY &, IS NON-LINEAR, BUT MOT CERTAINLY.

o LINKAGES: » ou LINKS m, AND », EQUATIONS;
@ By PROBAELY LINKS MANY MASS-FRACTION EQUATIONS.
o p, Ty, ETC, PROBABLY DEPEND ON »'s, T, »,

o AUXILIARY INFORMATION: KNOWLEDGE OF o, %, r,, ETC. 1S MEEDED
FOR THE EQUATION TO BE SOLUBLE,

HTE 1 d CHEMICAL-SPECIES "COMSERVATION" ;

[ EE—.

5 15 | CARTESIAN-TENSOR FORM.

o DIFFERENTIAL EQUATION:

" : =
7 (omy) + 35 lougmp) = &5

am am, _ I . &m

M
at axi i ahi

e NOTES: o THE EQUATION IS SIMPLE IN ANY FORM.

@ THIS IS WHY IT IS ADOPTED AS THE PATTERN INTO WHICH
OTHERS ARE FORCED.




HTE 1 9 CHEMICAL-SPECIES "CONSERVATION" ;

5 15 SPECIAL CASES,

o FOR A CHEMICALLY-INERT SPECIES, B, = 0

I:':E -—; {div (T, grad mp)}

ot

o [F, ADDITIONALLY, DIFFUSION IS ABSENT:

I"'“:z.-ﬂ.
ot

o IF CONVECTION AND REACTION ARE ABSENT:

LU S :
K o diy I:TE- grad “'.E.] .

o IF ry I3 UNIFORN: am, _

It p

div grad m,

HIE 1 10 CHEMTCAL-ELEMENT CONSERVATION;
E 15 YECTOR FORM.

o FROM PAMELS 2.10 AND 3.5:

i = i Z '
%E fnrnn'jl div {pil mﬂ:] divy ST ru“'i ri:_g"r'n.d m,

o SIMPLER FORM: IF r, HAS THE SAME VALUE (SAY r_) FOR ALL
SPECIES COWTAINING =,

g-f (em,) + div (Pl m_ ) = div ¢(T_ grad m ),

@ NOTE: o HOW m, OBEYS THE SAME EQUATION AS DOES A CHEMICALLY-
INERT SPECIES.

o SINCE, TN TURBULENT FLONS, T,,.'S ARE EGUAL, THIS
SIMPLIFICATION IS OFTEN USEFUL.




| HTE1L| 1 ENERGY “CONSERVATION®

———

: 15 VECTOR FORM,

o FROM PANELS 2,12 AND 3.2;

3 +
as Lefi-p) + div n:-u_i'%} = div (T e grad T)

. *
I # div E__ rlht Erad o, - div W L iL—

+
a11 & =S rad

o ALTERNATIVE FEJF.H

‘ = div l;l‘h grai h] A 5]1 ,

WHERE 8y, = %% * Boag %o+ div (T, grad %p— W }
+div {{(T o~ 2 omyeg) grad T
¥ all &
" a1 g (T = Tyd by grad mp}
HIE:T | .32 ERERGY "CONSERVATIONY,
5 15 CARTESTAN-TENSOR FORM,

o DIFFERENTIAL EGUATION:

LRGEE e G
3

2T '.:_* .o
+ ir + I.h Ei- di Inl g8 Fooas
E:-.'i h EJ{L 211 4 EE E_“- v ¥ Spaa

o SIMPLIFICATION: & dh E dimghy) = . mgdhy + hydmg

all & all &
= £ :utcgﬂT * h_ldm:,_)_
all &
8 ALSO0 e = 3': odT = T
T2 Mgy, SO THAT q_'J‘_:'T_:E. my AT,
o OFTEN -div w_ n 3 ] S
EN -av Ty w3 g 1 gy,

¢ THEN Ris+ 2p, B X {{rl-rhnh% Hu-r,lfﬁlif%:ﬂ Bt

*i all &




HTE
¢

1| B
15

ERERGY "CONSERVATION";
DISCUSSTON,

o [N STEADY FLOW, =psat VANISHES.,

o NHEN T, =

Fys THE 3m, f3x; TERM VANISHES.

o WHEN u = ry, THE 3(ugu,/2)/8x; TERM VANISHES.
o OFTEN, 3.,4 IS SMALL.

o THE EQUALITY OF r, AND r, HOLDS FOR ALL TURBULENT FLUIDS.
AND SOME LAMINAR GASES.

o THE EQUALITY OF w» AND r,, NEARLY HOLDS FOR THE SAME CASES.
o THEREFORE =, 15 OFTEN SMALL, AND CAN SOPETIMES BE TAKEN

AS ZERD,
HTE1 | 1§ !
; T GENERAL FORM OF "COMSERVATION™ EQUATION.

o DEFINITION: LET # STAND FOR ANY OF THE DEPENDENT VARIABLES

My . ﬁ.ﬂ Ugr

nli" LB N

o EQUATION: THE RELEVANT CONSERVATION FRUATION CAM ALWAYS BE

WRITTEN AS:

2

of (pd) + div (pil ¢) = diw (T, Erad ¢) + 5

o

OR ITS CARTESIAN-TENSOR EGUIVALENT,

i

] i d
7t (P#) + 33, buged = g2 (T, TEiHE*'J




HTE 1
b

15
15

CONCLUDING REMARKS ABOUT THE
DIFFERENTIAL EQUATIONS

o THE FUNDAMENTAL PHYSICAL LAWS RELEVANT TO FLUID MECHANICS
AND HEAT AND MASS TRAMSFER HAVE BEEM REVIEWED,

s THEY HAVE LED TO SECOND ORDER PARTIAL DIFFERENTIAL EQUATICHS.

e THIS CONCLUDES PART 1 OF THE LECTURES.

LATER CONSIDERATION MUST BE GIVEN TO HOW-TO SOLVE
THE ERUATIONS.

FIRST, HOWEVER, FURTHER SIMPLIFICATIONS WILL BE REQUIRED.|
THESE ARE IN PART II,




HTE 1 1 PART II.  IDEALISATIONS,

6 15 LECTURE 6. IDEAL FLUIDS.

CONTENTS:

o UNIFORM-PROPERTY . INCOMPRESSIBLE VISCOUS FLUID,
o THE SAME AT LOW REYNOLDS MUMBER. |

o UNIFORM-PROPERTY INCOMPRESSIBLE INVISCID FLUID,
e THE SAME, IRROTATIONAL. |
e THE HIGHLY-RESISTED FLUID,

NOTE: THIS LECTURE MAKES COMNEXIOMS WITH BRAMCHES OF CLASSICAL
FLUTD MECHANICS.

HTE 1 2 UNIFORM-PROPERTY INCOMPRESSIBLE VISCOUS

b | 15 FLUID, WITHOUT SOURCES EXCEPT grad p.

o CONTINUITY: div u = o

e MOSENTUM - ‘E_t. Oy = i cgred EE] i JI;_I div grad s
» SPECIES : 'I'l:_t m, - h div grad mg,

u}
e ENERGY : %E % %ﬂ div graa .

NOTES: » u/p CAN BE WRITTEN AS v, THE KINEMATIC VISCOSITY,
e SOMETIMES A NEM SYMBOL IS USED FOR /o,

® T,/e WD Ty /o, ARE OFTEM REPLACED BY v/fo,, v/e, WHERE THE
o'% ARE PRANDTL/SCHMIDT MUMBERS.

o WITHIN THIS IDEALISATION, % CAN BE REPLACED BY » OR T,




HTE 1

b

3
T DISCUSSION OF THE FLUID OF PANEL 2

L

IN TWO DIMENSIONS, DIFFERENTIATION OF THE MOMENTUM
EQUATION LEADS TO;

ET We Y div grad &, WHERE = = ﬂ S . THE VORTICITY.

X, X,
THEN THE CONTINUITY EQUATION REDUCES TO:

div grad ¢ = =w, WHERE & = ﬂTHE%ﬂ:FHHETIDH, DEFINED BY:
uI|I . %‘?. Llz L -ﬁ.:::1

SINCE THE FIRST (VORTICITY TRANSPORT) FQUATION IS FREE FROM

@
PRESSURE, AND LIKE THAT FOR my, IT IS CONVENIENT FOR
CALCULATION,
0 THE @ ™ ¥ SYSTEM HAS BEEN EXTENSIVELY USED FOR PREDICTION
PROCE 115 NOW OUTMODED,
HIE 1 A UKIFORM-PROPERTY VISCOUS FLUID AT LOW HE?HﬂlEEI
b 15 NUASERS; EQUATIONS.

NOTES: e THE ABSENCE OF CONVECTION INCREASES THE LINEARITY OF

SPECIAL FEATURE: CONVECTION (u.grad) TERMS ARE MEGLIGIBLE
COMPARED WITH OTHERS.

CONTINUITY: NO CHANGE.
MOMENTUM: % i = '-Irn grad p o o div grad w, '

Bt
SPECIES, ENERGY, VORTICITY (2D): 3 . E; div grad &

THE EQUATIONS AND ENHAMCES THE POSSIBILITY OF ANALYTICAL
SOLUTION,

o LUERICATION THEDRY USES THESE EQUATIONS.




HTE 1 5 UNEFORM-PROPERTY INCOMPRESSIBLE INVISCID
b 15 FLUID EQUATIONS.

o CONTINUITY: aiw & = o,
s MOMENTUM: E? uy = -1, Erad k.

¢  SPECIES, ENERGY, VORTICITY (2D): b § = 0,
i3

WOTE: o IT HAS BEEN PRESUMED THAT ALL TRANSPORT PROPERTIES ARE
ZERD,

¢ FOR 3D FLOW, THE RHS OF THE VORTICITY EQUATION IS NOT ZERD:
VORTICITY INCREASES AS A RESULT OF “STREAM-TUBE

NARRDWING",
HTE 1 _E UNIFORM-PROPERTY INCOMPRESSIBLE INVISCID
b 5 FLUID;  DISCUSSION,

o Ds _ o MEANS THAT THE FLUID PARTICLES REMAIN OF CONSTANT
i & 85 THEY TRAVEL,

o IN 3D FLON, THERE ARE 3 VORTICITY COMPONENTS; AND, EVEN FOR
INVISCID FLOW, Dw, /Dt # 0; HOWEVER. THE RIGHT-HAMD SIDE IS
A FUNCTION OF THE w'S, WHICH FALLS TO ZERD WHEM ALL w'3
ARE ZERD,
o THEREFORE, A FLUID WHICH IS AT FIRST WITHOUT VORTICITY (I.E,
IRROTATIONALY REMAINS WITHOUT IT, IN BOTH 2D AND 2D
FLOW,
# THIS CONDITION CAN GFTEN BE REGARDED AS BEIHG
SUFFICIENTLY SATISFIED BY THE AIR OR WATER THROUGH |
WHICH AN AIRPLANE OR SHIP TRAVELS ,




HIE 1 / UNTFORM INCOMPRESSIBLE [RROTATIONAL FLUID;

o

15 THE VELOCITY POTENTIAL.

DEFINITION: LET © = graa &, WHERE + IS A SCALAR VELOCITY
POTENTIAL,

CONDITION: FOR ¢ TO BE A SCALAR,

aa - gt E
3‘-{1 5.?:2- - ﬁ:h:EEI}[] 4 ET 1

: i
SIGHIFICANCE: THIS IMPLIES T Yt ag M

I.E, wq = 0, ETC.: ALL THE VORTICITY COMPOMENTS ARE ZERD.
RESULT: THE FLUID IS IRROTATIONAL.

+ ETL,

HTE 1 8 IRROTATIONAL FLOW;

15 THE DIFFERENTIAL EQUATION OF «.

CONTINUITY ERUATION: diw @ = o,
CONSEQUENCE |r|1.1.r grad & -._|:|=|
CARTESIAN TENSOR FORM: a

Xy ?m_i
MAME: LAPLACE'S EQUATION,

ANALDGOUS EQUATIONS

o STEADY-STATE FORM OF ¢ EQUATION ON PANEL 4,

¢ CONSERVATION OF ELECTRIC CURRENT, WITH ¢ = ELECTRICAL
POTENTTAL.

o RESISTED-FLON EQUATION (PANEL 11 BELOW).

s =0,




HTE 1 ¢ [RROTATIONAL FLOW;

5 15 RELEVANCE TO PRACTICAL FLOW SITUATIONS.

e NEAR SOLID SURFACES, VISCOUS EFFECTS CAUSE FLUID TD BE
ROTATIONAL,

¢ FEAR FROM THESE SURFACES, THE FLUID CAN OFTEN BE TAKEN AS
IRROTATIONAL, E.G., IN ATMOSPHERE OR OCEAN.

¢ NUMERICAL ANALYSIS IS NEEDED FOR_MEAR FIELD: BUT COMPUTER

STORAGE FORBIDS EXTENSION OF
FINITE-DIFFERENCE GRID FAR
INTO [RROTATIONAL FIELD,

o POTENTIAL-FLOK THEORY IS .
USED T GIVE BOUNDARY —t- A,
CONDITION AT GRID EDEE, A. e —

HTE 1 10 IRROTATIDNAL-FLOW THEDRY
b 15 DISCUSSION.

THE EQUATION div grad ¢ = o IS LINEAR,
THEREFORE, 1F # ¢x.v,23 AND eqéx,y,=3 ARE BOTH SOLUTIONS,
90 IS a oy + b 3, + ¢,

o THIS MEANS THAT THE PRINCIPLE OF SUPERPOSITION APPLIES.

o PARTICULARLY SIMPLE SOLUTIONS HAVE THE FORM ¢ = const/»?,
WHERE = = DISTANCE FROM A "POINT-SOURCE",

POTENTIAL-FLOW THEDRY OFTEN INVOLVES FINDING THE POINT-
SOURCE DISTRIBUTION IMN SPACE WHICH WILL FIT GIVEN
BOUNDARY CONDITIONS.




HIE 1 41 HIGHLY-RESISTED FLOW;
G 15 DESCRIPTION,

o OCCURRENCE: FLOW THROUGH A POROUS ROCK, DR THROUGH A MATRIX
OF CLOSELY-SPACED HEAT-EXCHANGER TUBES OR CATALYST PELLETS )

ETl:l
o MOMENTUM EQUATION (LECTURE 5. PANEL 5).
3p . _ Fyuy WHERE Py 0 f;/u,,

EI:E]__

¢ EXPLANATION OF ¥;:
o ITS NATURE 1S: RESISTANCE COEFFICIENT PER UNIT LENGTH,
o IT MAY VARY WITH w, (NON-LINEAR RESISTANCE).
o IT MAY VARY WITH DIRECTION (E.G. ¥, » ¥, WHEN THE
RESISTANCE HAS DIRECTIONAL [Ty _—____ """~ |
FEATURES, I —~

[WTE1 | 12 | HIGHLY-RESISTED FLOK;

G 15 COMBINATION OF CONTINUITY AND MOMENTLUM, '

e CONTINUITY ERUATION (LECTURE 2, PANEL 3):

3 E ”
E%"ﬁi LPuyd =0, '

a8 [NSERTION OF u; FROM PANEL 11:
Ao 3t i

OR -E-E = diw{C grad p), WHERE C = pfFy,
o NOTES: e c CAN VARY WITH LOCATION AND WITH FLUID-FLOM
DIRECTION.

o IN A POROUS-MEDIUM FLOW,e AS MASS PER UNIT VOLUME MAY
DIFFER FROM » AS FLUID DENSITY.




HIE 1 13 HIGHLY-RESISTED FLOW,
i 15 DISCUSSTON,

o FOR STEADY FLOW IN A UNIFORM MEDIUM (c = constant)
div grad p = 0,

50 p ACTS LIKE THE VELOCITY POTENTIAL.

@ [F THE “BULK-CONTINUITY" FORM IS USED, THE EQUATION IS;

D np
ot "

diy {% grad p) =

@ EVEN WHEW THE CONVECTION TERMS ARE NOT WHOLLY WEGLIGIBLE,
IT MAY BE USEFUL TO CAST THE CONTINUITY EQUATION IN THIS
FORM; THEN THE CONVECTION TERMS APPEAR AS "SOURCES™ IN
THE EQUATION,

HTE 1 14 PRESSURE AS A POTENTIAL;
b 15 REMARKS FOR FUTURE REFERENCE,

s EQUATIONS SUCH AS: div c% grad p) = non-zaro RHS, ARE KNOWN

AS FOISSON EQUATIONS. THEY APPEAR, AS INDICATED AROVE,
IN HEAT-CONDUCTION, DIFFUSION, ELECTRICAL-FLOW, ETC.,
THEDRY

o MOST NUMERICAL PROCEDURES FOR SOLVING FLOW PROCESSES INVOLVE
FINITE-DIFFERENCE FORMS OF A "POISSON EQUATION FOR
PRESSURE”

o 1K A PROCEDURE TO BE USED LATER, WHEN CONVECTION TERMS ARE
SIGNIFICANT, THE POISSON EQUATION FOR PRESSURE
CORRECTION APPEARS,




HTE 1 15

ari FINAL REMARKS
15

o CLASSICAL FLUID-DYNAMICAL AND HEAT CONDUCTION THEORY
HAS CONCERNED ITSELF WITH SIMPLE EQUATIONS OF THE
FORMS:

div grad ¢ =0, D =0, b = gonst div grad &,

-

ot Dt

e NUMERICAL METHODS, ALTHOUGH CAPABLE OF SOLVING THE HON-
SIMPLIFIED ECUATIONS, MAKE USE OF MANY CLASSICAL IDEAS
AND TECHNIGUES.

o OTHER IDEALISATIONS ARE ALSO USEFUL, e.c. THAT DEFINED
BY THE BOUSSIRESR APPROXIMATION, FOR WHICH o IS TREATED
AS UNIFORM EXCEPT IN THE BODY FORCE TERM, WHERE IT IS
TAKEN AS LINEAR IN, SAY, TEMPERATURE.




HTE 1 1 LECTURE 7.
! 15 [DEALISATIONS OF CHEMICALLY-REACTING SYSTERE.

CONTENTS:

o THE SIMPLE CHEMICALLY-REACTING SYSTEM,

o THE SCRS WITH FAST ATTAINMENT OF EGUILTERILM,
o FRESULTING DIFFERENTIAL EQUATIONS,

e REACTEDNESS, r.

e MISTURE FRACTION =,

HTE 1 2 THE SIMPLE CHEMICALLY-REACTING SYSTEM;

! 1> MOTIVATION,

o THE COMPLEXITY OF REAL COMBUSTION PROCESSES:

| o WOST FUELS PROCEED TO THEIR FINAL OXIDISED STATE BY WAY
OF MANY INTERMEDIATES,

o FOR FULL COMPUTATION, EACH CONCENTRATION OF INTERMEDIATE
SPECIES (my, mg, m , m, ETC,) MUST BE CALCULATED AT
ALL POINTS. ?

o THE ASSOCIATED COMPUTER TIME AND STORAGE ARE VERY LARGE;
FOR 3D PROBLEMS THEY MAY BE PROHIEITIVE.
o THE UNIMPORTANCE OF KNOWING FULL DETAILS:

o OFTEN ONLY THE MAJOR FEATURES ARE OF INTEREST (OUTLET
TEMPERATURE, HEAT FLUX TO WALLS),




HTE 1 3
; 5 THE SCRS; DEFINITION,

1, THE MULTIPLE PATHS, REACTION PRODUCTS AND COMBINING
RATIOS ARE REPLACED BY:

1 kg fuel + 8 kg oxygen =+ {(1+8) kp product

WHERE = (= STOICHIOMETRIC RATIO) IS A CONSTANT,

2. THE EXCHANGE COEFFICIENTS (T, T, T,.) ARE EQUAL TO
EACH OTHER, AND TO T, AT EACH POINT,

3 THE SPECIFIC HEATS OF ALL SPECIES ARE EQUAL TO EACH
OTHER, AND INDEPENDENT OF r,

NOTE: o WITH LITTLE LOSS OF CONVEMIENCE, = CAN BE ALLOWED TO
DEPEND ON T ALONE,

l
g o THE SCRS; EXAMPLE.
i 15

REACTION: METHANE (cE,) BURNS WITH OXYGEN,
1, ci, + A, +~ OO, + 2 Hy0 3 5 = 4 kg/kg,
24 Ty, = To, = Too, = Ty g = e . AT ALL POINTS,

3 cﬂ“; e cmz = q-.HEﬂ = 5, = conagtant,

NOTES: » (1) NEGLECTS cu,, o, B, OH, HOO, ETC,

o (2) EQUALITY OF r"S IS NOT FAR FROM THE TRUTH FOR GASES,
BUT WOULD BE A POOR APPROXIMATION FOR LIQUEDS
(EXCEPT FOR TURBULENT FLOWS, WHERE EFFECTIVE 'S
ARE IN GUESTION),




HTE 1 5 THE SCRS WITH RAPID ATTAINMENT

7 15 | OF CHEMICAL ERUILIBRIUM

o DEFINITION: THE REACTIVITY OF THE FUEL AND OXIDSNT 15

SUPPOSED TO BE SO GREAT THAT EITHER my, OR m__ FQUALS ZERO

AT EACH PODINT.

¢ NOTES: e THIS SITUATION OFTEN PREVAILS, TO A CLOSE
APPROXIMATION, THE FAST-REACTION ASSUMPTION IS THERE-
FORE PRACTICALLY USEFUL,

o FAST-REACTION FLAMES ARE CALLED “PHYSICALLY COMTROLLED® OR
"DIFFUSION CONTROLLED®,

o THE FAST-REACTION ASSUMPTION IS INDEPENDENT OF THE SCRS
ASSUMPTIONS: I.E. EQUILIBRIUM CAN BE USEFULLY PRESUMED
EVEN FOR COMPLEX MIXTURES.

HTE 1 b THE FAST-REACTING SCRS [N A SIMPLE

! 15 STEADY-FLOW PROCESS

o THE PROCESS: FUEL AND AIR e e R
MIX AND BURN IN A STEADY-
FLOW ADIABATIC COMBUSTOR.

® LCONSEQUENCES, FOR OQUTLET-
GAS STATE, OF;

o SCRS ASSUMPTIONS;
o FAST-REACTION ASSUMPTIONS;
o CONSERVATION LAWS . ARE

REPRESENTED IN THE SKETCH.+

e HNOTES: o THE RELATIONS ARE

LINEAR, 0 g tdich -. i
o T ASSUMES IMPORTANCE LATER. mixture fraction




HTE 1 i DIFFERENTIAL EQUATIONS FOR THE SCRS;

Ilr 15 Eﬂi—l-ATIDH FHH mfu T .I'I:In:.-_llrﬂl

* STARTING POINTS: e LECTURE 5, PANEL 6, THE "m, EQUATION",
o THE SCRS DEFINITION.

o PROCEDURE: DIVIDE THE =, EQUATION BY s, THE STOICHIOMETRIC
CONSTANT, AND SUBTRACT FROM THE m, EQUATION,
I

¢ RESULT:[n 1 .
=r - ?x]= B div [JIu P g tmluﬁfggj]

bt (Mpy — _OX

=

o COMMENTS: @ Ty oo 5 Tpy = F o
o THIS 15 A ZERO-SOURCE DIFFERENTIAL EQUATTON,
o SIMILAR EQUATIONS CAN BE DERIVED FOR:
Woy * Morgal (1 +-5) AN m_tu o+ Moroal (T + 8,

HIE 1 8 DIFFERENTIAL ERUATIONS FOR THE SCRS:

! 15 THE EAQUATION FOR r,

¢ GENERALISATION OF THE DEFINITION OF THE MIXTURE FRACTION, f:

[ - &} - —m =
L'ET T = T"fll: |:“l:!lil'-'.'lll } {mfu -EI:!{'IIl }nﬂn L'IIHERE a mﬂ B

Tmfu_ml:n:"ra ) B:_ ( Mru Mo EY A

DENOTE REFERENCE CONDITIONS, E.G. SUPPLY STATES.

o CONSERUENCE, BECAUSE OF LINEARITY:| 1 F ™fu*"proa/{1+5)

1 T

I
[Ef £ =0 4V Ty gy B7ad f}'l ol

e NOTE: £ = my, + ®m F1 & 8)

IF & IS FUEL- AD PRoDUCT- 0 /< ; i
=
T

FREE, AND ® 1S PURE FUFL,
u Moxf s

HE

S —




HIE1 | 9 | DIFFERENTIAL EQUATIONS FOR THE SCRS;
7 15 | CcoLLECTION,

o THE SOURCE-FREE EQUATTON:
® VARIABLES SATISFYING THIS:

* L, (mgy - m /=), (mg, + o s1), [EEE*TEI““]

8 (1+s}
s m, FROM LECTURE 5, PAMEL 10.
o myq (di1 = DILUENT, INERT BY DEFINITION),
e NOTES: e ALL SUCH 'S ARE LIMEARLY RELATED WHEM THE FLUID

MIXTURES ARE FORMED FROM JUST TWD FLUID STREAMS A AND ®
(SEE PANEL 11 BELOW).

o THEREFORE KNOWLEDGE OF ONE ¢ ALLOWS REMAINDER TO BE
DEDUCED,

E—t o= % diwv |:']‘¢_ grad §),

HIE 1 10 DIFFERENTTAL ERUATION FOR % FOR EQUALITY

7 15 OF EXCHANGE COEFFICIENTS.

o CONDITION: LET Ty HAVE THE SAME VALUE AT EVERY POINT FOR aLL
o3 AND LET THIS EQUAL ..

o NOTE: THE SCRS FULFILLS THIS CONDITION; BUT ONLY POINT (2)
OF ITS DEFINITION IS NEEDED,

] EDHSEQ”EHDE: % ﬁ = % [diw {rh Eirad E} + moarocas ) %
WHERE "SOURCES" INCLUDES OMLY: _g_%; Brans SHEAR WORK.

s EXPLAMATION: IN THE 8, OF LECTURE 5, PANEL 11, THE FINAL
div [....} VANISHES,

o COMMENT: IF THE SOURCES ARE ABSENT, THE % EQUATION HAS THE
FORM OF THOSE OF PANEL 9,




HTE 1 11 A GEMERAL THEOREM CONCERNING SIMILAR
7 15 DIFFERENTIAL EQUATIONS AND BOUMDARY
CONDITIONS,

o PROPOSITION: LET o, AND ¢ BE TWO DISTINCT FLUID PROPERTIES,

BOTH OBEYING: D ¢ = div (T, grad 4); MND LET THEIR
VALUES BE EFEE[FIED ORLY IN TH'E EHTEH]HE A AND B STREAMS,
THETR NORMAL GRADIENTS AT ALL OTHER BOUNDARIES BEING IEFEIEI

o COWSEQUENCE: e - #; ,  #py - o;0 . AT ALL POINTS.

*r.e7 %8 Y1 %ira
o PROOF: o DEFINE 6., AS DIFFERENCE OF THESE EXPRESSIONS,
o ;o SATISFIES THE EQUATION (CHECK BY SURSTITUTION).

© 4ryp = 0 IN A AND B STREAMS; GRADIENT = o ELSEWHERE ON

o HENCE THE SOLUTION MUST BE #;;, = o THROUSHOUT,

L

HiE 1 12 CONSERUENCES FOR RELATIONS BETWEEN
? 15 I..- ﬁE_J m,:l.ll mdill

o CONDITIONS: o TWO INLET STREAMS OF UMIFORM CONDITION,

o GRADIENTS OF ALL VARIABLES MORMAL TO OTHER BOUNDARIES
(NALLS, OUTFLOW) EQUAL TO ZERD (I.E. IMPERMEABLE
ADIABATIC WALLS; SIMPLE OUTFLOW,

o RADIATION, ap/ae AND KINETIC HEATING NEGLIGIBLE,
o CONSEQUENCES: o 2, %, m,, m,., ARE LINEARLY RELATED (SEE
PANEL 9 ABDVE).
o KNONLEDGE OF ONE LEADS TO KMOWLEDGE OF ALL,

e IF, FURTHER, FAST REACTION CAN BE FREELH'E[L THE COMPLETE
FLUID STATE IS KNOWN, :




HTE 1 13 THE LINEAR £ ~ K ~ m_ ~ my.. RELATIONS;
! 15 DISCUSSTON.

¢ THE RELATIONS ARE NOT DEPENDENT ON THE VALIDITY OF THE SCRS
ASSUMPTIONS, APART FROM THAT CONCERNING r’S,

o FOR TURBULENT FLOWS, WHERE EFFECTIVE r'S ARE APPROPRIATE,
EQUALITY OF r*S IS CLOSELY ATTALNED,

e THE LINEAR RELATIDNS ARE THEREFORE OFTEN USABLE, AND OFTEN
USED, IN COMBUSTION PRACTICE.

e ThE SOURCE OF ONE OF THE «’S, FROM WHICH OTHERS MAY BE
DEDUCED, WAY OF COURSE BE EXPERIMENTAL RATHER THAN A

PREDICTION,
HTE 1 lIl THE LIHEﬂ.E A -i':' th m, o mlﬂfl EELII]IT[I-}HSJ
7 15 COWSEQUENCES FOR THE SCRS,

FOR THE FAST-REACTING SCRS, THE DIAGRAM OF PANEL & PREVAILS.

IF THE FULLY REACTED (BURNED) STATE 1S DENOTED EY SURSCRIPT
h; mgﬂ,ha miu.b ETEp CAM BE LIHEﬁEL? RELATED TO 1; H”T

THE CONSTANTS ARE DIFFERENT FOR £ < £y (. AND
T w1

gtoiche

e LET THE "REACTEDNESS" + BE DEFINED BY:
S fE, ~m 9/m - om0 WHERE SUBSCRIPT w DENOTES
THE UNREACTER (UNBUBNET) STATE.

o THEN THE STATE OF THE FLUID CAN BE FULLY DEFINED BY
SPECIFICATION OF THO VARIABLES, # AND =,




HIE 1
!

15
15

FINAL REMARKS ABOUT IDEALISATIONS OF
CHEMICALLY-REACTING SYSTEMS,

o THE FAST-REACTION ASSUMPTION AND THE LIMEAR ® ~ © ~ ETC,

RELATION ARE EXTREMELY USEFUL FOR THE UNDERSTAMDING AND

ARALYSIS OF GAS-TURBINE. DIESEL-ENGINE AND SOME FURNACE
COMBUSTION PROCESSES.

o THE SCRS PERMITS COMPUTATIONS OF AN EXPLORATORY KIND TO BE

PERFORMED SIMPLY,

o THE IDEA OF REACTEDNESS IS NOT NECESSARILY TIED TO THE

SCRS; BUT A& UNIQUE REACTION PATH (ALBEIT WITH MANY
REACTANTS) 1S ESSENTIAL,

@ THE SCRS SUFFICES FOR MANY PRACTICAL COMPUTATIONS, BUT 1S

EASILY REFINED, E.G, BY ALLOMING: c = céT3.




LECTURE 8.
IDEALTSATICNS OF TURBULENCE,

HTE 1
&

1
15

e COMTENTS:

¢ THE IDEALISED TURBLULENT FLUID.
o TIME-AVERAGED COWSERVATION EQUATIONS,

o CONTINUITY e CHEMICAL SPECTES
o FOMENTLM o ERERGY

o EBUATIONS FOR CORRELATIONS.
o THE TURBULENCE-MODEL APPROACH,

s MNOTE: THE SUBJECT PATTER OF THIS LECTURE IS DEALT WITH
MORE EXTEMSIVELY IN REPORT HTS/7ofl7,

HIE 1 s
Ty DEFINITION OF THE IDEALISED TURBULENT FLUID

8 15

e THE IDEALISED TURBULENT FLUID IS SUPPOSED TO OBEY THE SAME
EQUATIONS AS A GENERAL FLUID, EXCEPT THAT:

o TIME-AVERAGED FLUID PROPERTIES (+'S) APPEAR IN PLACE OF
INSTANTANEOUS ONMES.

o TRANSPORT PROPERTIES (r'S) ARE AUGMENTED TD ACCOUNT FOR
THE EFFECTS OF EDDY TRANSPORT,

o SOURCE TERMS MAY REQUIRE MODIFICATION,
o NOTE: THE TIME OVER WHICH AVERAGING IS TO BE CONDUCTED IS

LARGE COMPARED WITH FLUCTUATION TIMKE, BUT SMALL
COMPARED WITH PHENOMENON TIME,




HTE 1 3 | THE TIME-AVERAGED CONTINUITY EQUATION;

g 15 DEFINITIONS,

e TIME-AVERAGING:
o LET % = [e5Geaed/t)1anprpe

pP=-p

[(rg u,dt)/t]
o Pl

[t 15 puat)/e] t+large

[ué prufdt) /el e

el o
[Z W
i

t+larpge

=

=

g
I'&'I'

o

@ CONSEQUENCES: J'E u'dtnndféu*dt + 0 as t -+ large;

BUT puj = puy— b ;¢ 0 in general,
HIE 1 _"-f TIME-AVERAGED CONTINUITY;
g8 15 STATEMENT .
o EQUATION: _g_? g_ (Fi;) = 0

e ALTERNATIVE
v Fﬂﬁﬁﬁ+3—1ibui}'—a—ﬂ{ﬂ !

o COMHENT:
o [F THE DEFINITION OF THE IDEALISED TURBULENT FLUID IS
FOLLOWED STRICTLY, THERE IS A *SOURCE® ON THE RHS.

o OFTEN THIS SOURCE, 1.E. THE DIFFERENCE BETWEEW g AND
% u;, IS IGNORED.




HTE 1 5 THE TIME-AVERAGED CHEMICAL SPECIES

S

8 15 CONSERVATION EQUATION,
o TIKE-AVERAGING:
I_ET EE - [{-'r:; uj_ ﬂl'.:ln'fl]t_+]_3rﬁe #
“'E. H :|:|:|1 - ﬁl- 4
B, = [ffE By I:“"]""":|1:--1:L1',r:e s
ETC.

e THE EQUATION:
] dmy

T T Cp— 2 e

t' [ e
* By - qg 7',

e MNOTE: OFTEN & @, IS USED I PLACE OF o,.

HTE 1 b TIME-AVERAGED CHEMICAL-SPECIES EQUATION;

8 15 DISCUSSTON.

I'E_ ElITI!
Elftl

o (eugdt=y" IS OFTEN WRITTEM AS:-r. , #m,, WHERE r, , IS
g ;
DEFINED BY THIS EQUIVALENCE AND IS CALLED THE "TURBULENT
EXCHANGE COEFFICIENT® OF SPECIES =,

» E; IS THE TIME-AVERAGE REACTION RATE, IT IS USUALLY QUITE
DIFFERENT FROM e, & .7F. ..,

s THE TEHH_%E p'm’, IS OFTEN IGNORED. 1T IS PROBABLY SMALL ,

BECAUSE o* AND m*, ARE MOT LIKELY TO BE STRONGLY
CORRELATED.

dx

IS OFTEN TAKEN AS EQUAL TO T, am,




I
HTE 1 7

8 15

THE TIME-AVERAGED MOMENTUM-"CONSERVATION"
EGUATION

o TIME-AVERAGING:

LET uy AND v'y BE DEFINED AS BEFORE.
LET ®uy AND (euy)* BE SIMILARLY DEFINED,

o THE EQUATION:
3 = S Tau
3t (o uyd o g'_xj. (ﬂuJ u; +p l3_1_|1 - I:[:%gfz_:fa é E'kk'ﬁi_j])

T R - e L
s [N FULL DETAIL, THE LAST TERM BECOMES (FOR m-DIRECTION
J'"I:JHEHI] IJN:“%;_ TPTI:"E_ PR Wﬂ . T“:{_Fu_rm

| 1 m 3?‘2 ':IH'E
HTE 1 & TIME-AVERAGED MOMENTUM ERUATION;
& 20 DISCUSSION.

o USUALLY % a'u’y [5 NEGLECTED ON THE GROUNDS THAT
FLUCTUATIONS IN » AND wy ARE UNCORRELATED,

¢ SIMILARLY, »' 15 SUPPOSED UNCORRELATED WITH w='y ETC.
o THE QUANTITIES Teuy37uy' ARE KNOWN AS THE REYNOLDS STRESSES.
e OFTEN, THE APPROXIMATION 15 MADE:

_%ng_}:'? [‘”t{ﬁi +:j-i_%Ekk *ij}] -

o H:{-:I .'11

WITH »¢ AS A TURBILENT VISCOSITY,
@ by NEED NOT BE ISOTROPIC.




HTE 1 g THE TIME-AVERAGED ENERGY-"CONSERVATION"

8 3 EQUAT ION

e TIFE-AVERAGING:
e L
LET & [Efu Bodty/t

. ong
h_h.

=T + Wugu; + ' u’,)

:!t *large

il
WOTE: &

WHERE & wu,u; - = KINETIC EMERGY OF MEAN MOTION,
d wyuty ® KINETIC EMERGY OF FLUCTUATING MOTION,E ik,

ET

o THE EQUATION: 2_ (5 ) . EEI o B gﬁ? (r, %%;j . B
- &l - [E;r.-ui]' ?;?J,
HTE 1 10 | TIME-AVERAGED ENERGY EQUATION;
a 15 DISCUSSION.

e USUALLY ':T o'B' , IS MEGLECTED.

o T, 3k IS TAKEN AS Ty 2k ,
HE axy

o -tou;)'H' IS REPLACED BY ry, EE;‘ WHERE Ty, o 1S THE
TURBULENT EXCHANGE COEFFICIENT FOR HEAT,

o EXPRESSIONS WITHIN By REQUIRE DETAILED COWSIDERATION: BUT
OFTEN THE WHOLE OF ¥, IS SMALL,




HiE 1 1 THE GENERAL PROBLEM OF CALCULATING
8 15 TURBULENT-FLOW PHERGMENA

o THE GENERAL FORM OF THE EQUATION IS SIMILAR TO THAT FOR
LAMINAR FLOW, IT IS5:

B = e 1/ P LN 2 ag
Tkl +Fi 8 w9y i, Ty # Ty o) Emj'] v

o THE EQUATION IS AS EASY TO SOLVE AS ITS LAMINAR  COUNTER-
PART, SO LONG AS EXPRESSIONS ARE AVAILABLE FOR T, ., §, .

# NOTE THAT wu; HAS BEEM REPLACED BY Puy [N THE SECOND TERM,
THIS CREATES THE FURTHER TERM - 3_ ¢emuy @) IN B, BUT
THIS MAY BE IGNORED, "

® Ty,x 22 1S THE FORM POSTULATER FOR - (pug) e’
1

METHODS OF SOLVING THE GENERAL TURBULENT-FLOW
PROBLEM: TURBULENCE MODELS,

HTE 1

12
8 15

e DEFINITION: A TURBULENCE MODEL 1S A SET OF EQUATIONS WHICH,
NHEN ADDED TO THE CONSERVATION EQUATIONS IN THEIR TIME-
AVERAGED FORM, RENDERS THE MATHEMATICAL PROBLEM COMPLETE,
I.E. SOLUBLE WHEN THE IWITIAL AND BOUNDARY CONDITIONS ARE
SUPPLIED,

» TYPES OF TURBULEMCE MODEL:

o THE TM MAY SUPPLY EXPRESSIONS FOR THE TURBULENT EXCHANGE
COEFFICIENTS AND SOURCES (r 's, ®'s) DIRECTLY: OR IT
MAY SUPPLY THE CORRELATIONS THEY REPRESENT,

o THE TH MAY INVOLVE ALGEBRAIC EQUATTONS ONLY; OR IT MaY
INVOLVE ADDITIONAL "CONSERVATION™-TYPE EQUATIONS,




HTE 1 | 13 TURBULENCE MODELS:
8 15 EXPRESSIONS FOR T, ,

& TYPICAL FORM:
Tl;i..t = (denaity) x (mizing lebgth) x (random velocity).

® ISOTROPIC FORM:
r#.'r- p & h:i,
WHERE Kk bCuy*+ u,®+ ug®y, THE TURBULENCE ENERGY, AND
L IS A LOCAL "EDDY SIZE",
@ NON-TSOTROPIC FORM:
Ty, t,3 = B4y tugit
WHERE 1 15 THE DIRECTIOM OF TRANSPORT. AND L, IS THE
LENBTH APPROPRIATE TO IT.

TURBULENCE MODELS:
EXPRESSIONS FOR ¢, ETC |

1 o ALGEBRAIC PRESUMPTIONS; EXAMPLES:

® L/Y = My/¥3, (Y =flow width); © & = const. k %
8 'k = constant. b |30 |
o E_T;IJF = funstion' |4 HLE ]

L
" DSIHSEH'IIATIDH EQUATIONS EmPLEs,

[lul

Dk _

Dt- = diw frk & grad k) #%E.k - Ej

I 1

nE = p aiv {Ft't grad ) + E {El 8, = Cy £);

WITH u, = constant px’je, ETC,
& = dissipation rate of turbulence energy. |

e s esseeeemEES




HIE 1 15
3 i FINAL REMARKS ABOUT IDEALISATIONSOF TURBULENCE

o TURBULENCE MODELS ARE LIKE CHEMICAL-REACTION MODELS: THE
TASK IS TO FIND THE SMALLEST NUMBER OF FLUID PROPERTIES,
AND EQUATIONS DESCRIBING THEM, THAT ADEQUATELY DESCRIBE,
AND PERMIT PREDICTIONS OF, FLOW PHENOMENA,

o THERE IS ND "BEST" TURBULENCE MODEL IN GENERAL: FITMNESS FOR
PURPOSE IS THE CRITERION OF MERIT.

8 THE SUBJECT IS A NEW ONE; AND MANY QUESTIONS REMAIN
T0 BE EXFLORED. e.q.
(1) GF ALL POSSIBLE TWO-EBUATION MODELS. WHICH POSSESE |
THE GREATEST GEMERALITY.
(2) WHAT ARE THE BEST WAYS OF REPRESENTING THE EFFECTS
ON TURBULERCE OF:- e LOW REYHOLDS MUMBER. |
o COMPRESSIBILITY: e BUOYAKCY: e CHEMICAL REACTION-




HTE 1 1 LECTURE 9.

q 15 IDEALTSATIONS OF RADTATION,

CONTENTS:
¢ SUBDIVISION WITH RESPECT TO WAVELENGTH.

o SIMPLIFICATION OF MATERIAL PROPERTIES.

o SIMPLIFICATION WITH RESPECT TO AMGULAR DISTRIBUTIDM:

o THO-FLUX MODEL;
o FOUR-FLUX MODEL;
o STA-FLUX MODEL.,

o THE ZONE METHODD.

HT 2
E . o | VARIATION OF RADIATION ITH MAVELENGTH
| o BLACK BODIES ENIT AND ABSORB Bty _ blaek

RADIATION IN DIFFERENT
WAVELENGTHS ACCORDING TD

_ ' fi PRESCRIBED LoW (PLANCK'S):
&= afl T,

actunl

waove length, A

| o GREY BODIES EMIT AND ABSORB
RADIATION SIMILARLY
DISTRIBUTED: we, WHERE =
IS A CONSTANT.

s REAL MATERIALS EMIT AND ABSORB
AT RATE afx,T4.e£2,73,

o THE oér, T3 FUNCTION IS wave length, A
COMP! [CATED .




HIE 1

9

5
i SUB-BIVISION WITH RESPECT TO WAVELENGTH

o [0 FACILITATE PRACTICAL COMPUTATION, THE WHOLE WAVELENGTH

o THE BLACK-BEODY INTENSITIES =,,; ARE KNOWN AVERAGES,
o ANY REAL MATERIAL IS CHARACTERISED BY A FINITE MUMEER OF

o THE COMPUTATION ATTENDS

RANGE MAY BE SPLIT INTO FINITE-NIDTH INTERVALS, »; - Neivs

"GREYNESS COEFFICIEMTS™ g £hLT3,

ONLY TO THE AVERAGE
INTENSITIES IN THE
INTERVALS.

HTE 1 L

¥}

A

Ty SIMPLIFICATION OF MATERIAL PROPERTIES

o oy, IS PUT EQUAL TO ZERD FOR THOSE INTERVALS IN WHICH IT IS

e THE RUMBER OF INTERVALS TAKEN [3 SMALL.
o «°5 ARE PRESUMED INDEPENDENT DF TEMPERATURE.
o KANY COMPONENTS OF MIXTURES ARE TAKEM AS FULLY TRANSPARENT

8 THE EFFECTS OF THE VARIOUS COMPONENTS OF A MIXTURE ARE

o NOTE: OFTEN TGNORAMCE ENFORCES THE SIMPLIFICATION: SOMETIMES

VERY SEALL,

(a's = 0},

TAKEN AS ADDITIVE.

IT IS EMPLOYED FOR ECOMOMY.




HTE 1 5 SIMPLIFICATION WITH RESPECT TO ANGLE;

g 15 FLUX HETHODS,

o THE PROBLEM: e BECAUSE OF THE VARIATION WITH ARGLE,
RADIATION INTENSITY VARIES WITH SIX INDEPERDENT VARIABLES
(3 SPACE DIMENSIONS; WAVELENGTH; TWO DIRECTION COSINES).

o ALLOWANCE FOR THE LAST TWO OVERBURDENS THE COMPUTATIONAL
PROCEDURE.

o THE SOLUTION: e THE ANGULAR SPACE 15 SUE-DIVIDED, BUT EVEN
MORE DRASTICALLY THAN THE OTHER D[HEHSIHHS (OISTANCE ;

WAVELERGTHY . \: !

o SPECIFICALLY,ATTENTION IS FOCUSSED G
ON: RADIATION FLUXES 1,7 CROSSING| “e— T
THE v ~ = PLANE, E,L CROSSING THE

ARE s OV W TR O o]

HIE 1 b THE 1D THWO-FLURX FMETHOD:

q ig' CARTESIAN GEOMETRY

o DIFFERENTIAL EQUATIONS (REF: PAHEL 3, 123

Gl = L(a + 5)T » aB + 5 (1 + J),

g'—;'ﬂ I:Jal_+;|‘.|.'.|—E|.'E—-E|{I1-.]":|I

@ HUHEHELHTUEE

ABSORPTIVITY (AND EMISSIVITY) PER URIT LENGTH.
SCATTERING COEFFICIENT PER UNIT LENGTH.

BLACK BODY EMISSIVE POWER IN THE EIUE@_EH?ELEHETH

=
E

INTERVAL.

a NOTES: » I t5 TOTAL DIFFUSELY

DISTRIBUTED RADIATION CROSSING H?*tarh
CONST-x PLAME TC THE RIGHT. ;

® F I5 a0 TO THE LEFT,
- b




HIE 1 7 THE CARTESIAN TWO-FLUX METHOD;

3 15 THE SECORD-ORDER EGUATION.

o MANIPULATION:
ADDITION LEADS TO: d(IsJ) _ _ cassyii-o,
x

SUBTRACTION LEADS TO: '-"_“d"_Tl = ;14’;"}.[14-.13 p;nﬁ;mf}
CONBINATION LEADS T0: 12" 1. d{ILD)y - aqred - 2E)

o NOTES: » I-4 |5 THE NET ERERGY FLUH.
e I+7 APPEARS AS THE ONLY TERM CONTAIRING T OR 7.
o 1/(as=) DCCUPIES THE EXCHANGE-COEFFICIENT POSITION,

e THE EQUATION IS OF THE STANDARD FORM, WITH m{r+3)/Dt = 0,
AND S;,; = al2E - (E+3)),
® Byg EQUALS THE VOLUMETRIC ENERGY SINK,

HTE 1 A THE CARTESIAN TWO-FLUX METHOD;

9 15 THE CONDUCTION APPROXIMATION.

s WHEN = IS LARGE COMPARED WITHCFLOW DIMENSIONSL t+0 - 2
MUST BE SMALL, SIMCE 8y, ;'HUST BE FINITE.

o THEREFORE 1+g 2 2& CAN BE INSERTED IN THE TOP EQUATION OF

PANEL 7.
o NITH Q. 4 = I-J, THERE RESULTYS:
2. dE
qrnu:l T mtm dx

@ PUT E = or*, WHICH [MPLIES THAT THE WHOLE WAVELENGTH RANGE
IS CONSIDERED. THEN:

goT! dT o BoT?
Uad = ~ ars - @+ LE ‘J'rmt a-ta} .

o o = STEFAN-BOLTZMANN CONSTANT = 5.680 x 167 Jjmta deg".




THE TWO-FLUX METHOD;
POLAR GEDMETRY

HTE 1 9

g 15

o DIFFERENTIAL EQUATIONS:

E-g— frI) = — (a+s)l + nE + ﬁ (I+J) = Jfr |

& ;‘f— (rd) = (a+s)d - 4k - § (140} + J/r ,

o NOMENCLATURE: '
=T o N |

r = RMILE, gnters
I = DUTHARD-DIRECTED FLUX, !
INWARD-DIRECTED FLUX.

o HOTE: THE ASYRMETRY OF THE RELATIONS
[5 SURPRISTNG, BUT CORRECT: SOME
OF & ENTERS I, BUT MO 1 ENTERS J.

HTE 1 E THE POLAR-GEDMETRY  TWO-FLUX FORMULATION;
q 15 THE SECOND-ORDER EQUATION,

o MANIPULATION:
ADDITION LEADS TO: L & (iiruzy) = —(avmd(t-ay +

I+]  (1-J)
r r

IIEI g? [(TeT) = —{atz+1ftj[I—J}.
LB {rI=d}} = «n{1+3) + ZaR

SUBTRACTION LEADS TO: 1
I ar
1

i
COMBINATION LEADS TO: ‘r 4y e .La*Ji}— al T+J-28]

o ROTES: w» ¢1-5) IS STILL THE ENERGY FLUX,
¢ (I+1y [S STILL THE ONLY TERM COMTAINING 1 OR a4,
o 1f¢asnelfr) OQCCUPTES THE E}[EHAHEE-EDFFFIEIEHT FUEETII:!I'I




HTE 1
] 15

o DIFFERENTIAL EQUATIONS:
% g; (rI) = - {a+s}l + aE + % (I+J4R+LY + J/r,

gi (rd) = (a+a)d - ak - 5 (I+J+K+L)y + J/r,

A [
==

= = {(m+g)K + aE * 2 [I+J4K+L
ﬂ' i

& 8

= {a+s8)L - aE - §-¢1+J+E+Lj,

B

=

o NOMEMCLATURE:
o r = RADNIAL DISTANCE;
@ = & AXIAL DISTARCE;
o 1,7 ARE FLUXES IN +,- » DIRECTION;
e K,L ARE FLUXES IN +,- = DIRECTION.

11
— THE FOUR-FLUX FORMULATION WITH POLAR GEOMETRY |

HTE 1 E FOUR-FLUX POLAR GEOMETRY MODEL: -
g 15 SECOND-DRDER CAUATION.

o MANIPULATION: ADDITIONS AND SUBTRACTIONS AS BEFORE:

@ RESULT: % %E {{aquITFF “f;;J]] = w(I4+J-28) + & (1+J-K-L)

4 (radey 25252) - acoos - 20> + gxaros

o DISCUSSION:
o THE TERM s(r1+J-8-1) REPRESENTS THE TRANSFER OF RADIATION
FROM THE RADIAL TO THE AXIAL DIRECTION BY SCATTERING,

o THE FLUXES AGAIN APPEAR OKLY IN THE PAIRED FORMS: 1+J,
K+L,

@ THE CONDUCTION APPROXIMATION (I+J = 2E) IS AGAIN
VALID WHEN = IS5 LARGE, BECAUSE a(I+J-2E) MUST BE FINITE,




HIE 1 13

g I SIXN-FLUX POLAR GEOMETRY RADIATION MODEL

| o DIFFERENTIAL EQUATIONS:

% dr (rI) = —(wts)T + uE + § (TeJeEKeLeMel) + J/r
% %F (rd) = (wts)d = aE - § (TeJ+K+LHN) + Jfr
S5 = ofatm)k + af + § (T+IHKLAHN)

g% = (a+s)l - &R - F (I+THKHLAMAN)

% %% = —fats)l + aF ¢ § (IHIHE+LH+N)
%% = (atEiN - aE — % [ T4J+E+LANANY

o NOTES: w AND = ARE INTENSITIES IN THE POSITIVE AND
NEGATIVE @ DIRECT]ONS,

HTE 1 14 SIX-FLUX POLAR-GEOMETRY
g 15 SECOND-ORDER EQUATIONS.

¢ THE RESULT OF MANIPULATION IS5:

14 r d(T+J}, o Com o B {2(I+D)
r dr {Laﬂaﬂf’r}l ar ! BLDRIERS 5 —{K+L)
—{M*H':I:I
g_ﬁ {-I:B.];H-]' ':“-'g;l':'] = n{K+L-2E} + -E [B(HE+LY= [ T+J 3= H+N) ]
1

R e e e
o DISCUSSION:
o NOW RADIATION IS TRANSFERRED BY SCATTERING BETWEEN ALL
THREE FLUX PAIRS,
e THE ERUATIONS ARE EASY TO SOLVE WUMERICALLY.
s APART FROM E, THEY ARE LINEAR:; AMNALYTICAL METHODS MAY BE
USEFUL,

= m{M+N-2E} + § (Z(M+N)-(I+J)-(E+L}}




l HTE 1 l;

— FINAL REMARES
q 15

o AN ALTERNATIVE METHOD OF RADIATION -ﬁﬁj
CALCULATION 1S THE HOTTEL "ZONE" 4

METHOD, THIS INVOLVES A DIFFERENT

SPATIAL AND ANGULAR SUBDIVISION QF
THE RADIATION,

o THE ZONE METHOD 15 IN PRINCIPLE ﬂ

MIRE ACCURATE (MITH A LARGE

NUMBER OF ZONES, THE EXACT SOLUTION MUST BE HPPF{HHCHEI}}
BUT ITS COMPUTATIONAL EXPENSE IS VERY GREAT.

o THE FLUX FORMULATION CAN PERHAPS BE REFINED S0 AS TO GIVE

SOLUTIONS CONVERGING TO THE EXACT OMES: BUT CONCEPTUAL
[MPROVEMENTS ARE NEEDED,




HTE
10

o S | LECTURE 10,

15 IDEALISATIONS OF MULTI-PHASE MIXTURES,

CONTENTS:

o THE GENERAL PROBLEM,

o THE NO-SLIP COWDITION,

s THE ONE-'YARIABLE PARTICLE CLOUD,

o DIFFERENTIAL EQUATION FOR PARTICLE-NUMBER DISTRIBUTION
o PARTICLE-CHANGE LAWS.

o DIFFERENTIAL EQUATION FOR PARTICLE-MASS DISTRIBUTION
o FINITE-DIFFERENCING OF MASS DISTRIBUTION EQUATION
o THO-VARIABLE PARTICLE CLOUDS

HTE
10

1 i THE GEMERAL PROBLEM DF FM AND HMT IN MULTI-
15 PHASE MIXTURES:
' | PRACTICAL DCCURRENCE, ==

COMBUSTION: » FUEL IS OFTEN IMJECTED AS A SFRAY OF DROPLETS,
OR-A CLOUD OF SOLID PARTICLES,

e S00T PARTICLES ARE FORMED IN FLAMES.
o SOME OXIDES (E.6, a1,0,) ARE SOLID AT FLAME TEMPERATURES.

STEAM GENERATORS: o STEAM-WATER MIXTURES AEOUND, AND FLOW INM

MANY DIFFERENT REGIMES (DROPLET SUSPENSION, BUBBLY. FROTH,
ETC. ).

NATURAL ENVIRONMENT: w SAND STORMS:
o SEDIMENT TRAMSPORT IN RIVERS.

CHEMICAL ENGINEERING: e DISSOLUTION OF BUEBLES IN LIQUIDS;
o DISTILLATION AND SEPARATION,




| HIE 1 3 | THE GENERAL PROBLEM;

10 15 DESCRIPTION OF THE MULTIPHASE MIXTURE,

o DISTINGUISHING FEATURES: DISTINGUISHABLE COLLECTIONS OF
MATTER WITHIN A VOLUME ELEMENT OF THE MIXTURE CAN DIFEER
[N RESPECT OF:-
o PHASE, o PARTICLE SIZE, o MIMENTUM PER UNIT MASS (3
COMPONENTSY, e TEMPERATURE,

o [INTERACTIONS: THESE DISTINGUISHABLE COLLECTIONS INTERACT IN
CORRESPONDENCE WITH THE CHARACTERISTICS:-

o PHASE CHANGE OCCURS (CONDENSATION, VAPORISATION, ETC.):

e PARTICLE SIZES CHANGE AS A RESULT, AND ALSD BECAUSE OF
COLLISION, FRAGMENTATION;

# PARTICLE ~ FLUID DRAG EFFECTS MOMENTUM IMTERCHANGE:

@ PARTICLES LOSE HEAT TO. AND GAIN IT FROM, THE SUSPENDING
FLUID,

rHE 4 | SOME IDEALISATIONS,
10 15 A PROPERTY CORRELATED THO CONTINUUM MODEL

DEFINITION:

o THE PARTICLE CLOUD AND THE SUSPENDING FLUID ARE REGARDED AS
BOTH OCCUPYING THE SAME SPACE: EACH IS A CONTINUUM.

o THE VELOCITIES, TEMPERATURES, ETC., OF EACH CONTINUUM ARE
DISTINCT; BUT THERE IS ONLY ONWE VALUE OF EACH VARTABLE AT
A POINT FOR EACH CONTINUUM (ALL PARTICLES HAVE THE SAME
VELOCITY, DIFFERENT FROM THAT OF THE FLUID).

MWOTES: e CARE IS NOW NEEDED TO DISTINGUISH THE MASS OF ONE
FLUID PER UNIT VOLUME FROM ITS DEMSITY.

o [HE BUESTION OF HOW ALL PARTICLES ACHIEVE THE SAME VELOCITY,
TEFPERATURE, ETC, IS NOT AMSWERED, :




HTE 1 g SOME [DEALISATIONS;

i

10 15 THE PROPERTY-CORRELATED NO-SLIP PARTICLE CLOUR

DEFIRITION:
® A CLOUD OF PARTICLES IS SUSPENDED IN A FLULD,

o AT ALL POINTS THE PARTICLE VELOCITY ERUALS THE FLUID
VELOCITY IN MAGNITUDE AND DIRECTION,

o PARTICLES DIFFER FROM ONE ANOTHER IM RESPECT OF OMLY ONE
PROPERTY, E.G. DIAMETER, TEMPERATURE (HENCE THE 1D IN

THE TITLE), )

NOTES: » THE TASK IS THEN 70 |. . por
COMPUTE A SINGLE CURVE AT |unit v,
EACH POINT, iy
ANETERENT

-] IH[-S fﬂEﬂ.L[Sﬂ.TIDH [S USEFUL af - tﬁﬁ'ﬁﬁ.nttlrls1ﬂﬂu—rﬁ- I
|

FOR MANY COMBUSTION PROBLEMS, il
HIE 1 6 THE  NO-SLIP PARTICLE CLOUD;
10 15 AN EXAMPLE,

o DEFINITIONS:
n = NO. OF PARTICLES PER UNIT VOLUME PER UNIT SIZE (=)
TNCREMENT.

* "SIZE" OF PARTICLE (LATER, = DIAMETER®3,

DIFFUSION-FLUX VECTOR OF PARTICLES (no/m®s),

RATE OF CHANGE OF PARTICLE SIZE, E.G. BY VAPORISATION,

o DIFFERENTIAL EQUATION:

a0 = d
5t * v (i o+ §) = - 3 qan)

& Wt D

¢ NOTE: & CAN BE INTERPRETED AS *VELOCITY OF A PARTICLE IN
SIZE SPACE",




HTE 1 !

10 15 P. SIMPLE SIZE-CHANGE LAN,

o PROCESS: UAFUHISF.FIGW OF A SMALL LIGUID DROPLET INTOD A
SUSPENDING GAS,

o FORMULAE: s = 0%, D

u;':--EIl"h.!n 1 +

DROPLET DIAMETER,
5 (T _ TR
S

WHERE r,, = EXCHANGE COEFFICIENT OF GAS,

SPECIFIC HEAT OF VAPOUR,

LATENT HEAT OF VAPDRISATION,

Tg:Tg = TEMPERATURES OF GAS AND OF LIGUID SURFACE.

@ NOTES:& IS INDEPENDENT OF =, 1M THIS CASE: BUT MORE
GENERAL CASES CAN BE COWSIDERED

n 1T}

o
viLp

L

HIE 1 8 THE 1D NO-SLIP MODEL;

10 15 DIFFERENTIAL EQUATION IN TERMS OF FPASS FRACTION,

o DEFINITION: LET = = MASS OF PARTICLE PER LH'IIT MASS OF LOCAL
MIXTURE, PER II"IEHEI'"EI"IT.

o CONSEQUENCE: oM = m'p, WHERE
= MAsS OF A PARTICLE, = w ¢s3. 0 = LOCAL-RIXTURE

RESULTING DIFFEHEHTIP.L EEILIHT LN DENSTTY

[I"i [3«5 (Pm') + div (plm' - T pErad m' ]} ;—E (&pm" /M)

NOTES: » u CAN BE DIVIDED THRDUGH ON LHS BECAUSE ¥ 5
INDEFENDENT OF SPACE AND TIME,

o d CANNOT BE DIVIDED ON RHS BECAUSE w DEPENDS UPOH =,

r, 15 THE APPROPRIATE EXCHAMGE COEFFICIENT FOR DROPLET
INTERCHANGE. '




(WTEL1 | 9 DISCRETIZATION IN
o |15 SIZE SPACE

o LET THE = RANGE EE BROKEN INTO A FINITE SET OF INTERVALS,
NUMBERED: 1.2, ..oovu Muyivuses

o LET THE AVERAGE VALUES OF m' [N THE INTERVALS BE:
my, o, .. o A i o » S0 THAT:

m'y = (It wds)/(s, - al),
NHERE ~ AND  ARE THE IMTERVAL BOUNDARIES

e IT IS5 NOW NECESSARY TO
OETAIM A DIFFERENTIAL
ERUATION FOR m*; BY
INTEGRATING THAT FOR

= (PANEL 8).
WTE1| 10 THE DIFFERENTIAL EQUATION
11 15 FOR m", .

o WITH %« =™, THE RIGHT-HAND SIDE YIELDS:
Jr:’-u FCR) demol (3m')_~(dm), o3[ B2 ae)

o WHEN, AS IN THIS CASE, = DODES NOT DEPEMD OM s, THE INTEGRAL

EEHJALS'I F‘é[ﬂ'_l = ﬂ'l._;_ & E_: h{m|llr5']m]
o THE PANEL-8 EQUATION THEREFORE BECOMES:

% I.'pm:'I} + div {ﬁﬁ mT:] = T'grad l'I-;]I =

= pl&/(s,~s )} [m-m + 2 [ (n'se) gs.]
o EXPRESSIONS MUST NOW BE FOUND FOR m AND m!.




HTE 1 11 DETERMIMATION OF THE INTERVAL-
10 15 BOUNDARY VALUES, mj AND m?

m: AND m MUST BE CHOSEN ARBITRARILY BECAUSE THE
DISCRETIZATION RESULTS IN INFORMATION-L0SS,

WHEN s=o, [.E, THE SIZE IS INCREASING WITH TIME, m'
SHOULD BE TAKEN AS m!_,. AND m AS ='.

THE REASCH IS THAT, FOR PHYSICAL REASOMS, THE CONTENTS
OF THE SMALLER-SIZE INTERVAL CAN AFFECT THOSE OF THE
LARGER-SIZE INTERVAL, BUT MOT YICE VERSA

WHEN &<o, m' SHOULD BE TAKEN AS m., AND m, AS m ..
FOR THE SAME REASOH,

THESE CHOICES ARE AKIN TO THOSE EMPLOYED IN "UPWIND
DIFFERENCING", (LECTURE 13, BELOW),

T0 TAKE m! = § {m)_q+#myd, SAY, WOULD LEAD TO PHYSICALLY
WNaEAL 1sTic pEsif T

HTE
10

L| 12 | THE FINAL EQUATION FOR my;
15 | THE CASE OF &o (.5, VAPORTZATION)

FROM PARELS 10 AND 11, WITH AN OBVIOUS APPROXIMATION
FOR THE INTEGRAL IN THE FORMER, AMD WITH OTHER EASY
CHANGES :

[:-ulu 7 ml'n_mlﬂf1 Em|n
I!'T = div (Tgrad m'n} + ps I-F.I+—E_ + B 8

THERE ARE, OF COURSE, AS MANY EQUATIONS OF THIS TYPE
AS THERE ARE INTERVALS.

THE EQUATIONS ARE COUPLED VIA THE SOURCE TERMS,

THE INFLUENCES ARE FROM LARGE » TO SMALL
(FOR THIS CASE, w1z, s<0),




HTE 1 13 DISCRETE-GROUP MODELS.
10 15 DISCUSSTON,

o IN GENERAL, THE SOURCE TERM ON THE RHS OF THE DIFFERENTIAL |
EQUATION SHOULD BE AUGMENTED TO ACCOUNT FOR THE EFFECTS
OF :-

# DROPLET RUPTURE, WHICH DESTROYS LARGE DIROPLETS AND
CREATES SKALL ONES;

o DROPLET COLLISION, WHICH CREATES LARGE ONES AT THE
EXPENSE OF SMALL ONWES,

@ BOUNKDARY CONDITIONS REQUIRE SPECIAL ATTENTION FOR LIGUID
PARTICLES, WHICH CAN ADHERE.

o IN A LAMINAR FLUID, v WILL BE ALMOST ZERQ: IN A TURBULENT
ONE [T MAY VARY WITH s,

s ;H- THE POSSIBILITY OF EMPLOYING

10 15 MORE REALISTIC MODELS i

e EXAMPLE: SUPPOSE THE DROPLETS WERE ALLOWED TO DIFFER IN
RESPECT OF BOTH SIZE AND TEMPERATURE, HOW COULD THEIR
DISTRIBUTIONS BE PREDICTED?

e SOLUTION: THE DROPLETS WOULD BE DIVIDED INTO GROUPS
DISTINGUISHED BY BOTH = AND T. DIFFERENTIAL EQUATIONS
FOR THE m>’s WOULD THEM BE MORE WUMERDUS; AND THE
SOURCES WOULD EXHIBIT RORE LINKAGES,

o COMMENT: WO PROBLEM OF THIS KIND HAS BEEN SOLVED S0 FAR.
SOLUTTON WOULD BE EXPENSIVE.




{ HTE 1 E FINAL REMARKS ON IDEALISATIONS OF
| 10 15 MULTI-PHASE MIXTURES.

o THE PROPERTY-CORRELATED MO-SLIP MODEL IS WELL-
DEVELDPED AMD UNDERSTOOD: BUT |

IT HAS STILL NOT BEEMN EXTEMSIVELY USED,

o THE 2-CONTINUUM MODEL IS CURRENTLY UNDER DEVELOPMENT AND
INVESTIGATION; IT WILL BE USEFUL FOR GROUMD-CLEARING
COMPUTATIONS; BUT LACKS PHYSICAL REALISM IN SOME CASES.

o THE GENERAL PROBLEM 1S STILL VERY FAR FROM SOLUTION.

¢ FPHYSICAL KMOWLEDGE OF THE PROCESSES OF DROPLET BREAK-
UP, PARTICLE COALESCENCE, ETC, IS FAR FROM ADEQUATE.




HTE 1 1 FART III.  SPATIAL SUB-DIVISIONS,

11 15 LECTURE 11. OVERALL BALANCES.

o CONTENTS:
o THE GENERAL COMSERVATION EGUATION, DIRECT FORH.
o THE GEMERAL COMSERVATION EBUATION, “CORRECTION® FORM,

o APPLICATIONS TO: e CONTIRUITY,
o CHEMICAL SPECIES,
o ENERGY,
o OTHER EQUATIONS,

e IFPORTANCE: e PRACTICAL: OFTEN ONLY THE TERMS IN THE
OVERALL BALANCE ARE OF INTEREST TO THE ENGINEER.

o THEORETICAL: RATIONAL PREDICTION PROCEDURES SATISFY
OVERALL BALANCES BEFORE MICRO-VOLUME ODNES,

HIE 1 z THE GENERAL CONSERVATION ERUATION

11 15 FOR FLUID PROPERTY, #,

DIFFERENTIAL FORM: ¢ (08) + div (pl §) = div (T grads)+s

+ L

o OVERILL-BALAICE FOR:
ﬂ. 5 pddV + j dal. ﬂﬁ - é ¢57Hd4 dﬁ + I 3 d¥

o NOMENCLATURE: & ¥ » VOLUME OF SPACE IN QUESTION, HAVING

SURFACE AREA 4;

o di = AREA ELEMENT, DIRECTION Fridies
BEING THAT OF THE NORMAL,

o REMARK: [NTERMAL COMVECTION AND
DIFFUSION FLUXES ARE WITHOUT
IMPDRTANCE.




| e

1 3 GENERAL COMSERVATION EQUATION:

15 APPLICATION TO A STIRRED TANK,

DEFINITION OF STIRRED TANK: e 4 UNTFORM,
o ONE INLET AND ONE OUTLET FOR FLUID;
8 (T grad 43, = gid - o), WITH £ UNIEQGRM,

RESULT;
[ﬁf (adV) + Bout ¥ = 0y ¢in = Ag (9 - Ruoend By ¥

NOTES: & THE OUTGDING FLUID MAS THE SAME ¢ VALUE AS THE
FLUID IN THE TANK CUNMIXING IS NOT POSSIBLE WITHOUT A
SIEVE},

e o, 8, ARE ALSO UNIFORM,

o FORAS WITH RON-UNIFORM & AND *ext CAN EASILY BE WRITTEN,

THEN THE TERM | mt¢ - ¢_..0an APPEARS,
&

11

HTE 1 f GENERAL COMSERVATION EQUATION:

15 | CORRECTION FORM, STATEMENT.

DEFINITION: o LET & = 4, + &', WHERE THE LATTER ARE
ARBITRARILY DEFINED FUNCTIONS IN THE FIRST INSTANCE,
o THEN LET 4 BE UNIFORM OVER v, EXCEPT THAT

rﬂ grad ¢.dA = I";i grad 4..40 + gg' dA,

EXPLANATION: o 4., VARYING WITH POSITION, MIGHT BE AN
ESTIMATE OF THE TRUE ¢ DISTRIBUTION,
o & MIGHT BE THE ANSWER TO: WHAT INCREMENT TQ e, UNIFORM,
WOULD SATISFY THE OVERALL BALAMCE EQUATION?

THE EMTIEH‘.I .g_.[ (p¥a' ) + j-#-'pﬁ.dﬁ 1 Iﬂld& = Eél vV =
i A

o [3_1. 5 pd, AV & 5 $y h, Al - .Frﬁs:rp-ﬂd*-ﬂﬁ—jﬂ.*dv
¥ A A v




HTE 1 5 GEMERAL CONSERVATION EQUATION:
1 15 CORRECTION FORM, DISCUSSION.

o THE RHS, ~[.....1, WHICH REPRESENTS THE UMBALANCE
ASSOCIATED WITH 4., CAN BE CALLED THE "ERROR-SOURCE®
E, ¥,

o
e 5,V MUST BE DEFINED AS: {Iﬂ ,av}.:--.
LT

o N0 ¢', . APPEARS IN THE [e... EXPRESSION, BECAUSE NE CAN
EXPECT THAT #,., 1S KNOWN; THERE IS NO POINT 1IN
IMAGINING AM ERROR IN IT.

o WITHE =t[& daysa, THE CORRECTION FORM BECOMES EVEN
SIMPLER THAN THE STIRRED-TANK FORM:

3 Ll i . = i i = |
FE (V) el - Agdt - BV Evv\

L = —_ e —

HTE 1 b OVERALL CONTIRUITY BALANCE EGUATION:

11 15 DIRECT FORM,

o THE EQUATION: 2. ) o 4 £ T R
v L)

o MNOTES: o THE SOURCE OF MASS MIGHT BE A SUPPLY THROUGH A
SMALL PIPE, OR IN SOME OTHER WAY, THAT KE PREFER NOT
TO INCLUDE IN [ pii.aa,
p

o THE DIFFUSION TERM 15 ABSENT.

o THE STIRRED-TARK FORM IS SIMPLY:

d =
o M) o b, = Ema ¥ {often = 0},

o THIS CAN BE USED TO ELININATE (SAY) w,, FROM THE ¢
FQUATION (PANEL 3.




| e 1 7 | OVERALL CONTINUITY BALANCE;

1] 15 CORRECTION FORM, STATEMENT.

: b
o PRELIMINARY NOTES: o ¢ = 1 FOR CONTINUITY: S0 THERE IS NO

POINT IN CONSIDERING A CHANGE.
o IT IS MORE USEFUL TO COMSIDER CHANGES TO = AND TO oo,

o DEFINITIONS: o LET & = o, + p'; pi.dh = caa;
f G ¥ G+ G') 8 He +8',

L HE=

o EQUATION: 2 i . i = .
3t (#'V) { G'da £ s dv

- [%t i D dV + { G dA - { H*d¥]
= B ann Vo OAY,

e NOTE: FOR THE STIRRED TANK: %i[p'v}+méuL-m;“+5'v = B v, |

=

HIE L | 8 | OVERALL CONTINUITY BALANCE;
11 15 | CORRECTION FORM, DISCUSSION,

o USEFULMESS: o OFTEN A FLOW FIELD IS SPECIFIED WHICH
SATISFIES CONTINUITY ONLY APPROXIMATELY (2____ 4 o),

| © THE FLOW FIELD MUST BE “CORRECTED® WITH A SMALL AMOUNT
OF COMPUTATION.

o THE PANEL-7 EQUATION PROVIDES A RELATION WHICH CORRECTIONS
T0 ¢, & AND = MUST DBEY,

o A FURTHER QUESTION: e THE EQUATION COMNECTS SEVERAL
UNKNOWNS; WHICH SHOULD BE DETERMINED WITH ITS AID?

o THIS RUESTION CANNOT BE SETTLED (EXCEPT ARBITRARILY) UNTIL
SOME LINK HAS BEEM FOUND BETWEEM p*, &* AND s',




|
l HTE 1 9 | OVERALL CONTINUITY BALANCE;

11

15 USE OF PRESSURE AS THE LINKING VARIABLE.

PRESUMPTIONS: e LET ALL THE CORRECTIONS BE THE CONSEQUENCE
OF A UNIFORM PRESSURE IMCREMENT, e,
o LET THE RELATIONS BE LINEAR ONES:

p' = app‘; G' = aﬁp'; g' = agp',
e LET THE 'S BE SUPPOSED KNOWM (DR KNOWAELE).
CONSEQUENCE : -%[ {(p'a V) + Ip'nﬂdﬂ + j-p'asd'l.f = EY
L} v

COMMENTS: » ', BEIKG UNIFORM, CAN BE TAKEN OUTSIDE THE
TWO INTEGRALS.
o THE RESULT IS AN EQUATION OF FORM: 8" 4oape =g

e THIS IS EASILY SOLVED.

| HTE
11

1 10 OVERALL CHEMICAL-SPECIES BALANCE:
15 CORRECTION FORM,

DEFINITIONS: LET & = m,, 8, = R,
RESULT: [a_ g

g_t I:|:n-|11"£'l.f] + ﬁ"nut - I AR m’E . ? Vm', = E,V|
m
DISCUSSION: o IF m,, WERE DEFINED AS ZERO, E,v WOULD B
LARGE QUANTITY; AND THE ORIGINAL (DIRECT) FORM OF

CONSERVATION EQUATION WOULD BE RECOVERED,

o THE USE OF THE ABOVE FORM [5 MAINLY IN FINDING CORRECTIONS

T0 APPROXIMATELY CORRECT m, DISTRIBUTIONS.

o NOTE THAT NO "LINKING VARIABLE" (LIKE ») HAD TO BE
IMPORTED IN THIS CASE; m; SERVES FOR THIS.




HTE 1 i OVERALL CHEMICAL-SPECIES RALANCE;
11 15 EXAMPLE OF USE OF CORRECTION FORN.

o THE PROBLEM: & FUEL AND air
AIR BURN IN A STEADY- iy o
FLOW FURNACE, =] s
o THE WALLS ARE IMPERMEABLE, | fu=?
o DIFFUSION FLUXES AT INLET AND OUTLET ARE NEGLIGIBLE,

o THE VARIABLE: o CONSIDER THE MIXTURE FRACTION £, FOR WHICH
A DISTRIBUTION £, IS KNOWN, e DETERMINE THE UNTFORM
WHICH, ADDED TO =z, SATISFIES OVERALL CONSERVATION,

o EQUATIONS: o _[H':'n-ut Txont = Ilh.l‘1.||'_=1,'I.:|11i| :

[Poue 1 = &7]
e REMARKS: o THERE ARE NO SOURCE OR TRANSIENT TERMS, e OF

COURSE THE WEW ¢ DISTRIBUTION 15 SATISFACTORY DMLY OVERALL.

HIE 1 12 OVERALL FNERGY BALAMCE EQUATION: |

11 15 APPLICATIONS OF THE DIRECT FORM,

a E:{MFLEJ [} HI“-H.H HA'EH;DIE" warm wakter atmoaphara :
CHARGED ON TO A LAKE . i
SURFACE , FLOWS OUTKARDS, ”*‘m;?—:'— -

o COHERENT "COLUMNS® OF e s Y
WATER CAN BE IDENTIFIED. |
i TLIREI.ILEHT HI}:!HE’ EHSUHES haat 1&g uLmnﬂ!’jh&I‘E
VERTICAL UNTFORMITY OF 4
TEMPERATURE,
W T "agalumn'
o "ENTRAINMENT" OF COOLER wntoy of water
FLUID MAY DCCUR FROM lager |
BELOMW, _ -
o NOTE: v INCREASES WITH TIME, entriinment webar |




HTE 1 13

11

OVERALL ENERGY-BALANCE EQUATION;

15 THE WATER-COLUMY EXAMPLE,

EEUhT!ﬂHI ¢ (pVeT) - b, .o T = AT - ) o+ E Y

ad

ENTRAINMENT RATE
NET RADIATIVE IN-

(arata i} EHt

NOMENCLATURE: « = SPECIFIC HEAT; & .
U = HEAT TRANSFER COEFFICIENT: =,
FLOW PER UNIT WOLUME.

INTRODUCTION OF CONTINUITY EQUATION (8 (oyyp = o)
LEATS TO:
1

‘c5%4 mcn: [ il Tuﬂ&l} = %% (7T - Texl} ! $radJ
&

COMMENT: o THIS LINEAR EQUATION IS EASY TO SOLVE,

o LINEARITY DEPENDS ON v'S INDEPENDENCE GF T,

N Wi

HTE

1 15 OVERALL ENERGY-BALANCE EQUATION:
15 APPLICATION OF THE CORRECTION FORM,

THE PROBLEM: o IN THE FURNACE OF PANEL 11, THE ESTIMATED
DISTRIBUTION (h = or + & m,,, SAY) DOES NOT PRECISELY
SATISFY THE OVERALL EHEEE':’ ~BALANCE EGLATIOMN,

o WHAT UNIFORM INCREMENT n' MUST BE APPLIED (LEADING TO A

TEMPERATURE INCREMENT T* = &° /<) TO PROCURE SATISRACTION?

IHE EDUHTEDHSI 1] Hh v _[muut h#gut h
+ Ga - av].

& mﬂut h' # A h (0Q/3h) - V &' ﬂEfﬂh hv 2

NOTES: o THIS EQUATION ALLOWS w* TO BE IIEI'EFI]"IIHE[F.
o P9/3h AND #8/3n MAY INVOLVE LINEARISATION,
o IN CASE OF NON-LINEARITY, ITERATION IS HELPFUL,

= it

nir aler :u




HTE 1
11

] :
15 OVERALL-BALANCE EQUATTONS;
15 FINAL REMARKS.

-

o OTHER EBUATIONS: OVERALL BALANCE EQUATIONS FOR KOMENTLM,
RADIATION, PARTICLES, ETC., ARE ALSO USEFUL, IN EOTH

¢ BALANCES FOR SUB-DDMAINS: e THE WHOLE REGION OF INTEREST

o WHEN MANY SUB-DOMAINS ARE CONSIDERED SEPARATELY, WE HAVE
A "FINITE-DIFFERENCE" OR "FINITE-ELEMENT® SUB-DIVISION

o [FPORTANCE OF "CORRECTION® FORM: & ALTHOUGH ALGEBRAICALLY
EQUIVALENT TO THE DIRECT FORM, THE CORRECTION FORM HAS
SPECIAL MERITS: ITS TERMS PERMIT SIMPLIFICATION WHEN

DIRECT AND CORRECTION FORMS,

MAY BE DIVIDED INTO 2 PARTS,
THESE MAY ALSO BE SUB-DIVIDED,

OF SPACE,

ITERATIVE PROCEDURES ARE USED,




HTE 1 1 | LECTURE 12,

12 1 JETS, WAKES, PLUMES AND LAYERS. !

o CONTENTS:
e BUALITATIVE DESCRIPTION.
o PRACTICAL RELEVAMCE.,
o MATHEMATICAL DESCRIPTION.
o THE GENERAL CONSERVATION ERUATION,
o SPECIAL FORMS.
o PROFILE ASSUMPTIONS.

o MNOTES: o JETS, WAKES, ETC.. ARE PARTICULAR SUB-DOMAINS.

o EVEN WHEN NUMERICAL METHODS ARE EMPLOYED, JET AMALYSES
REMAIN OF GREAT VALLE.

GUALITATIVE DESCRIPTION OF JETS, WAKES,
PLUMES ARD LAYERS,

HTE 1
12 1

LA B

o JET: AN ELONGATED REGION, IN WHICH THE FLUID VELOCITY
EXCEEDS THAT OF THE FLUID OUTSIDE IT. AND INTO WHICH
FLUID IS DRAWN FROM OUTSIDE BY "ENTRAINMENT®.

e WAKE: AS FOR JET. BUT WITH THE FLUID VELOCITY LOWER THAN
THAT OF THE EXTERMAL FLUID,

o PLUME: AS FOR JET, BUT WITH SIGNIFICANT INFLUENCES OF
BUDYANCY .

o LAYER: A HORIZOMTALLY-EXTEMDED FLUID REGION. LYING ABOVE
DENSER OR BELOW LIGHTER FLUID, WITH WHICH HEAT, MASS AND
MOMENTUM MAY BE EXCHANGED,




HIE 1 3

12

| PRACTICAL RELEVANCE ;
15 EXAMPLES OF JETS.

STEADY JETS: e mockET ExHAUST.

® DILUTION AIR IN COMBUSTOR,

® FILM COOLING OF COMBUSTOR
WALL,

® MIXING OF WARM WATER WITH
CODLER RIVER WATER MEAR
THE DISCHARGE POINT,

0 FLAME SPREAD EEHIND A
BAFFLE IN A DWICT,

UNSTEADY JETS: o 1NJECTION
OF FUEL INTO DIESEL
ENGINE CYLINDER.
@ FLOW IN “FLUIDICES" DEVICES.
@ SUDDEN OPERATION OF A STEAM
WHISTLE,

N.B.: SOME BOUNDARY LAYERS
ON WALLS ARE JETS.

e

L i T

HTE 1 B
12

3 PRACTICAL RELEVANCE;
15 EXAMPLES OF WAKES.

o STEADY WAKES: o THE FLOW BEHIND A TOWED MODEL SHIP (N.B.
THAT BEHIND A SELF-PROPELLED SHIP 1S PART WAKE AND PART
JET; THE OVERALL MOMENTUM DIFFERENCE FROM THE EXTERNAL

FLUID IS ZERQ.},

e THE FLOW BEHIND A BLUFF
BODY, E.G. A FLAME-
HOLDER (BEFORE CONFIME-
MENT INCREASES THE HOT-
GAS VELOCITY).

47/

» FILM CODLING WHEN THE TMJECTION VELOCITY 1S LOWER THAN
THAT OF THE SURROUNDING STREAM,

& UH?EEEE¥EHMEESﬁLETTHHT BEHIND A DECELERATING BODY, E.G, AN




HIE 1 5 PRACTICAL RELEWANCE;

12 15 EXAMPLES OF PLUMES,

o STEADY PLUMES: e SKOKE RISING ABOVE A FIRE WHEN THERE IS
LITTLE WIND.

@ WARM WATER RISING FROM A LAKE-BOTTOM DISCHARGE POINT.

o MOIST WARM AIR RISING ABOVE A COOLING TOHER.

o DENSE CONCENTRATE FALLING |  retecercsae
DOWN THE CAVITY WALL IN| ‘
SOLUTION MINING. e

o UNSTEADY PLUMES: o THE STARTING OR STOPPING PROCESS OF ANY
OF THE ABOVE.

o THE AIR MOVEMENT INDUCED CAFTER BLAST-WAVE EFFECTS) BY A
KUCLEAR-BOME EXPLOSION.

HTE 1 B PRACTICAL RELEVWAMCE ;

17 15 EXAMPLES OF LAYERS.

o STEADY LAYERS: e THE WARM-WATER LAYER RESULTING FROM
SURFACE DISCHARGE OF THERMAL EFFLUENT INTO A RIVER,

e THE FLOW OF WATER AWAY FROM
THE FOINT OF IMPINGEMENT
OF A FALLING JET ON A PLATE.

o UNSTEADY LAYERS: o SMOKE FROM A
FIRE, SPREADING ALONG THE
CEILING OF A CORRIDOR,

o AN AVALAMNCHE OF SNOW.

o A "TURBIDITY CURRENT", ON THE
OCEAN FLOOR,

T

TR S A




i :
HTE 1 / MATHEMATICAL DESCRIPTION OF JETS, ETC.;

12 15 NOMENCLATURE,
o GEOMETRICAL:
¥' = VOLUME PER UNIT AXIAL

DISTANCE, = a,
= AXIAL DISTANCE,
A = AREA OF “SLICE" OF
JET, ETC,
P = PERIMETER OF SLICE.
vy = DISTANCE NORMAL TO
FERINETER.,

o KINEMATIC:

u = YELOCITY NGRMAL TO FACE OF SLICE (POSITIVE WITH =),
¥ = VELOCITY RORMAL TO PERIMETER SURFACE (POSITIVE
OUTWARDS,

IR & 8 GENERAL CONSERVATION EQUATION APPLIED

12 15 TO A "SLICE".
i EHHATIDNJ _g__' ;[I pdav' 4 g_}: ;l]. pladds + l]: p'l."IlI:L'F'

= .|j_1 ﬂ 4+ g + L

T j Ty 5 oA % r, E$ dp 5. 8,4V,

¢ NOTES: e THE CONTROL-YOLUME SHAPE MAY BE CHANGING WITH
TIFE, PROVIDED THAT u AND v ARE MEASURED RELATIVE TO THE
MOVING SURFACES,

o x CAN EE MEASURED ALONG JUST ONE CURVE THREADING THE SLICES:
BUT THEN am MAY KEED TO BE MULTIPLIED BY AM APPROPRIATE
CURVATURE FACTOR,

-




f HTE 1 9 | CONSERVATION EQUATION FOR A SLICE, WITH

12 15 NEGLIGIBLE EUUHDRE? DIFFUSTON,

=il

¢ PRACTICAL RELEVANCE: » THE Bnur-annﬂuﬁs OF THE JET SUB-
DOMAIN CAN USUALLY BE CHOSEM.
o IT IS USEFUL TO SET THESE AT SUCH A DISTANCE THAT a4/2y
IS NEGLIGIBLE,
o BECAUSE OF THE ELONGATED MATURE OF JETS, LAYERS, ETC.,
THE 7, 5% TERMS ARE OFTEN NEGLIGIBLE COMPARED WITH
THE sus TERMS,

e RESULTING EDUﬂTiﬂN

J 1 pedvy*® + —— j|nu¢ﬂh b J_;;ﬁdP - .F B dﬂTw

" HCITE WHEN A HALL Amm'rfﬂ THE SUB-DOMATN, THE NORMAL
GRADIENT WILL OFTEN KOT EQUAL ZERD.

HE1 [ 10

THE CONTINUITY EQUATION FOR A SLICE.
12 15

e DEFINING FEATURE: & PUT ¢ = 1,
o N.B. NEGLECT OF grad THEREFORE ENTAILS ND ERRORS,

@ RESULTING EQUATION:
%-f pd¥' d Ipudﬂ. + q.[p'l.l'-l:I:F' Lr .} dvr
L dx

MILS &

u DIEEUSEIDH' o FOR STEADY-STATE, NO-SOURCE FLOWS, WHICH ARE
COMMON » -a— l_rpud.!u +§r|;|5'|:|.[-' =g

o EVEN IN TEHHEIEHT PROCESSES THIS EQUATION HOLDS PROVIDED
e IS INVARIANT,
® THERE IS ALSD A BULK-CONTINUITY FORM.




[ HTE1 | 11 | THE “TOP-HAT" PROFILE;
12| 15 | DEFINITION AND RESULTING EQUATIONS.

o [DEFINITION: o ¢ IS SUPPOSED TO
BE UNIFORM IN THE JET REGION,
AND EQUAL TO &_ OUTSIDE IT.
o AXIAL ¢ GRADIENTS ARE NEGLECTED,

o 5, [S ALSO UNTFORM, &
e v < 0

8 HESULTITG ERUATION:

.i S
(dg pdV' ) + (dipudd) + ¢ _dovdP = 5V,
E i ﬁ ]‘a P

v i

o COMEINATION WITH THE CONTINDITY EQUATION, WITH ¢, A
CONSTANT. LEADS TO:

. il F
{Jll"d"'r ) g - ) AR ({9 — &) II!IF"l-l-lf'-"'-] o E_*_'i-ru

HE1 | 12

12 15 THE “TOP-HAT* PROFILE:; DISCUSSION.

o IF pu ARD p ARE TAKEM AS UNIFORM OVER THE SLICE:

L g—: b= ¢.) "",._Et[g {{¢ — ¢_) pud} = 8.V,

o OTHER FORMS OF EQUATION CAM BE DERIVED FOR THE CASE IN
WHICH «. VARIES WITH ¢ AMD =,

& [JHE ETEJ!ID?—SIHTE FORM IS: gi ({4 - '*-::} pud} = §
o IN THE ABSENCE OF SOURCES: d_ (

ﬁv‘

$ — $_.) pud] = 0O,

@ THIS IS RELEVANT TO WARM-WATER MIXING, TO ROCKET EXHAUSTS,
ETE.




| CWE-PARAMETER PROFILES;
DESCRIPTION,

mE1 | 13
12 15

¢ RESTRICTIONS (FOR SIMPLICITY, NOT FROM RECESSITY) :
o ZERD BOUNDARY GRADIENTS. e UNIFORM DENSITY.
o STEADY STATE, e ZERD SOURCES,

o ASSUMPTIONS: » 4 = ¢_4x3 + ¢ ¥
u %) + UExy.d

au
o ¥ AND ¥ ARE SELF-SIMILAR FUNCTIONS OF POSITION,

® RESULTING CONSERVATION ERUATION:
- {H:-_,_j udd + ) u¥aXyival + ¢ lvdp = o,
A A “p

ax

o ASSOCIATED MASS-COMSERVATION EQUATION:

L fm iﬁdl’] ¢ Jvan = 0,

B

HIEL | 14 | ONE-PARAMETER PROFILES:
12 15 | THE EQUATION FOR +,

o MANIPULATION: MULTIPLY MASS-COMSERVATION FQUATION BY *,
AND SUBTRACT FROM ¢ CONSERVATION,

» RESULT:
= .
LR IﬁlIl ﬁﬂ?i'-d:- + I= {4 A £ nl'-':lkdll] = D]

o UTILITY: o USUALLY as_ IS SPECIFIED,
dx
 THE PREDICTION OF THE FLOW HAS BEEN REDUICED TO THAT
OF INTEGRATING FIRST-ORDER DIFFERENTIAL EQUATIONS.
o THIS IS ALWAYS EASY BY NUMERICAL MEANS.




P
FINAL REMARKS CONCERNING JETS, WAKES,
LAYERS, ETL.

HEL1 | 15
12 15

| o FROM PANEL 9 ONWARDS, THE ERUATIONS WERE ILLUSTRATIVE
RATHER THAN COMPREHEMSIVE., THE MORE GENERAL EQUATIONS
TAKE MORE SPACE, BUT ARE EASY TO WRITE,

¢ FOR MANY PRACTICAL PURPOSES THE JET - ETC, SUB-DOMAIN 1S

ADEQUATE; CALCULATIONS ARE CHEAPLY MADE; AND EXPERIENCE
PERMITS CHOICES OF PROFILE THAT FAVOUR ACCURACY,

o EVEN WHEN FINITE-DIFFERENCE ANALYSES ARE TO BE MADE FOR
. THE GREATER PART OF THE FLOW, REGIONS OF STEEP GRADIENT
ARE DFTEM BEST ANALYSED AS JETS, ETC,




| cas
HTE 1 1 LECTURE 13,
13 15 FINITE-DIFFERENCE GRIDS (CELLULAR SUB-
DIVISION OF SPACE),
8 CONTENTS:

e THE TOPOLOGICALLY-CARTESIAN CELL SYSTEM,
o TWO-DIMENSIONAL EXAMPLES,
o THREE-DINENSIONAL EXAMPLES,
o REPRESENTATION OF;
o TRANSIENT, o CONVECTIVE .,
o DIFFUSIVE, o SOURCE TERMS,
o COMBINATION OF CONVECTIVE AND DIFFUSIVE TERMS,

HTE 1 2 THE TOPCLOGICALLY-CARTESTAN CELL SYSTEM;

13 15 THE BASIC IDEA,

strict cartesian

o THE WHOLE SPACE IS FILLED
BY NON-OVERLAPPING CELLS,

o FEACH CELL WAS 6 SIDES, 12
EDGES AND 8 VERTICES,

o EACH CENTRAL CELL HAS 6
WEIGHEOURS; EACH SURFACE
CELL HAS 5; EACH EDSE
CELL HAS 4; EACH CORNER
CELL HAS 3,

o CELLS CAN BE DEFINED BY 3
SETS OF MON-INTERSECTING

CkHoG0uALLY i Rech hor




HTE 1 |3 | THE TOPOLOGICALLY-CARTESIAN CELL SYSTEN,
13 15 | GRID-POINT VALUES,

o C(ELL-CENTRE POINTS (e) ARE
DEFINED WITHIN EACH CELL,

o [T5 NEIGHBOURS ARE REFERRED
TO AS POINTS ®, B, E, W,
H, L,

@ LINES JOINING » TO ITS
NEIGHBOURS CUT CELL
FACES AT n, 8, e, w, 1, 1,

B 'F ull!'r_“E_S IrquJr P.I H,.l 3_.- FAdE
ETC. ARE REGARDED AS REPRESENTING «'S WITHIN THE WHOLE
CELLS.

s ¢ VALUES (AND & GRADJENTS) “AT" n, =, e, ... ARE REGARDED
AS FEPRESENTING \BLUFS OVER THE Wb

HTE 1 4 THE TOPOLOGICALLY-CARTESIAN CELL;

13 15 APPLICATION OF THE GENERAL CORNSERVATION EOUATICM,
o THE EQUATION:
g_t (Vg + u,;w (ol - T BYad 6, A = ':'5.1.1'”[::'
h,1

o NOTES: o v MY VARY WITH TIME; BUT IN THAT CASE & MUST BE
MEASURED RELATIVE TO THE MOVING SURFACE.

o ,  MEANS THE SUM OF 6 TERMS, ONE FOR EACH CELL FACE.

l]..ﬂ,ﬂ-. L |

o ¢ AND =, HAVE BEEN ASSUMED UNIFORM OVER THE CELL IN THE
TRANSIENT AND SOURCE TERMS RESPECTIVELY,




| HTE
13

1 5

—

15

THE TOPOLOGICALLY-CARTESIAN CELL;
RELATION TO “FINITE-DIFFERENCE" EQUATIONS,

]

THE FDE: ¢'S AT NEIGHBOURING POINTS ARE TO BE CONNECTED BY
“LINEAR" EQUATIONS OF FORM (SEE LECTURE 14):

toaydy toapdy toajdp

¢P = anqu i as¢8 * ae¢E

+ ap¢P— + b

NOTES: e THE FDE IS TO BE OBTAINED FROM THE CONSERVATION
EQUATION BY REPRESENTATION OF ITS TERMS THROUGH

¢NJ qu) 1 &, cp“; Cw, “ s 3 Cp, b‘

o THIS hEPRESENTATION NECESSITATES FURTHER ASSUMPTIONS,
WHICH CAN BE MADE IN MORE THAN ONE WAY,

@ ¢9p_ IS THE VALUE OF ¢p AT AN EARLIER INSTANT OF TIME,

o a REPRESENTS THE (CONSTANT PART OF THE) SOURCE TERM.

@ "LINEAR” IS IN QUOTES BECAUSE a,csAND b DEPEND ON ¢'S,

HTE
13

1 6 EXAMPLES OF 2D CELL SYSTEMS:

15 PLANE, STRICT CARTESIAN,
6"S VARY ONLY WITH x AND v, N
CELLS ARE OF UNIFORM DEPTH R
(E.G, UNITY) IN 3RD (=) 1
DIRECTION. Wowl P le E

CELLS CAN BE NON-UNIFORMLY
DIMENSIONED WITHIN THE
LIMITS OF RECTANGULARITY.
SEE »

THE FDE LACKS H ("high") and y

L ("low") terms 1




[ HTE 1 / EXAMPLES OF 2D CELL SYSTEMS:

13 15 POLAR COORDINATE; STRICT CARTESIA

6 ¢'S VARY ONLY WITH =z AND
r (NOT o),

o CELL DEPTH INCREASES WITH
e CELL SHAPES IN THE r ~ =

PLANE ARE LIMITED IN
THE SAME WAY AS THOSE

IN x v v PLANE,

o FDE IS AS FOR PANEL 6;

BUT » ENTERS THE a'S

)
AND b, ‘ .
e symmetry axis

HTE 1 3 EXAMPLES OF 2D CELL SYSTEMS;

15 15 TOPOLOGICALLY CARTESIAN,

e IN®, ONE SET OF LINES IS 1 (¢ |
PARALLEL, THE OTHER ol ¢lo
CURVED, THE LATTER MAY °
BE STREAMLINES,

7
o ING, BOTH ARE CURVED; r ¢
AND THE TWO SETS MAY BE -
ORTHOGONAL )
2

s BOTH PLANE AND AXI-
SYMMETRICAL SYSTEMS MAY
BE SUBDIVIDED IN THIS WAy, | ™ )

o STREAMLINES ARE CONVENIENT; :
CONVECTION IS ZERO ACROSS THEM, e




I -r e
HIEL | 3 | EXAMPLES OF 20 CELL SYSTEMS; THE DISTINCTION
13 15 BETWEEN FIXED AND FLOATING GRIDS.

o FIXED GRIDS: e THE LOCATIONS OF CELL BOUNDARIES AND CENTRE
PODINTS ARE SPECIFIED AT THE START OF COMPUTATION AND
REMAIR UNCHANGED,

o IN GENERAL, THE MASS FLON RATES ACRDSS CELL WALLS ARE NOT |
KNOWN BEFOREHAMD, AKD MUST BE COMPUTED,

o FLOATING GRIDS: e THE LOCATIONS OF AT LEAST SOME CELL
EDUNDARIES ARE FINED IMPLICITLY RATHER THAN EXPLICITLY,
AND VARY AS THE COMPUTATION PROCEEDS,

o OFTEN THE IMPLICIT SPECIFICATION 15 SUCHM AS TO DEFINE
THE MASS FLON RATES: E.G. THESE ARE ZERD FOR STREAM-
LINE CELL WALLS.

HIE. 1 10 EXAMPLES OF 3D CELL SYSTERS;
B 15 FOLAR CODRDINATE, STRICT CARTESIAN,

| & 'S VARY WITH =, = AND s,

e CELLS ARE SHAPED AS FOR
PANEL 7.

@ INr~ s PLANE, CELL WALLS
ARE RADIT AMD CONCEWTRIC
CIRCLES.

o IN r~ = PLANE THEY ARE AS
FOR PAMEL 7.

o THE FDE IS AS IN PANEL 5,




! HTE 1 1 EXAMPLES OF 3-D CELL SYSTEMS; A GRID WHICH

13 AL FLOATS IN ONE DIRECTION DMLY,
@ PRACTICAL EXAMPLE: THE = ai r
=, =t ol =
ALUMINT IR SHELTER, o f ﬁ1 = ?;E' ro

o DEFINING CORDITIONS: b

o THE AIR » ELECTROLYTE, |
AND ELECTROLYTE-41 [NTER- [

BOUNDARIES.

e WITHIN EACH FLUID el

VERTICAL SUB-DIYISIONS
ARE UNIFORM FOR EACH ._deﬁﬁif

S Y W
o OTHER EXAMPLES: ENVIRON- L__
MENTAL FLOWS. i

HIE1 | 12 | REPRESENTATION OF TERMS IN THE CONSERVATION
i3 15 EQUATION; TRANSIENT, AND SOURCE.

WOTE: SUBSCRIPT » MNOW REFERS TO TIME t, AND SUBSCRIPT e-
10 TIME v - 8¢,

o GSOURCE TERMS: e (3,¥)p = (8y « S, 6,)¥,, WHERE s, AND s,
ARE CHOSEN 30 THAT THE S
! LINE TOUCHES THE CURVE o By taty

AT & GUESSED VALUE OF
t'p-l ::Il‘p" 30}
@ THIS 1S THE “LINEARISED- L
SOURCE” TREATHENT, -
o SEE PANELS 14.7.8 FOR P

FURTHER. DISCUSS [0, L P ——




HIE 1 13 REPRESENTATION OF TERMS IN THE CONSERVATION
13 15 ERUATION: DIFFUSION AND CONVECTION,

o CONVECTION: “CENTRAL-DIRFERENCE"

£l
REPRESENTATION 18: | J
tepnd, = 4, (i), i .

by = Aldy * #p),
(NOTE: (eii) IS PROBABLY IN | p = Ty
STORE; SEE LECTURE 1%

o DIFFUSION: (F, grad ¢}, =T, , #p = dy

IF—ITll

}

S N

Tew = P\ x* Nyp

s NOTE: IF THE LINE we IS NOT MORMAL TO AREA Ay AN
AFPROPRIATE COSINE MUST BE INTRODUCED,

HTE 1 14 | REPRESENTATION OF TERMS; INTERACTION
13 15 OF DIFFUSION AND CONVELTION.

e THE PANEL 15 REPRESENTATION 15 VALID ONMLY WHEN ?ﬁ

||:|:|u]-w {xp = xﬁ}fl'dpwf < 1, ]

o OTHERWISE ¢ TENDS TO ¢, IF u, > 0, AND TO é5 WHEN

W, €0, AS SOLUTION OF THE DIFFERENTIAL ERLUATION WILL SHOW,

o [N THE "UPWIND-DIFFERENCE SCHEME®, DIFFUSION IS COMPUTED
AS IN PANEL 13, BUT e, IS TAKEN AS &, FOR w, > o AND
¢ FOR v, < 0,

o [N GENERAL [T IS BEST TO REGARD DIFFUSTON AND CONVECTION

AS INTERACTING: A SINGLE “FINITE-DIFFERENCE™ EXPRESSION
IS NEEDED FOR THETR COMBINED EFFECT.

o SEE LECTURE 14 FOR FURTHER DISCLSSION,

1




WEL | 15
13 | 15

FINAL REMARKS

o CELLULAR SUB-DIVISION OF SPACE 15 A FLEXIBLE AID TO
ANALYSIS OF THE VARIOUS TRANSPORT PROCESSES: THE SHAPES
AND DISTRIBUTIONS OF CELLS CAM BE CHOSEN TO SUIT THE
PROBLEM,

e THE TOPDLOGICALLY-CARTESIAN SYSTEM 1S CONVENIENT, BECALSE

IT PERMITS CELLS TO BE REFERRED TO. IN AN ORDERLY WAY
{E.G, BY THREE IWDICES).

o OTHER KINDS OF SUB-DIVISION ARE POSSIBLE, E.G, TRIANGULAR,
TETRAHEDRAL (FINITE-ELEMENT).

o KORE MUST BE SAID ABOUT THE DERIVATION OF THE FDE'S FROM
THE CONSERVATION EQUATIONS; THERE IS NOT OME SINGLE
CORRECT WAY,




lwea | 1 ] tecrre 1
i

14 15 FINITE-DIFFERENCE EQUATIONS

il

e CONTENTS:
o FLUXES ACROSS CELL BOUMDARIES,
o YOLUME TERMS,
o THE CHOICE OF TIME LEVEL,
o THE FDE FOR A TOPOLOGICALLY-CARTESIAN CELL.

e NOTE:

e DISCUSSION WILL BE IN TERMS OF THE GENERAL VARIABLE s,
STANDING AS BEFORE FOR MOMENTUM PER UNIT mAsS,
STAGNATION ENTHALPY, MASS FRACTION, ETC,

HTEL | 2 | FLUXES ACROSS CELL BOUNDARIES:
14 15 | DIFFUSION AMD CONVECTION,

o EXAMPLE CONSIDERED:
THE WEST FACE OF A TOPO- ;
LOGICALLY CARTESIAN CELL,
HAVING AREA &,

o D EXPRESSION FOR THE - ;:

=

o

DIFFUSION FLUX: a2, | = -4, T - §, 315,
o FD EXPRESSION FOR THE CONVECTIVE FLUY (a, OMITTED):
FLUX = ¢pud ., WHERE:
EITHER: #, = &0y + 45,3 IN “CENTRAL-DIFFERENCE SCHEME",
DR ¢4y = & FOR (pu) = ﬂ-} IN “UPWIND-DIFFERENCE
4o FOR Cou), < SCHEME®




HTE 1 3 TOTAL-FLUX EXPRESSIONS;

- 15

CENTRAL DIFFERENCE. (e _=k0e, *ép))

o NOTATION: €, = Couddys D, & Ty | A/6.
H"n‘It.g.t_l.jl.,.- c'n'ctl:l . I:'-|;|-':-'*'p|| - '*1:.:||
» CENTRAL-DIFFERENCE EXPRESSION:

o DISCUSSION: o NEGATIVE |

caoelf
COEFFICIENTS IMPLY 7, , J] 224,
DECREASES AS 4, TNCREASES: At
IT INCREASES AS 4p INCREASES [Py ~30w)

# THE RESULT FOLLOWS FROM I
NEGLECTING INFLUENCE OF wu, |

"'w']tnt,q:-m = {0, ¥4 C g - (D, -4 C g,

ON ¢, (sEE paner 13.14) e
o THIS TS URREALISTIC, F

HTE 1 Y TOTAL-FLUX EXPRESSIONS;

1.4 15 UPHIND  (ALSO CALLED DONOR-CELL),

o UPKIND-DIFFERENCE EXPRESSIONS FOR o, , ¢

FEIH I:'H' 1 AW-T'I:'I:II'..#.W - {u'ﬂ * |:::l.u':“:"l':' - nﬂ"*ll-’"l

FOR ¢, < o Aiar o.w = Doty = 1Dg = C )y,
o DISCUSSION:
o NO NEGATIVE COEFFICIENTS|  coots W
NOW APPEAR. of #p .2 L
o EVEN A VERY HIGH (-c_)
PERMITS SOME INFLUEWE | ,oart or % coeff of
OF 4, TO AFFECT THE o W Lt
CELL SURROUMDING e,
i i i ]
=t B L




HTE 1 5 TOTAL-FLUX EXPRESSIONS)

14 15 HYBRID,

» FOR -2 < /o < +2; AS FOR CENTRAL DIFFEREMCES.
O FOR 2 % C/bu: AT o ow™ Cudye
* FOR -2 c /. J!":'-"'rtq;n:,-j,-.-a- = =Cy¥p
o DISCUSSTON:
o COEFFICIENTS FALL T0 e
ZERD, BUT DO mNOT {fﬁp
BECOME MEGATIVE, ;\Hﬁ

o THIS FITS REALITY
FAIRLY WELL, ALTHOUGH
DIFFUSTYE INFLUENCE
IS NEVER ENTIRELY
ZERD [N PRACTICE,

WTE1 | 6 TOTAL-FLUX EXPRESSIONS:

14 15 DISCUSSION,

o EXACT SOLUTION OF THE 1D DIFFERENTIAL EQUATION WITH
UNIFORM T: AND WITHOUT SOURCES GIVES:

C -IZIIIII axp (= ]jﬂ:l *’1}

'“' L]

w
‘11.5-']1:-;::1'.,-1:-,-:- l_m:":t_“_‘.l :
o

o NOTES: o c /o, HAS THE
FORM OF A PECLET
NUMBER,

o THE HYERID FORMULA
CORRESPONDS TO THE
EXACT WELL AT ¢, /n,,

Py

R Ty
D'n
ol f of
'*'u
i
| -
| upd el IIW i
1 ehcacrt
hytyid
i
} |
-3 i I:"l,ll;:_ )




|
REPRESENTATION OF VOLUME TERMS:
TRANSIENT TERM,

iHTEl 7

14 15

o THE EXPRESSION;

%E I.¢ﬂﬂu = LPV]p = (4PVIp
¥ it

WHERE P AND »- REFER TO THE TIMES t AND t- &t , AND &t
IS A FINITE TIME INCREMENT.

o NOTES: o WHEN THE GRID IS FIXED, THE TERM BECOMES
(Cdpdp — (opldy TV/S6E,

o ¢ AND o ARE TAKEN AS UMIFORM WITHIN THE CELL,
o OTHER PRESUMPTIONS ARE POSSIELE,

o (o¥ip/at AND (eV)p_sét CAN BE USEFULLY THOUGHT OF AS
OUTFLOW ARD TKFLOW RATES THROUGH TIME BOUNDARIES.
ANALOGOUS TO (euwa)y, ETC.

HTE 1 8 REPRESENTATION OF VOLUME TERMS;
14 15 THE SOURCE TERM.

o USUAL PRESUMPTION: s, 15 UNIFORM THROUGHOUT THE CELL.
o CONSERUENCE: SOURCE TERM I5 5y ¥,
o OUESTIONS: e IF 8, IS 5, €¢#3, SHOULD ¢ OR &p_ BE USED?

o FOR THAT MATTER, WHICH SHOULD WE HAVE BEEN CONSIDERING
IN THE DIFFUSTON AND CONDUCTION TERMS?T

@ IF 5, CAN BE EXPRESSED AS 3y + 8, 4 (PANEL 13.12),
SHOULD WE USE
8y + 8y 4p_, By + 8y 4y, OR 8y + 8y bldp + #p 37
s RECOMMENDED ANSWERS WILL BE GIVEN LATER,




HTE
14

1| 9 CHOICE OF TIME LEVEL,
| 15 ALTERMATIVES.

IN THE T]J'"IE-[IEF'EI'IIEIEi"!T TERM, THERE IS NO CHOICE: THE
DIFFERENCE BETWEEN (reVIRAND (eovip_ MUST APPEAR,

IN THE DIFFUSION, CONVECTION AND COMBINED-FLUX TERMS,ONE
COULD:

o CHOOSE ALL ¢'S FOR EARLIER TIME Chp_s dgs vuvud.

o CHOOSE ALL NEIGHBOUR ¢'S FOR EARLIER TIFE (oy_, 8g , ...)
BUT ¢, FOR LATER TIME.

o HAVE DIFFERENT PRACTICES FOR THE CONVECTION AND
DIFFUSION COMPONENTS.

o USE WEIGHTED MEANS OF EARLIER OR LATER VALUES,

o USE ESTIMATES OF ¢'S AT INTERMEDIATE TIMES,

HTE
14

L) 10 CHOICE OF TIME INTERVAL;
15 THE EXPLICIT SCHEME,

DEFINITION: USE e_, ¢4, ETC., FOR DIFFUSION, CONVECTION
AND SOURCES; BUT ¢, APPEARS IN THE TIME-DEPENDENT TERM,

ADVANTAGE: e FDE CAN BE REPRESENTED EXPLICITLY IN TERMS OF
EARLIER-TIME VALUES, WHICH MAY BE SUPPOSED KHOWN,

o THE SOLUTION PROCEDURE IS THEREFORE EASY,

DISADVANTAGE: o INSTABILITY (ERROR AMPLIFICATIONY OCCURS
WHEN &t IS LARGE.

MOTES: e THIS REQUIRES MATHEMATICAL PROOF.(SEE PANEL 13.7)
o THE SCHMIDT METHOD FOR HEAT CONDUCTION IS OF THIS KIMD.




HTE 1 11 CHOICE OF TIME INTERVAL:
14 15 THE CRARK-NICHOLSON SCHEME.

o DEFINITION: 3Cép + 653, #0dy + €42, ETC,, APPEAR IN ALL
DIFFUSION, CONVECTICH AND SOURCE TERMS,

o ADVANTAGE: e ARBITRARILY LARGE ¢c’S CAN BE CHOSEN WITHOUT
INSTABILITY,

o THEREFORE THE COMPUTER TIME FOR A GIVEN UNSTEADY PROCESS
MAY BE REDUCED, ESPECIALLY WHEM THE FINAL STEADY STATE
[5 OF MAJOR INTEREST,

o [ISADVANTAGE: e EQUATIONS ARE NOW SIMULTANEOQUS, REQUIRING
MATRIX INVERSION, OR ITERATION.

o NOTE: THIS SCHEME IS POPULAR,

HIE 1 12 CHOICE OF TIME INTERVAL:
LY 15 THE FULLY-IMPLICIT SCHEME.

(o LDEFINITION: ALL #'S, EXCEPT THE e,_ IN THE TRANSIENT TERM,
ARE CHOSEN FOR THE END OF THE TIME INTERVAL (I.E. ep,
"HJ E.I-El}l

@ ADVANTAGE: e GREATER ACCURACY THAN CRANK-NICHDLSOM FOR
VERY LARGE &« (BUT LESS ACCURACY FOR SMALLER at),

o GREATER ALGEBRAIC SIMPLICITY (OME TERM INSTEAD OF TWD),

o GREATER SUITABILITY FOR STEADY-STATE CALCULATIONS (st 1S
PUT TO =, S0 THE TRAMSTENT TERM DISAPPEARS).

o NOTE: THIS 15 EMPLOYED IN ALL OUR METHODS; BUT THEY COULD
ALSD EMPLOY THE CRANK-NICHOLSON SCHEME, FOR EXAMPLE.




HTE 1 L3 FOE FOR A TOPOLDGICALLY-CARTESIAN CELL

14 15 DEFINITIONS.

o LET oy = COEFFICIENT OF oy IN 43000 o oo
op = COEFFICIENT OF o5 IN Audpoy g or ETC,

e THEN COEFFICIENTS OF 4#p IN THESE EXPRESSIONS ARE
g = Cys Cg = Cqu EIL, (G5 = -Agpgu,)

@ LET Eﬁ? =08 + L¢Pr
o LET (pVp_i6t = o,

8 LET cp =y ¥ oy g ® oy #0g+ ey * G

HTE 1 EL) | FDE FOR & TOPOLOGICALLY-CARTESIAN CELL;
1:4 15 STATEMENT,

o SUBSTITUTION IN THE PANEL 13 - 4 EQUATION YIELDS:
(#pV)p _
il

- ey +og +og togt ey + o)
= (G #:CL + Qo T Cp +0 ) by +:0+ iy,
-] FHDH EDHTIHU]TT‘ tpv}P " r ST ¢ JRE TR ERT N » SRR N s + O
[

'-E-E'-"'- W 8 §] h

o CONSEQUENTLY:

b = W s topbyropbptogdoto s tebe o)
o - b
o NOTE: APART FROM THE = AND b TERMS, ¢, IS A WEIGHTED
AVERAGE OF ¢p_ AND THE NEIGHBOUR WALUES,

fpSp. T Syty o Sgphy T Cpeg Tolpdy ToCply voecky
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145

15

- FINAL REMARKS
15

s

o THE PANEL 14 EQUATION REPRESENTS THE GENERAL FORM.

o ALL THE <'5 ARE NECESSARILY POSITIVE, BY REASON OF THEIR

DEFINITIONS,

AS 1T SHOULD BE,

THE FORM 15 THE SAME AS THAT OF THE PANEL 13 - 5 EQUATION,

o SOME OF THE 'S ARE ZERD, OR VERY SMALL, WHEN THE

APPROPRIATE PECLET NUMBERS ARE LARGE.
THPORTANT LATER,

SOLVED,

THIS PROVES TO BE

WE MUST SHORTLY CONSIDER HOW THE EQUATIONS ARE TO BE




HIE 1 1

e

15 15

LECTURE 15
THE "STAGGERED"™ FINITE-DIFFERENCE GRID,

@ CONTENTS:
o THE PROBLEM OF INTERPOLATION,
e THE "STAGGERED™ GRID,
o THE CONTINUITY EQUATICN FOR A CELL.

o NOTE: THE "STAGGERED" GRID 1S AN ARRANGEMENT OF GRID NODES,
FOR VELOCITIES DISTINGUISHED FROM OTHER VARIABLES,
INTRODUCED BY HARLON AND OTHERS AT LOS ALAMOS AMD
EMPLOYED IN METHODS DEVELOPED IN THE HEAT TRAMSFER
SECTION AT IMPERIAL COLLEGE,

2
i3 | — THE PROBLEM OF INTERPOLATION
15 15

e IF r'S, 95,05, 'S, ETC.. ARE KNOWN ONLY FOR GRID POINTS
P, ¥, 8, E,..,}, BUT ARE NEEDED, AS HAS BEEN SEEN, AT CELL
WALLS, INTERPOLATION FORMULAE ARE MEEDED.

® EXANPLES HAVE APPEARED IN LECTURE 13, VIZ.:
Toow = 4 Ty w * Py phs
FH'F:':"*'H'-'-{" - ) '¢'|‘..HITH']="|.I nﬂﬂ L,

o THE QUESTION ARISES: WOULD IT BE ADVANTAGEOUS TO COMPUTE
SOME VARIABLES ONLY FOR THE WALL CENTRES OF THE CELLS
USED FOR OTHER VARIABLES?

o THE DBVIOUS CANDIDATES FOR CELL-WALL STORAGE ARE THE
:JIEEI_E:EEI”EEJ WHICH APPEAR TO BE MEEDED OWLY FOR CELL




HTE 1
15

3

15

THE STAGGERED GRID; DESCRIPTION.

o ALL VARIABLES EXCEFT
VELOCITY (5AY, u, w,
wi) ARE “STORED AT"
THE POINTS P, B, 3,...
AS IN LECTURE 14,

e VALUES OF w ARE STORED

AT WALL CENTRES w AND

e, THOSE OF v AT = AND
n, THOSE OF w AT 1 AND b,

o [N THE CASE OF MON-RECTANGULAR CELLS, IT MAY BE NECESSARY
TO DISTINGUISH BETWEEN THE VELOCITY STORED AT A CELLS

g
-4 ",
" i
.

|

(ENTRE AND THE MORMAL COPMPONENT
WHICH GIVES THE MASS FLOM RATE.

HTE 1
15

15

THE STAGGERED GRID; ADVANTAGES,

o ADVANTAGES FOR CALCULATION OF CONVECTION TERMS:

o ADVANTAGE FOR THE CALCULATION OF SOURCE TERMS IN THE
MOSENTUM-ERUATION :

o THE VELOCITY w, IS INFLUENCED
BY THE PRESSURE
DIFFERENCE vy - pp.

uy 15 INFLUENCED BY sy - .
# [HERE IS THEREFORE MO NEED

THE u'5, »'S AND =5 MEEDED FOR MASS-FLOW CALCULATIONS
ARE AVAILABLE AT THE RIGHT POINTS; THERE IS NO NEED FOR

INTERPOLATION.

FOR INTERPOLATION FOR THE EVALLATION OF MOMENTUM-SOURCE TERMS,




HTE 1
15

2

15

! THE STAGGERED GRID;

THE CONTROL VOLUMES FOR VELOCITIES.

o THE SKETCH SHOWS THE
FOUR CELLS SURROUNDING
THE PDINTS WHERE u,,

u v

g Lo

COMPUTED, FOR A 20
STRICT CARTESIAN GRID.

o THE VELOCITY CELLS CCONTROL
YOLUKES) THUS FORM THO
ADDITIONAL OVERLAPPING

ARE

SUBDIVISIONS OF THE INTEGRATION SPACE.

o IN A 30 PROBLEM THERE ARE FOUR BISTINCT CELL SYSTEMS: FOR

w, v, w AND ALL OTHER VARTABLES,

s PRESSIBES ARE STORED AT POINTS LYIMG CN THE WALLS OF VELOCITY CELLS.

(w1 | |
1 | 75 | ADISADVANTAGE OF THE STAGGERED-CELL SYSTEN
o THE NEED FOR CONVECTION . :
TERMS TN THE CONSERVATION . i
EQUATION FOR u: 'i"""""'? |
»u, 1S CALCULATED FROM THE woEl w lp oo
BALANCE EQUATION FoR: 3|  *—+——1—
0 50 ug MIST BE TAKEN AS PP
3 ':“-“. * u“w:l-l
o SIKILARLY, v THROUGH THE

NORTH WALL MUST BE TAKEN BS (v * %)
o THEREFORE INTERPOLATION IS NEEDED AFTER ALL.

o THE QUESTION THEN ARISES: WHY NOT ENJOY THE SIMPLICITY
OF A SINGLE MOW-STAGGERED GRID?




HTE 1 !
i OBJECTION TO THE NON-STAGGERED GRID

15 15

@ SUPPOSE w'S AND +'S ARC LI
STORED AT SAME POINTS AS
PS5,

® THEN PRESSURE DIFFERENCE
DRIVING UP WILL BE
pg + ppl-k(py * Pgl,
|4E-lel = Pgl,

e THEN IT IS POSSIBLE TO HAVE
fi PRESSURE FIELD IN WHICH
'3 AND o'5 DIFFER WARKELLY,
BUT IN WHICH THERE IS MO
MIENTUM SOURCE WHATEVER.

e THIS IS UNREALISTIC.

HTE 1 8 DISCUSSION OF WHETHER TO ADOPT THE

15 15 STAGGERED GRID,

THE DIFFICULTY WITH THE NON-STAGGERED GRID IS5 THAT IT
CONTAINS EITHER TOO MUCH OR TOO LITTLE INFORRATION,

o EXAMPLE: AN ADDITIONAL CARBITRARY) STATEMENT ABOUT THE
LINKAGE BETWEEN '3 AND '3 15 MEEDED IN ORDER TO AVOID
THE UNREALISM OF THE PANEL 7 PRESSURE FIELD.

o THE NECESSITY TO USE »'S 2-GRID-INTERVALS APART IN PANEL 7
RATHER THAN 1-INTERYAL APART IN PANEL €& MAKES THE FORMER
LESS ACCURATE FOR GIVEM GRID FIMEMESS.

o THOUGH BOTH ARRAMGEMENTS ARE POSSIBLE, MOST LARGE-SCALE
USERS FAVOUR THE STAGGERED GRID. Iy

e OTHER STAGGERED-GRID ARRAMGEMENTS MAY HAVE .« -
(STILL-UNKEXPLORED) MERITS, E.s: o 1




HTE 1 9 THE CONTINUITY EQUATION FOR THE STAGGERED GRI

15 | 15 (2D FOR SIMPLICITY),

e DEFINITIONS: LET SIDE LEMGTHS
BE &x, 4y, LET TIME
INTERVAL BE st,

e CONTINUITY:

F* (o - ppL)

= [toud, - Cpu), ]ty
+ |:|:'I'-"'-?:'l= = fl:l"-"]-njn'i-:i: + STF'-H-E-E dxdy, e B i

o COMMENT: o THE EXTENSION TO 3D IS DBVIOUS,

o NON-CARTESIAN GRIDS REQUIRE MORE ELABORATE GEOMETRICAL
DESCRIPTIONS,

| HIE 1 10 THE 2D CONTINUITY EQUATION;
15 15 CORRECTION FORM,

o DEFINITIONS: o LET w,, v,, o, ETC. REPRESENT APPROXIMATIONS

OR GUESSES FOR w, v, o,
® LET u' = u - u,, WHERE v = THE TRUE VALUE; ETC,

o LETE, . =67 = ~(ixgy {pyp = Pp.} * & [rp,,utz,:

= toanady] * 8% [(aamad, = Gyvady] = Sap., xavd,
o CORRECTION FORM OF THE CONTIMUITY EQUATION:

:
B ee o+ [y - temyley + [eonag - covyy]ox

= Bhgge SRSF = Ennag 9%E¥

o MNOTE: THE 3D FORM IS EASILY DEVELOPED, BY EXTENSION,




THE 2D CORRECTION FORM OF CONTINUITY;

wELl | 11
15 15 USE OF PRESSURE AS LINKING VARIABLE,
e FOCUS OF ATTENTION (FOR SAKE
OF EXAMPLE).:{puly , ik “‘l
Wi oow e 4E
o WHAT INFLUENCES (oudl 7 . ﬁ ¢
® by - by , THE PRESSURE L i
GRADIENT,

o u' o, VIA CONVECTION OF MOMENTUM,

o v, (AVERAGE (HOW WEIGHTED?) OF pp  AND pg ). VIA
INFLUENCE DN DEWSITY,

e DIRECTION OF PRESSURE INFLUEWCE: INCREASING pp  MUST
INCREASE (eud, AND Pga AN DECREASE (pul)g .

o CONSEQUENCE: ALL TERMS ON LHS OF PANEL 10 EQUATION WILL
INCREASE WITH »p

HIE 1
L5

1z
15

INFLUENCE OF PRESSURE CHANGES ON VELOCITY
LHANGES,

o

w

u'! = p

uw = c

aw Tw
Wi “é ¥ “'u'{plli 3 D‘F}'
o SEPARATION OF w! AND

W, = (a(p} -
Uy = [Py = Pp) * oy 2glpp = PRIMIL = Cugliy)
o MWOTE: eg, + 1 FOR v > 0, + 0 FOR 1 < 0;

o MNOTE: THIS IS AN ADVANCE TREATMENT, CONCENTRATING ON THE
MAIN IDEAS, OF WHAT WILL BE DISCUSSED IN DETAIL LATER,

o THE MOMENTUM EQUATIOMS, DIFFERENTIATED, LEAD TO:

G

'..||' :
PRl + cg i, (Pg = PRIl = e )

P & FOR v > 0, +1 FOR'=m < 0,




HIE 4 13 INFLUEMCES OF PRESSURE CHANGES ON
15 E 2k 1} .ﬂll'ﬂ] fp CHANGES.

o WNOTE: BECAUSE  WILL BE REPEATEDLY RE-CALCULATED. OMLY
APPROXIMATE VALUES ARE WEEDED: 50 COEFFICIENTS CAN BE
APPROXIKATE

o FOR THIS REASON, ceud* IS USUALLY REPLACED BY eu', THE
INFLUENCE OF »* ON (pu)' BEING EXERTED ONLY VIA w',

o THEN Coudl = a e _(pg — P2,
AND C(pu), = a g (p! - DAY,
WITH THE c, AND<,, INFLUENCES ALSD IGNORED.

o THE INFLUENCE OF PRESSERE ON DEMSITY I3 TAKEN ACCOUNT OF
IN THE FIRST TERH OF PANEL 10:

B, 6%, T dx. Sy, af i
S t o Eplyt Pl

HTE 1 14 PRESSURE CORRECTION, o', AS A LIRKING
15 G VARTABLE [N THE CONTINUITY EQUATION,

o WITH THE APFROXIMATIONS OF PANEL 13, THE EQUATION OF

PAREL 10 BECOMES:
fx.dy.

i 3
Pp i {Eglpi LB hg * BgPhdr & (Bgp, * Bapgdix =

= Ennge 5%-87 + (Pg 8,p. + Py B P )EY

t{py agp, + pgoa_p )ix,

o THIS IS A "POISSON EQUATION FOR p* IN FINITE-DIFFERENCE
FORM.
e [F IT IS SOLVED FOR ALL POINTS, AND THE CORRESPONDING

VELOCITY AND DEWSITY CORRECTIONS ARE MADE, COMTIRUITY
WILL BE SATISFIED FOR ALL CELLS.

/4



HTE 1 15
et CONCLUDING REMARKS
15 15

o [N NUMERICAL SOLUTION PROCEDURES FOR THE HYDRODYNAMIC
EQUATIONS, THE PRESSURE-CORRECTION EQUATTON, BASED ON
CONTINUITY, OCCUPIES A CENTRAL POSITION,

o THE COEFFICIENTS MUST ALWAYS BE SUCH THAT AN INCREASE IN
PRESSURE CORRECTION TENDS TO FORCE FLUID FROM THE CELL,

o FOR COMPRESSIBLE FLOWS, THIS INFLUENCES HOW THE DENSITY
INTERPOLATION IS CARRIED DUT,

o THE CONVECTIVE INTERACTIONS (e,,, e..) ARE IMPORTANT:

BUT THEY ARE OFTEN IGNORED, S0 THAT THE »' COEFFICIENTS
FOR AN INTER-NODE LINK ARE THE SAPE FOR BOTH THE LINKED
WODES,




e 1 | 1 | PART IV, CLASSIFICATION OF PROBLEMS mnp
et PROCEDURES

16 15 LECTURE 16. PATTERNS OF INFLUENCE

e CONTENTS: |
o KINDS OF INFLUENCE.
o REPRESENTATION BY THE FDE AND ITS COEFFICIENTS.
o ONE-WAY INFLUENCE PATTERNS.
o THE PRESSURE-CORRECTION ERUATION.
o PRESSURE-TRANSMITTED INFLUENCES,
o RADIATION,
o NOMENCLATURE: ELLIPTIC, PARABOLIC, HYPERBOLIC,

MEL [ 2 KINDS OF TNFLUENCE OF ONE PART OF & FLOW ON

16 15 ANOTHER; GENERAL.

e DEFINITION: INFLUENCE TRAVELS FROM I

A TD B IN A FLOW IF, WITH THE

PRESCRIBED BOUNDARY CONDITIONS,
A CHANGE OF PROPERTY AT A (E.G.
THE RESULT OF A CHANGED SOURCE

STRENGTH) LEADS TO A CHAMGE OF PROPERTIES AT s,

o EXANPLES: o IF GENERAL FLOW DIRECTION IS FROM A TO B, A

HEAT SOURCE AT A WILL CAUSE A TEMPERATURE RISE AT =,

e HOWEVER, A HEAT SOURCE AT = MAY HAVE LITTLE INFLUENCE
ON THE TEMPERATURE AT a,

o NOTES: e INFLUENCES ARE NOT ALWAYS MUTUAL.
o THE STRENGTH OF INFLUENCE 15 IMPORTANT.




HIEL | 3 SIX KINDS OF INFLUEMCE;

—

16 15 | PHYSICAL RATURE.

o HISTORICAL: EVENTS AT EARLIER TIKE INFLUENCE THOSE AT
LATER TIME. THE REVERSE IS NOT TRUE,

o CORVECTIVE: UPSTREAM EVENTS INFLUENCE DOWNSTREAM PROPERTIES.
THE REVERSE IS ROT TRLE.

@ DIFFUSIVE: DIFFUSION CHEAT CONDUCTION, VISCOUS ACTION)
SPREADS INFLUEMCE IN ALL DIRECTIONS IN SPACE.

e RADIATIVE: AS FOR DIFFUSIVE.

o PRESSURE: PRESSURE CHANGES SPREAD INFLUENCES 1N ALL
DIRECTIONS CEXCEPT IN SUPERSONIC FLOW).

o FLOW-RATE SPECIFICATION: THIS IS A DISTINCT KIND OF
INFLUENCE, TO BE DESCRIBED LATER,

WIE1 | 4 | REPRESENTATION OF INFLUENCES BY THE FINITE-
16 15 DIFFERENCE EQUATIONS, |

o EQUATION: 4y = [n op_bp_ + oty + gbp * +-..)
TT'IJ+|:_:P_ tog *op t K ] B
o COSDITION FOR FINITE INFLUENCE: INFLUENCE FLOWS FROM PODINT
i TO POINT » IF, IN THIS EUUHTlUHJ COEFFICIENT e; > o,

OTHERWISE THERE 15 N0 INFLUENCE. I
o MUTUALITY: o LET oy, MEAN

ey WHEN ® IS AT 23 LET — e
egy MEAN eg WHEN » IS e
AT 1, Az

o THEN THE ANALYSIS OF

LECTURE 15 IMPLIES: eqg~Dyq*f15C:a) cgy=Digt(T15-11C2,
WHERE £, = % FOR CENTRAL DIFFERENCES; €yn
IN GENERAL £15 = %3715




[HTE 1 B REPRESENTATION OF INFLUENCES BY FD

16 5 COEFFICIENTS; MUTUALITY CCONTINLED),

a HEANS 1"-'2 IRFLUERCE IS MUTUAL
o DISCUSSION: 8 TNCGENERAL, opg = g1 = Cyn 4 O
o SO0ty = gy ONLY WHEN CONVECTION 1S ABSENT.

s EFFECT DF F'El:l_l:—r MO. ON COEFFICIENT RATIO:
CONSIDER gy FOR # = o {SAME AS tygaftpy FOR P < 0},

o
o UPHIND FORMULA: epyfOyg = 1/ (1R}, R
L)

EXACT FORMULA:
Epyfeyn = exp(-T), 1
-+ 1-4P Eili
o - o ] |
o CONCLUSION,

HTE 1 ¥ REPRESENTATION OF INFLUENCES BY FD
16 15 COEFFICTENTS; MUTUALTTY CCONTINIEDY.

o CONCLUSIONS ABOUT DIFFUSTION AMD CONVECTION:
e WHEN » IS SMALL, INFLUENCES BETWEEN WEIGHEOUR POINTS ARE
MUTUAL,
e WHEN © 1S LARGE, INFLUENCE IN THE UPSTREAM DIRECTION IS
NERY SMALL.

o TIME DEPENDEMCE: e UNLESS &t IS VERY LARGE, ep_ CARRIES
FINITE INFLUENCE FROM EARLIER TIMES TO LATER TIMES.
o IN THE EQUATION FOR 4,_ (I.E. &, AT THE EARLIER TIME)
THERE [5 NO LINK WITH 4.

* IN THE EQUATION FOR ¢p THERE IS MO LIMK NITH 4p. (1.E,
¢p AT THE LATER TIME).
o TIME INFLUENCES ARE THEREFORE MOT MUTUAL: THEY ACT LIKE

CONVECTIVE ITNFLUENCES, TN ONLY ONE WAY.




HTE 1 /| THE IMPORTANCE OF OME-WAY PATTERNS

—

16 15 OF INFLUENCE,

o OCCURRENCE: e A TIME-DEPENDENT FLOW HAS HISTORICAL
INFLUENCES FLOWING ONLY IN ONE DIRECT LON,
o A "STRAIGHT-THROUGH" STEADY FLOW AT HIGH REYNDLDS MO,
(# >> 1} (E,G. FLOW THROUGH & DUCT WITHOUT RE-
CIRCULATIONY HAS NEGLIGIELE DIFFUSIVE INFLUENCE FROM
DOWNSTREAM; AND EFFECTS OF RADIATION, PRESSURE AND FLOW-
RATE SPECIFICATION MAY BE NEGLIGIELE.

o CONSEQUENCES: e SOLUTION DF THE FDE'S MAY TAKE PLACE
SEQUENTIALLY IN ONE "MARCHING IWTEGRATIONT,
o THE DIFENSIORALTITY OF COMPUTER STORAGE IS LESS BY ONE
DIMENSION THAM THAT OF THE FLOW PHENOMENON,

HTE1 | 8 INFLUENCES BY WAY OF PRESSURE;
16 15 | THE PRESSURE-CORRECTION EQUATION,

o EQUATION FOR w'p: THE CONTINUITY EQUATION CAN BE PUT IN THE: -
SAME FORM AS THAT.OF PANEL &, WITH APPROPRIATE
DEFINITIONS. THUS:

P'p = [a + E-hll-"r'. T EEF:E T ---fH-E.:F:.L.}.;
— AR EF

# NOTES: o p'p_ IS MISSING FROM THE NUMERATOR BECAUSE THERE

15 NO GUESTION OF CORRECTING A PAST PRESSURE: S0 p'y_ = 0,

o a = THE ERROR IN THE CONTIMUITY EQUATION FOR THE CELL,
[.E. THE EXCESS OF INFLOW OVER OUTFLON PLUS TMCREASE
IN MASS CONTENT,

o THE MEANINGS OF THE 'S MUST BE EXAMINED.




HTE 1 9 COEFFICIENTS IN THE PRESSURE-CORRECTION

| 15 15 EQUATION,

o SIMPLEST CASE: e NEGLECT EFFECTS OF MOMENTUM COMVECTION
AND DENSTTY CHANGE IN pu'S,
o THEN, INFLOW RATE THROUGH w FACE INCREASES BY:

Cy (P'y = P'pl
o INFLON RATE THROUGH & INCREASES BY opto'y - o'p).
& THEM cp-’n’{#‘_l +.:w1r-|:E1r-t||!.l-!-.:-.ﬂ1-1:I.E1-|:L1

PR
# ALSO b = v

o g T

EE.P mass

o CONSEQUENCES: e ©'S ARE ALL POSITIVE,
o TYPICALLY, o 3 &, /| Aiteetsnt |

o PRESSURE INFLUENCES SPREAD IN ALL DIRECTIONS,

HTE 1] 10 COEFFICTENTS IN THE PRESSURE-CORRECTION
16 15 ERUATION; REFINEMENTS,

o ACCOUNTING FOR e° IN reud': e FOR COMPLETE AMALYSIS, IT IS
NECESSARY TO COMEINE RESULTS OF PANELS 15-13 AND 15-15,

o =, REMAINS TO BE DETERMINED, THIS MUST BE CHOSEN SO THAT
(pud', IS INDEPENDENT OF o' WHEN », > SOUND VELOCITY;
AND INDEPENDENT OF p';, WHEN -u; > SOUND VELOCITY.

o DETAILS WILL BE GIVEN LATER.

@ RESULT: FDE COEFFICIENTS FALL TO ZERD WHEN MACH NO.
EACEEDS 1, PREVENTING INFLUEMCES FROM TRAVELLING
UPSTREAN,

o ACCOUNTING FOR MOMENTUM-CONVECTION TERMS:
o THESE DO NOT INFLUENCE THE MATTER.




I .
HIE 1 11 CONCLUSTONS ABOUT INFLUENCES SPREAD BY

1

15 PRESSURE EFFECTS,

o GENERAL CASE: THROUGH PRESSUSE. AND THE MECESSITY TO SATISFY
CONTINUITY, CHANGES AT a TRANSMIT THEIR EFFECTS TO 8

REGARDLESS OF POSITION,

SUPERSONIC CASE: THIS DOES NOT OCCUR, HOWEVER, WHEN ® IS
UPSTREAM OF & AND THE VELOCITY IS SUPERSONIC e,

LOWG THIN FLOWS: BECAUSE OF THE &,
PANEL 9, PRESSURE CHANGES HAVE HI}HE EFFEET THROLGH LARGE

THAN SMALL AREAS.

o THEREFORE, FOR LONG THIN =l
FLOWS, LATERAL PRESSURE
RELIEF 1S EASY, | o gl e
o IN THESE,LONGITUDINAL INFLUENCES et e
OF PRESSURE AFE SMLL. .

[N THE c, EXPRESSION OF

HTE
16

1 12 PRESSURE ~ FLOW-RATE INTERACTIONS IN
15 CONFIRED FLOWS; THO CASES,

COMMOM FEATURES:
o CONFINEMENT IN A LONG
THIN DUCT.

& NO RECIRCULATION CREVERSE FLOW}.

FIRST CASE: THE FLOW RATE IS FIXED; THE PRESSURE DIFFERENCE
FROM ENTRY TO EXIT IS ONE OF THE QUANTITIES TO BE

DETERMINED.

SECOND CASE: THE PRESSURE DIFFERENCE IS FIXED; THE FLOW

RATE 15 TO BE DETERMINED,

[MPORTANT DIFFERENCE: o IN THE FIRST CASE, INFLUENCES TRAVEL

ONLY DOWNSTREAM.

o IN THE SECOND THEY CAN TRAVEL UPSTREAM ALSO.

e |




HIE 1

13
16 15

TWO CASES.,

RADIATIVE INFLUENCES;

o GENERAL CASE: BECAUSE
RADTATION TRAVELS TO EVERY
POINT THAT CAN BE SEEN,

ITS INFLUENCE PATTERN IS |
EXTENSIVE.

PP |

LF I i i e

[ELLLLRS
Lo e

STEEPER THAN THE LONGITUDINAL OMES, THEN LONGITUDINAL

INFLUENCES MAY BE MEGLIGIBLE.

o NOTES: e INFLUENCES ARE MOST EXTENSIVE FOR MODERATELY

TRANSPARENT MEDIA,

o FOR HIGHLY ABSORBING ORES, THE INFLUENCE PATTERN [S AS

FOR CONDUCTION.

HTE 1 15
16 15

= NAMES FOR THE VARIOUS INFLUENCE PATTERNS

o ELLIPTIC: INFLUENCES SPREAD |
IN ALL DIRECTIONS.

e PARABOLIC: INFLUERCES SPREAD
ONLY “DOWNSTREAM™ CIN

e HYPERBOLIC: IMFLUENCES
SPREAD OMLY INTO A WEDGE
UR CORE. WITH AMGLE
DETERMINED BY THE SPEED DF
SOUND,

e NOTE: FANY FLONS ARE OF
MIXED TYPE.

—| PR
SPACE DR TIMED. ""-ah.___‘_) ]%
\\? é




HTE
16

1 15
= FINAL REMARKS ABOUT INFLUENCE PATTERNS.

RECOGNITION OF THE INFLUENCE PATTERM OF A PROCESS TD BE
INVESTIGATED IS AN ESSENTIAL PRE-REQUISITE FOR THE
CORRECT CHOICE OF SOLUTION FROCEDURE.

THE EASIEST PROELEMS ARE THOSE POSSESSING A ONE-WAY
CHARACTER. THUS 2D PARABOLIC IS EASIER TO SOLVE THAN 2D
ELLIPTIC; 3D HYPERBOLIC IS EASIER THAM 3D ELLIPTIC; ETC.

OF THE SIX KINDS OF INFLUEMCE MENTIONED AT THE START: THE
FOST COMMOMLY CONSIDERED: ARE:

o CONVECTIVE.

o DIFFUSIVE.

o PRESSURE-TRANSMITTED,




[
HTE 1 i LECTURE 17,

17 B CLASSIFICATION OF FLON PROBLEMS.

o CONTENTS:

o PARABOLIC IN SPALCE.
e PARRBOLIC IN TIME.
e HYPERBOLIC IN SPACE,
¢ HYPERBOLIC IN TIME,
e ELLIPTIC IN SPACE,

o NOTES: e THERE IS NO QUESTION OF A PROCESS WHICH 15
"ELLIPTIC IN TIME", '

o PROCESSES CAN ALSO BE CLASSIFIED AS 1D, 2D, 3D, 40,

o THE WORDS "PARABOLIC", “ELLIPTICT, “HYPERBOLIL" ARE
BORROWED FROM THE THEORY OF DIFFERENTIAL EBUAT [ONS,
BUT THIS CONMEXION IS NOT ESSENTIAL.

HTE 1 2 PARABOLIC PROCESSES;

17 15 OHE-DIMENSTONAL.

o EXAMPLE WITH DISTANCE AS THE VARIABLE:
o STEADY PIPE FLOW, WITH [
& VARIATIONS N m
SECTION SMALL |
COMPARED WITH THOSE CLLELTE |
BETWEEN FLUID AND MALL.
o 10 CELL ARRAMGEMENT. o MARCHING INTEGRATION FROM LEFT,
o NOTE: FLOW RATE MUST BE SPECIFIED,
o EXAMPLE WITH TIME AS THE VARIABLE: o WELL-STIRRED LAKE,
CHANGING IN TEMPERATURE AS A RESULT OF DIURNAL CHANGES IN
ATMOSPHERIC TEMPERATURE.

e NOTE: ONLY OME STORAGE POINT 15 WEEDED, FOR EACH DEPENDENT
VARTABLE; COMPUTER STORAGE IS ZERD-DIREMSIONAL.




HIE 1 3 PARABOLIC PROCESSES:

17 15 THO-DIMERSIONAL EXAMPLES.

o [WD DISTANCE VARIABLES:

@ STEADY FLOW AT HIGH
RE ON SYMRETRICAL BODY

@ ¥ 5 VARY APPRECIABLY
ACROSS THE LAYER.

® AT ANY POINT IN THE
CAECULATEON, A STRING
OF CELLS ACROSES THE
LAYER I5 UNDER
CONSIDERATION,

a ONE DISTANCE AND ONE TIME VARIAELE:

8 FLAME FROPAGATION
FROM A& SFPARE TN & GAS
AT REET,

o NOTE: @ PrRoOCESS 18 2D,
0 COMPUTER STORAGE 5
1D, FOR EACH VARIABLE,

location

e

HTE 1 | & | PARABOLIC PROCESSES;
17 15 | THREE-DIMENSIONAL EXAMPLES,

8 THREE DISTANCE VARIABLES:
® STEADY FLOW IN A MILDLY
CURVED DUCT .

MO RECIRCULATION.
AXTAL COMDUCTION ETC.
UNTMPORTANT,

AT RANY POINT IN THE

CALCULATION,THE CELLS

LIWDER COMSIDERATION QCCUPY A SLhB; SUB=DIVIDED THO WAYS.

e TWO DISTANCE VARIABLES, AND TIME:

8 THE HOVABLE COYER STRIP®

15 SUDDEMLY SET IM
MOTION.

@ THE FLUID STARTS TOD
CIRCULATE.,

o NOTE: e pRrocess 15 aD,
B COMPUTER STORAGE 15

2D, FOR EACH VARIABLE.

P, J-____?h
H._L“_ £l BRI :'T"
N :1}: NE
s

'H"'

Hﬁ\‘x‘\ﬁ. "




HIE 1 5 PARABOLIC PROCESSES;

17 15 FOUR-DIMENSIONAL EXAMPLES.

e PARABOLIC IN BOTH SPACE ANI
TIME: o UNSTEADY FLOW IN

DUCT OF PANEL 4, 0

o A 30 CELL ARRANGEMENT 15 -
NEEDED.

o THE GEMERAL CASE: o FLOW \L
AHD FLAME PROPAGATION IN
A RECTPROCATING-ERGINE =
CYLINDER

.-\....Jllﬂ? p— .
o MOTE: IN BOTH CASES, THE Q |

PROBLEN 1S 40, AND THE
COMPUTER STORAGE 3D, FOR
EACH VARIABLE.

HIE 1 B HYPERBOLIC PROCESSES:

17 15 TwWO-DIMENSTONAL (N.B. 1D DO WOT EXIST).

s THO DISTANCE VARIABLES: 3
& ROCEET EXHAUST IN
EUPERSONIC FLIGHT .,

# STEADY COMPRESSIBLE TR
FLOW,

® INTEGRATION PROCEEDS o .
FROM UPSTREAM TO DOWN- FILTE M
STREAM, FOLLOWING A e

MOWING 1D STRING OF CELLS.

o ONE DISTANCE VARIABLE, AND TIME:
® THE SHOCK TUBE AFTER [

BREAKAGE OF DIAPHRAGM.
® THE STRING OF CELLS IS
ALL AT FIXED TIME.

a NOTES: & compuTER
STORAGE 1D,
o SITUATION SIMILAR
TO PARABOLIC,




HIE 1 _F HYPERBOLIC PROCESSES:

17 15 THREE-DIMENSTONAL.

] THHEE SPACE VARIABLES:

® ROCKET EXHAUST INCLINED
TO LINE OF FLIGHT,
STEADY .

® AT ANY POINT IN THE il
SOLUTION, ATTENTION [5
COWFINED TO- A DISC-
SHAPED SLICE., THIS 1S
MOVED DOWNSTREAM AS
IMTEGRATION PROCEEDS,

@ TWD SPACE VARIABLES AND TIME:
@ THE START-UP PROCESS OF 2 =
A ROCKET EXHAUST, AXI- e 1.1 =

SYMMETRICAL: - - - N o
o NOTE: e process 30, U v i e, _NT( e
& STORAGE 2D, :;,L; s R
e . o o et . e
I it

HTE 1 =t HYPERBOLIC PROCESSES:

17 15 FOUR-DIMENS JORAL,
e EXAMPLE: R
o BLAST WAVE IMPINGES ON Bhowls: Mg

A GENERAL 3D BODY,

o PROBLEM IS TO DETERMINE
PRESSURES, FLOW RATES,
ETC.

e A 30 CELL ARRANGEMENT
IS NEEDED,

o GENERAL REMARKS ABOUT HYPERBOLIC PROCESSES,
e IN RESPECT OF STORAGE AND SOLUTION ARRANGEMENT THEY DO MOT
DIFFER APPRECIABLY FROM PARAEOLIC,
e THE DIFFERENCES APPEAR IN THE DETAILS OF THE FINITE-
DIFFERENCE FORMULAE, ESPECIALLY FOR p.




9

15

| ELLIPTIC PROCESSES.
ONE-DIMENSTONAL.

HTE 1
17

® GEWERAL: ALL ELLIPTIC PROCESSES ARE STEADY.

o EX,1: FLOW IN BLAST FURMACE, WITH
THE PRESUNMPTION OF UNIFORMITY
WITH RESPECT TO RADIAL AND
ANGULAR POSITION,

e EX.Z2: STEADY BURNING OF A L1QUID-
FUEL DROPLET IN A STAGNANT
ATMOSPHERE UMDER COMDITIONS OF
MO GRAVITY.

e EX.3: THE FIRST PROCESS OF PANEL
2, WITH PRESSURE DIFFERENCE
FIXED RATHER THAN FLOW RATE,

droplet

ELLIFTIC PROCESSES;
TWO-DIMENSTONAL.

HTE 1
17

10
15

EX.1: [MPINGEMENT OF A JET
BLOWING VERTICALLY DOWN-
WARD OH TO A PLANE
SURFACE, E.G. TO EFFECT

ik

L
=

I

=l e

HEATING OR COOLING,

SUDDEN ENLARGEMENT ;
TURBULENTs PERHAPS WITH
CHEMICAL REACTIOM.

o EX.3: FULLY DEVELOPED FLOW
IN & DUCT OF RECTAMGULAR
SECTION, PERHAPS WITH
SIDES OF DIFFERENT TEMPERATLIRE.

~J ] L

7T

LN

FFr

T

b

==

LA

PR

LI

71

paint ﬁf !

——— i
g #“max.heat transfer|




WTE1 | 11 | ELLIPTIC PROCESSES;
17 15 | THREE-DIMENSTONAL.

EX.1: o SECTOR THROUGH A |
COMBUSTOR OF A GAS-TURBINE

ENGINE,
e 30 CELL SYSTEM NEEDED, A

EX.2: o INJECTLON OF WARM fue

WATER FROM LAKE BOTTOM "
WITH A LATERAL CUREENT. e
EX.3: o FLOW IMMEDIATELY wutor
DOWNSTREAM OF A CODLING -
| TOWER, il

HTE 1 12 PARTTALLY-PARABOLIC PROCESSES,
17 15 DEFINITION AND PROPERTIES,

o [EFINITION: A PARTIALLY-FARABOLIC PROCESS IS ONE IN WHICH
CONVECTIVE AND DIFFUSIVE EFFECTS HAVE ONLY ONE-WAY
INFLUENCES, THE FLOW IS STEADY, BUT THERE IS SUFFICIENT
CURVATURE FOR PRESSURE INFLUENCES TD SPREAD UPSTREAM.

o PROPERTIES: o ITERATIVE SOLUTICH IS NEEDED,

o HOWEVER, THIS MAY PROCEED BY MARCHING SWEEPS IN THE
DOWNSTREAM DIRECTION.

o THEREFORE DMLY PRESSURE NEEDS STORAGE DIMENSIONALITY
EQUAL TO THAT OF THE SPACE DOMAIN.




HTE 1
17

5

15 20 EXAHPLES.

PARTIALLY-PARABOLIC PROCESSES:

s EX.1: e FLOW OF WATER ON TO
A PLATE, WITH INFLUENCES
OF SURFACE TEWSION AND
GRAVITY,
o A\ STREAM-LINE COORDINATE

SYSTEM WILL BE COMVENIENT,

o EX.2: o 2D FLOW IN A TURBINE
PASSAGE.
o THE STREAM-LINE SYSTEM IS
AGATN CONVENIENT.
o PRESCRIBED FIXED GRIDS
CAN ALSD BE USED,

HTE 1 14

17 15 30 EXAMPLES,

PART IALLY-PARABOLIC PROCESSES;

OF & SHIP'S STERN,

o STRONG CURVATURE CAUSES
LONGITUDINAL PRESSURE-
INFLUENCE TRANSMISSION,

o RECIRCULATION IS ABSENT
(OR SHOULD BED).

o EX.2: o FLOMW IN A CENTRI-
FUGAL-CDMPRESSOR [MPELLOR,

o NOTE: IN BOTH CASES PRESSURE
STORAGE 15 3D, THAT OF
u, v, w, ETC.. 152D,

2
o EX.1; o FLOW IN THE VICIRITY]

D

..--"f




L
] FINAL REMARKS
17 15

o THE DISTINCTIONS BETWEEM PARABOLIC/HYPERBOLIC, ELLIPTIC
AND PARTIALLY-PARABOLIC ARE EXTREMELY IMPORTANT;
UNDERSTANDING THEM PERMITS CORRECT CHOICES OF METHODS
10 BE MADE.

o THE PARTIALLY-PARAEN 1C SYSTEMS ARE THE LEAST EXPLORED:
BUT EARLY CXPERIEMCE HAS BEEN ENCOURAGING (FRATAP AND

SPALDING, 1975).

& MIXED PROCESSES ARE ALSO COMMON, E.G. THE COMPRESSOR
PASSAGE WITH A SMALL REGION OF RECIRCULATION. THEY
REQUIRE MIXED METHODS,




HTE
13

i 1 LECTURE 18,

15 EXPLICIT SOLUTION PROCEDURES.

CONTENTS:

o GENERAL FEATURES OF EXPLICIT PROCEDURES.
o HEAT CONDUCTION IN ONE DIMENSION.

o AMPLITUDE RATIO: PHASE SHIFT,

@ HYDRODYNAMICS IN ONE DIMENSION.

o INFLUENCES OF REYNOLDS NUMBER AND MACH NUMBER ON TIME-
STEP LIMIT.

NOTES: e EXPLICIT PROCEDURES ARE APPLICAELE ONLY TD
TRANSIENT PROCESSES,

o STEADY-STATE PROCESSES MAY BE ANALYSED BY ANALYSING THE
RESULT OF MANY TIME INTERVALS.

HTE
18

1 . GENERAL FEATURES OF EXPLICIT SOLUTION

15 PROCEDURES,

THE FDE CIN PLACE OF THAT OF PANEL 14, lﬁ}*

[“”’ p. * Z" L4y ]-‘r‘:'p
s, EE,L

SIGNIFICANCE: THE SOURCE, DIFFUSION AND COMVECTION PROCESSES
FOR THE CELL HAVE THE SAME VALUE THROUGHOUT THE TIME
INTERVAL AS AT THE BEGINNING.

PROCEDURE: o AT TIME 0 , ALL ¢'S ARE KNONN (1.E. én_,
¢'H_..I' ':'w._l' |!|l|::||

o ALL o,"5 FOR TIME + CAN THEREFORE BE EVALUATED RY EXPLICIT|

EVALUATION OF THE FDE FOR EACH POINT.
o ANY ORDERLY EVALUATION PATTERN CAM BE USED,




HIEL | 3 | HEAT CONDUCTION
18 15 | A 2D PARABOLIC PROBLEM,

o THE PROBLEM: SUPPOSE THAT, AT t = o, THE TEMPERATURE
DISTRIBUTION (¢ = T IS GIVEN BY: ¢ = ¢, sin(x/3), AND
THAT THE FLUID, OF UNIFORM r, = AND o MOVES AT UMIFORM
VELOCITY u, THERE IS MO SOURCE,

@ THE ANALYTICAL SOLUTTON: SUBSTITUTION IN THE DIFFERENTIAL
EQUATION VERIFIES THE SOLUTION:

¢ = & sinf(x - ut)fAl; ¢ = ¢ exp|” I

pA?
@ DISCUSSION: o THIS REPRESENTS A WAVE WHICH BOVESw #& TO THE
RIGHT IN THE TIME INTERVAL, <.

o ITS AMPLITUDE DECAYS BY FACTOR =xp (JT t )

pht

HTE 1

4| HEAT CONDUCTION: THE FINITE-DIFFERENCE

18 5 SOLUTION FOR OME TIME INTERVAL.
o FDE: dp = (1 < w— e op_ +why +oedy , WHERE w = op/ey
AND & = eple, .

CONDITIONS AT BEGINNING OF TIME INTERVAL (TIME = 03:
LET: dp. = %=in £, #p_ = %,uin(E-4), dp_ = o sin(E+5),
HHERE: = Hp.lll;"l, &8 “‘:P == }[llllljllll.
o CONDITIONS AT THE END OF THE TIME INTERVAL: IT MAY BE SHOWN,
BY SUBSTITUTION FOR #p_, ®y_. #g. IN THE FDE, THAT:
[#p = & sintEee], NHERE

{&-w) min 6 mm ¥ _l={e+wi(l-cos &)
1-(et+wi{l-cos G6) COS & r

tan £ =

o0 FOE [NDICATES THAT ¢ RETAINS E1HE CLURVE FUHHJ SHIFTS IN
A=DIRECTION [N PROPORTION TO , AND DECAYS IN AYPLITUDE BY AMOUNT
DEPENDING ON o, w, &, e.




| HIE 1 5 HEAT COMDUCTION, DISCUSSTON:
18 15 THE CHAMGE IN PROPAGATION SPEED.

e Edx amiftys, ¢ EQUALS v t /» FOR EXACT SOLUTION.

WHEN & << 1 (FINE GRID), &in & » & AND 1 - cos & + 0,
THEN tan £ + (& = w6 _{E _;':“} E'_?‘Iﬁp} _'.|,_L'"
THEREFORE, = + tan 1 {w t)fa); CORRECT FOR SMALL «.

WHEN ¢ = = (COARSE GRID), AN
e = 0, REGARDLESS OF e AND w.

COMCLUSEONS: o & SHOULD BE MUCH LESS THAN 1 FOR REASDHABLE
ACCURALY,

B e t fx SHOULD ALSO BE MUCH LESS THAN 1.

e AS A RULE, THE PREDICTED PROPAGATION IS TOD SLOW.

o PROPAGATION SPEED DEPENDS DN WAVELEWGTH. THIS IS CALLED

DISPERSION: 1T CAUSES DISTORTION (F PROFILE SHAPE,

HIE 1 b HEAT CONDUCTION. DISCUSSION:

18 15 THE CHANGE IN AKPLITUDE,

o /% IS5 THE AMPLITUDE RATIO. ACCORDING TO THE EXACT

SOLUTION, ¢/8; = exp (=T 't f(pa®)}; 50
i ~ 1 - T t fCox®) WHEN & t [S SMALL.

o FOR THE FD SOLUTION, WHEN & 1S SHALL:

8%, + {1-1{etw)8*}joos e={1-T _t +1 u t'.x,-x.]| 6oos B,

& 5 { per i _I’r‘]

THIS SHOWS, INCORRECTLY, AN INFLUENCE OF w. 0N THE RATID.
WHEN & = =, THE FD RELATION GIVES:
0/ 0 = T Elfl:i-'l'}],n' CoE E = {1 & % - By ¢ 1,!'11::_:.5: E,

P~ J'I:-'}I Cxp=¥p)

HENCE, f[#/%,| MAY EXCEED 1, RESULTING IN INSTABILITY,
UNLESS reflofx -x,)'0<1/2  AMD  we/(x -x.) < 1.




HTE
18

1 | 7 | WEAT CONDUCTION;

15 DISCUSSION OF THE EXPLICIT PROCEDURE,

ADVANTAGES :

o THE PROCEDURE IS5 SIMPLE, BECAUSE THERE IS NO NEED TO
SOLVE SIMULTANEDOUS EQUATIONS.

o IT IS ALSD EASY TO UNDERSTAND,
DISADVANTAGES :

o WAVE DISPERSIOE IS A SERIOUS DISADVANTAGE (SHARED WITH
OTHER PROCEDURES ALSDY.

o THE AMPLITUDE INCREASE FOR t %ffﬂp—}l”}z > 3 OR wti i )01

IS DISASTROUS, AND MUST BE AVOIDED,

o THIS (FTEN PEANS THAT © MUST BE VERY SMALL, SO THAT COMPUTER
TIMES WILL BE LONG.

HIE
18

1 8 HEAT CONDUCTION; GENERALISATION OF THE
15 CONCLUSTORS ABOUT EXPLICIT PROCEDURES,

MORE DIMENSIONS: o GENERALISATION TO 2 AND 3 SPACE
DIMENSIONS LEAVES THE CONCLUSIONS UNCHANGED,
o IF THE GRID SPACINGS IN THE VARIOUS DIRECTIONS DIFFER, IT
I5 THE SMALLER ONES WHICH GOVERMN THE ¢ LIMIT,

NON-UNIFORM GRIDS: ALTHOUGH THE ANALYSIS IS LESS PRECISE,
STILL THE SMALL-SPACING REGIONS DOMINATE THE + LIMITATION,

OTHER EQUATIONS: WHAT IS TRUE FOR TEMPERATURE IS TRUE ALSO
FOR ANY OTHER 4,

VARIABLE COEFFICIENTS: EXPERIENCE SHOWS THAT THE CONCLUSIDNS
REMAIN TRUE,




HTE 1 g | HYDRODYNAMICS ;

18 15 | A 2D PARABOLIC PROBLEM.

a THEFH{]BLEH: R A ) i _.r_.-'_..l_.f".-".l"..l".-l"..l"..l"'..l"'
e O Ll vt w o=l e e
F o e e S T A & F,

el

| P, K1
SUPPOSE THAT A GAS MOVES UNSTEADILY IN A PIPE, AND THAT
CONDITIONS AT EVERY CROSS-SECTION CAM BE TAKEN AS UNIFORM,

o EXPLICIT SOLUTION PROCEDURE:
EMPLOY THE FDE, WITH ¢ = 1, u, %, ETC.:
bp = *‘p-*[ﬂ*bhu * Oyl —tp ) 4 ﬂEWE::*;:-_"] fen_
AND EXPRESS THE CONTIMUITY EQUATION (¢ = 1) 1IN THE
FRESSURE-CORRECTION FORM (PANEL 11 BELOW).

HTE 1 | 10 | HYDRODYNAMICS:
18 15 | EXPLICIT SOLUTION PROCEDURE FOR VELOCITY,

o [MOMENTUM SOURCE: @ o + v, REPRESENTS TWD TERMS, VIZ. THE
FRICTION FORCE AND THE PRESSURE GRADIENT,

o THE SOURCE IS EVALUATED FOR THE TIME ZERD,

o THE p,_ AND p__ APPEAR IN PPz
THE FDE FOR v,

o DISCUSSION: e THE LIMITATIONS OF THE SIZE OF + STILL HOLD,
AS GIVEN IH PAMEL 6.

o THESE ARE  + <& caxd®psu BD ¢ < o) pu,
o THE FIRST 1S OPERATIVE AT LOW RE, THE SECOND AT HIGH RE.
o OTHERWISE, NO SPECIAL PROBLEMS ARISE,




|

HTE 1 11 | HYDRODYRAMICS; EXPLICIT FORM OF THE
18 15 PRESSHURE-CORRECTION ERUATION,

o ORIGIN: o PANEL 16.8 GIVES THE IMPLICIT FORM OF THE

ERIUATION,
o TO DERIVE THE EXPLICIT FORM, WE REGARD THE MOMENTUM

SOURCES AS BEING THOSE FOR THE BEGINNING OF THE
INTERVAL: AND THE SAME IS TRUE OF ANY MASS SOURCES.

@ RESULT: THE FDE BECOMES:
F!P L] nf[f%E}F E'H'-E = Il.l.']]
WHERE a = THE ERROR IN THE CONTINUITY EGQUATION
ASSOCTATED WITH THE w'S AND #*S ALREADY CALCULATED.

o NOTE: ALL p',_*= ARE ZERD BECAUSE THERE IS NO QUESTIOM
OF CORRECTING THE PAST,

HIE 1 12 DISCUSSION OF THE EXPLICIT FORM OF PRESSURE
18 15 CORRECTION ESUATION.

o USE OF THE EQUATION: p'y IS THE INCREMENT OF PRESSURE:
THUS: pp = Bp, *+ P'i
o MAGNITUDE OF p': FOR A NEARLY INCOMPRESSIBLE FLOW.

o oplu, -u) T,
HE]EEJ pI'P % F'fuw_uﬁl L 'Ir[l{%‘%:lp I:':.:E <L, “w'].a.

o DISCUSSION: e WE HAVE %E » (SOUND VELOCITY) *.
P

8 HENCE p'p & o 8E Lna + (0 ,) & Ji%, = 2.0,

e FOR A SIMPLE VELOCITY-CHANGING WAVE. TRUE PRESSURE
INCREMENT 1S: pu_, .4 * (VELOCITY DIFFERENCE),

o THEREFORE, FOR ACCURACY OF FD SOLUTION, t=<Cxg=mediu_ .




’_HTE 1 1 iy FURTHER DISCUSSION OF THE EXPLICIT
18 15 p" CEUATION,

o FOR INCOMPRESSIBLE FLUIDS, »'p IS INFIHITE,
CONSEGUENTLY, EARLY USERS OF THIS METHOD HAD TO
POSTULATE AM ARTIFICIAL CONPRESSIBILITY FOR
INCOMPRESSIBLE FLUIDS, AND INDEED FOR ALL FOR
WHICH u << u_, ..

o FOR 2 DR 3 SPACE DIMENSIONS, THE SITUATION IS THE
SAMNE.

e FINALLY, IT WAS RECOGNISED THAT, EVEN IF THE EXPLICIT
PROCEDURE 1S T0 BE USED FOR w, &, ETC,, AN IMPLICIT
FORMULA FOR PRESSURE CORRECTION IS5 NEEDED.

| HTE1 | 14 | THE IMPLICIT EQUATION FOR PFEESSLEHI?
18 15 CORRECTION, 1 SPACE AND 1 TIME DIMENSTON.

s ORIGIN: FEDM PANEL 16,8:

o FDE: p'p = (asegnyrepp! p)/[-heogtep %% (%, - xw]] ;

o COEFFICIENTS: ey AND op ARE OBTAINED FROM DIFFERENTIATION
OF THE FRE'S FOR v, AND w,, WITH APPROPRIATE ALLOWANCE
FOR ='8,

o SOLUTION PROCEDURE: o EBUATIONS FOR ALL THE POINTS IN THE

: CHAIN CAN BE SOLVED SIMULTANEOUSLY BY THE TRI-DIAGOHAL
MATRIX ALGORITHM (SEE LATER).

e EVEN NOW AN ELEMENT OF EXPLICITNESS CAN BE RECOVERED BY
PUTTING »'y AND B'g = O WHEN P'p IS TO BE CALCULATED,

s DISCUSSION: THERE IS NOW RO TIME-STEP LIMITATION,




f HIE 1

15
= |F
13 e INAL REMARKS

o EXPLICIT PROCEDURES STILL HAVE SOME USES, BOTH FOR HEAT
CONDUCTION AND HYDRODYNAMICS (SCHMIDT BETHOD; MAC
FETHODY , :

o THEIR ADVANTAGES ARE THOSE OF PRACTICAL AND CONCEPTUAL
SIMPLICITY,

o THEY SUFFER FROM SEVERE TIME-STEPF LIMITATIONS, BOTH AT
HIGH AND LOW RE, '

o IMPLICIT PROCEDURES ARE ALMOST INVARIABLY USED FOR THE
PRESSURE-CORRECTION EQUAT IOM.




HIE 1 1 LECTURE 19.

13 15 IMPLICIT AKD POINT BY POINT PROCEDURES

o CONTENTS:
o GENERAL FEATURES.
o WAVE DISPERSION AND AMPLITUDE DECAY,
o THE GAUSS-SEIDEL PROCEDURE,
o CONVERGENCE, UNDER- AND OVER-RELAXATION,
o THE SIVA PROCEDURE FOR THE COUPLED HYDRODYNAMIC
EQUAT IONS.
@ NOTES: @ FULLY TMPLICIT PROCEDURES APPLY BOTH TO STEADY
AND UNSTEADY PROCESSES,
o IN THE FORMER, t = =,

HEL | 2

18 15 GENERAL FEATURES OF IMPLICIT PROCEDURES,

e FDE: AS FOR PANEL 15.14.

® SIMULTANEITY: 6p. 6y dgs oovo 0. ARE ALL UNKNOWN; THE
EQUATIONS FOR EACH MUST BE SOLVED SIMULTANEOUSLY,

® THERE ARE THREE MAIN METHODS:

o POINT-BY-POINT ADJUSTMENT.
o LINE-BY-LINE ADJUSTHENT.
o INVERSION OF LARGER MATRICES,

e MNON-LINEARITY: o DEPENDENCE OF COEFFICIENTS, ETC., ON ¢'S
NECESSITATES ITERATION,

e THEREFORE THE LARGE-MATRIX-INVERSION I'ETHEIEIS ARE
SELTICN USED,




Lwex | 3 | wear comuenion,

1w | 1 | a2 paresoLic PROBLEM,

T

o PURPOSE OF THE AMALYSIS: TO DETERMINE WHETHER THE FULLY- |
IMPLICIT PROCEDURE 15 SATISFACTORY IN RESPECT OF WAVE
DISPERSION AND AMPLITUDE DECAY.

e THE PROBELEM: AS FOR PANEL 18.3,
o METHOR OF AMALYSIS: AS BEFORE, MNAMELY:

o CONSIDER THE PROPAGATION AND DECAY OF A TRAIN OF WAVES,
FOR WHICH THE EXACT SOLUTION IS KMOWN, .

o COMPARE THE SOLUTION OF THE FDE'S WITH THE EXACT |
SOLUTION OF THE PARTIAL DIFFERENTIAL EQUATION.
o NOTE: IT IS IMPLIED THAT THERE ARE MANY ITERATIONS AT A
TINE STEP, SO THAT THE SOLUTICH OF THE IMPLICIT EQUATLON 1S ATTAINED.

HIE 1 i E HEAT CONDUCTION; SOLUTION OF THE FULLY-

19 15 [MPLICIT FDE'S FOR THE 2D PARABOLIC PROEBLEN,

o FDE: ¢p = (6p_ + wiy + 08 3/C1 + w + o), WITH NOTATLON AS
FOR LECTURE 18.

e CONDITIONS AT BEGINNING OF TIME INTERVAL (TIME=0):
dp_ = %= sin £, WITH E = x/3,

o CONDITIONS AT END OF TIME INTERVAL (TIME=t):
lﬁp = b sin{E .+ B), Gy = % min(f « £ - &3,

bp = ¢ sin( + & + &3, NITH « = x shift, & 8 xp - =y

e [MANIPULATIONS:

o SUBSTITUTE INTD FDE,

o SET & = o AND wsz; HENCE OBTAIN TWO EQUATIONS, FOR s
IUIHD ﬁl“nnl‘ Prem—— = . M
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HIE 1 |

WAVE DISPERSION IN THE FULLY-IMPLICIT HEAT-
CONDUCTION PROBLER,

fed. i
o un

Ty =

o [e=wisin 4

EQUATION FOR «: - femain S Ty

DISCUSSION: e THIS DIFFERS FROM THE EXPRESSION FOR THE
FULLY-EXPLICIT METHOD, IN HAVING 1+...
IN THE DEMOMINATOR ¢SEE PAMEL 18.4),

e THE RATIO OF FD PROPAGATION SPEED TO THE EXACT-SOLUTION

SPEED 15 a-wid I'E” 'HEEE:Eﬂ?lﬁma_l
[E=w)E
o IT CAN BE SHOWN THAT THE CRANK-WICHOLSON FORMULA BIVES
A RATIO INTERMEDIATE BETWEEN THOSE OF THE FULLY-
IMPLICIT AND FULLY-EXPLICIT PROCEDURES. THIS TENDS T0O
1.0 AS a+0 (LOHG WAVES, 1.E. A== -x.3 FOR THERN
ziné+4 AN[] co=e+l.0),

Lane

RATHER THAM 1-...

HiE. b AMPLITUDE RATI1O IN THE FULLY-IMPLICIT

19 15 HEAT-CONDUCT IO PROBLEN.

o ERUATION: ? - IitcEi%Tf—nns o

e "EXPLICIT® EXPRESSION FOR COMPARISON: 1-(etwi{l-cos &) |

cof E

WHEN & AND = ARE SMALL: #/¢. - 1 —cm:g*- 1 - refientsy,

WHICH AGREES WITH THE EXACT SOLUTION.
WHEM & = n & cos & = =1, &/8; = cos cf{i+2(erw)l},

o THIS IS ALWAYS < 1, BECAUSE WEITHER e NOR w CAN BE
NEGATIVE.

o INSTABILITY THEREFORE CANNOT OCCUR; BUT THE "DAMPING®
OF WAVES MAY BE SEVERE.
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GENERALISATION OF CONCLUSTONS ABOUT ACCURACY

OF FULLY-IMPLICIT FDE'S,

o MAIN CONCLUSIONS: e FULLY-IMPLICIT FDE'S ARE “SAFE”; THEY
CANNOT LEAD TOD DISASTROUS WAVE AMPLIFICATIONS, MO MATTER
HOW LARGE [S t,

o SINCE SMALL-WAVE-LENGTH WAVES (LARGE &) ARE LIKELY TO
TRAVEL AT DIFFERENT SPEEDS, AND BE MORE DAMPED, THAN
LARGE-WAVE-LENGTH OMES, MON-SINUSOIDAL WAVES WILL
CHANGE SHAPE AS THE INTEGRATION PROCEEDS,

@ GENERALISATION: THESE CONCLUSIONS APPLY TO:
e OTHER VARIABLES THAN TEMPERATURE.
o 2 ARD 3 SPACE VARIABLES,
o NON-1RIIFORM GRIDS,
o +-DEPENDENT COEFFICIENTS.

P

HTE 1 3

19 35

THE POINT-BY-POINT (GAUSS-SETDEL)
SOLUTION PROCEDURE.

e MNATURE OF THE PROCEDURE:

o IN THE 10, 2D OR 3D CELL
ARRAY, # “VISITING ORDER"
IS ESTABLISHED, o

o AS EACH CELL IS "VISITED",
THE #p 1S BROUGHT INTO
ACCORD WITH THE FDE.

o THE CYCLE OF "VISITS" =
THROUGH ALL THE CELLS IS

REFEATED UNTIL THE ADJUSTMENTS ARE NEGLIGIBLE IN AMOUNT.

e 1 i

o VARIANTS: o EACH ¢ (I.E, B, m, ETC.} MAY BE ADJUSTED WHEN

THE CELL 15 VISITED; OR ALL THE 'S AMD THEN ALL THE ='S
MAY BE ADJUSTED. e COEFFICIENTS MAY BE ADJUSTED
[MMEDTATELY OR AFTER DELAY,




HTE 1 9 THE POINT-BY-POINT PROCEDURE;

19 15 | CONVERGENCE,

o ERROR SPREAD: o WHEN © IS !
ADJUSTED, THE ERROR 3
THERE IS REDUCED TO ZERD. LN

o HOWEVER, THE ERRORS IN R

THE NEIGHBOUR CELLS ARE
CHANGED BY AN EQUAL TOTAL Tt w
AMOINT,

o ADJUSTMENT THEREFORE TENDS
TO SPREAD ERRORS RATHER
THAN TO ELIMINATE THEM

(BUT ERRORS OF OPPOSITE SIGN H[LL CANCEL) ,
® EFFECTS OF FIXED-¢ BOUNDARIES: FOR ADJUSTMENTS NEAR
HEEEEEEEES THE NET ERROR IS DIMIMISHED,

THIS RESULTS FROM SPREAD AND ELIMINATICN OF FRROR,

HTE 1 10 THE POINT-BY-POINT PROCEDURE;
19 15 UNDER- AND OVER-RELAXATION.

® DEFINITIONS:  LET ¢, = RHS OF FOE FOR ¢ AT P,
" LEI' ¢, BE CALCULATED FROM: #p = #p, + oi®, = &, IWHERE
po 15 THE VALUE OF ¢, IN STORE EI:F{IRE ﬂJlJLlErr"EHT D

u 15 THE RELAXATION Fncmm

o INFLUENCE OF =: » &« < 1 SLOWS DOWN CONVERGENCE,
e a > 1 (BUT <, SAY, 1.8) SPEEDS UP CONVERGENCE,
pa=<1l]§ Eﬂl'"IETIHEE WEEDED BECAUSE OF THE NEED TO SLOW
DOWN THE COEFFICIENT CHANGES,
e IF 50, IT IS USUALLY BETTER TO UNDER-RELAX THE
COEFFICIENTS THAN THE MAIN VARIABLES,
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HTE 1

21
15

THE POINT-BY-POINT PROCEDURE
DISCUSSTON,

MOTE :

e DISTINCTION BETWEEN E}EPL.[EIT AND POINT-BY-POINT IMPLICIT
PROCEDURES :
o THE TWO PROCEDURES LOOK SIMILAR, IN THAT FORMULAE OF THE

KIND: ¢, = LINEAR EXPRESSION DF “KNOWN™ QUANTITIES.,
ARE REPEATEDLY USED,

o A "VISITING SWEEP* THUS LOOKS LIKE THE PERFORMANCE OF ONE

TIME STEP IN AN EXPLICIT PROCEDURE.

o THE ERUATIONS, AND THEIR SIGNIFICANCES, ARE HOMEVER

DIFFERENT, E.G. THE IMPLICIT PROCEDURE CAN BE USED FOR
A STEADY-STATE PROCESS.

o PODINT-BY-POINT PROCEDURES ARE EASY TO PROGRAM, AND FAIRLY

USEFUL; BUT THEY ARE SLOW FOR FIME GRIDS.

RESULT DF A GAUSS-SEIDEL IMPLICIT SWEEF DEPENDS ON
VISITING ORDER, THAT OF AN EXPLICIT JACOR] IMPLICIT SWFEE TXESHID

!19

WEL | 12

15

POINT-BY-POINT PROCEDURE FOR THE HYDRODYNANIC
FOE"S; THE PROBLEM,

THE FDE’S: 4p = (m*cy ¢p_ + £ eg8,0/(ep-b) WITH ¢ ® u, w,
w» AND 1 (FOR CONTINUITY), *

THE OCCURREMCE OF PRESSURE: e PRESSURE AFPEARS IN THE
MOMENTUM-SOURCE TERMS, BUT HAS NO EQUATION OF ITS OWN.
o PRESSURE DOES NOT APPEAR IN THE FOURTH EQUATION. THAT OF

CONTIRUITY,

THE PROBLEM: e WE HAVE FDE'S FOR POINT-BY-PDINT ADJUSTMENT
OF u, v, AND » (WITH KNOWN »'3),

a WE NEED ADJUSTMENT FORMULAE FOR THE #'S.

o HOW WILL THE w, v, w'S SATISFY CONTIWUITY?




|
THE SIVA (SIMULTANEOUS-VARIABLE-ADJUSTMENRT)
FHDEEDUEE

el | 22
19 15

o NATURE: THE FﬂLLDHIHE EEVEH
VARIABLES ARE ADJUSTED
SIBULTANEOUSLY:

Pps Ug, W, Y, Yoi Ppe Tai

e EGUATIONS USED: e THE FDE'S

FOR Hor vnp sy ARE WRITTEN IN THE FORM
He = L€Pp U3 u, = Lépp.u 3

)

Ve = LEPp.vd Wy = Léppavgd

o T T"{"JJ-‘"""h']' ¥n = LPp.d

WHERE . = LINEAR EXPRESSION OF ...,
o THE EDHI[HU]I? EQUATION [S WRITTEN AS:
L'E]:'F.II - 'u.'ﬁ.r.-“ Wy oy
HTE 1 R

19 15 THE SIVA PROCEDURE; NISCUSSION,

o ELIMINATION: o SUBSTITUTIONS FROM THE FIRST SIX EQUATIDNS
INTO THE SEVENTH YIELD rp = Lépy, pg.-.-3 ETC,, ALL p's
BEING PRESUMED KNOWN,q.e, pp = "CONST",

a THEREAFTER ALL THE w's, ~'g AND w»'s ARE OBTAINABLE.

o USE IN ADJUSTMENT SWEEPS: SIVA DIFFERS FROM THE POINT-BY-
POINT PROCEDURE FOR TEMPERATURE (SAY), OMLY IN THAT
SEVEN VARIABLES ARE ADJUSTED AT EACH VISIT TO A POIRT.

o CONVERGENCE: o THIS 15 USUALLY DBTAINED.

o SOMETIMES UNDER-RELAXATION [S NEEDED BECAUSE OF THE
NOM-LIKEAR EFFECTS,




HTE 1

15
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19 15 < B

o THE IMPLICIT FDE'S ARE MORE SATISFACTORY THAN THE
EXPLICIT ONES. IN THAT THEY PERMIT EVEN
INFINITE « TO BE HANDLED WITHOUT INSTABILITY.

o POINT-EY-POINT PROCEDURES NORMALLY CONVERGE.
VOMVERGENCE MAY BE ACCELERATED EY OVER-
RELAXATION; BUT UNDER-RELAXATION MAY BE NEEDED
FOR CONVERGENCE WHEN THERE ARE STRONG NOR-
LINEARITIES.

o THE STROKG COUPLING OF THE HYDRODYMAMIC EQIUATEONS
NECESSITATES A SPECIAL PROCEDURE, SIVA.




HTE 1 | LECTURE 20,
LINE-BY-LINE, PLANE-BY-PLANE AND WHOLE-FIELD

A 1 D | INPLICIT PROCERURES

o CONTENTS

e LINE-BY-LINE PROCEDURES

e THE ADI AND TDMA
UNDER- AND OVER-RELAXAT ION
PLANE-EY-PLANE FROCEDURES

o WHOLE-FIELD PROCEDURES
o WHOLE-FIELD VERSION OF SIVA
s SIMPLE
HTE 1 5 GENERAL FEATURES OF LINE-EY-LINE IMPLICIT
- PROCEDURES ;
20 15 ADI ¢= ALTERNATING DIRECTION IMPLICIT).

® WHAT 15 MEANT BY A LIME!
A CONTINUOUS CHAIN OF -
GRID POINTS, ALONG WHICH
THE % VALUES ARE TO BE
SIMULTAREQUSLY ADJUSTED.

@ "VISITING” ORDER!
ADLJUSTMENTS CAN EE MADE
TO ¢ VALUES ON GRID=POINT
LINES, THESE LINES BEING

WISITED IN ACCORDANCE :
WITH A PRE-ARRANGED ORDER. rfﬁ,r#";;’-
® ALTERNATION OF LINE

DIRECTION: @ THE SAME

POINT CAN APPEAR OM _

DIFFERENTLY ORIENTED LINES,

® THE BDJUSTMENT PROCESS
MAY "SWEEP" 1N VARIOUS
DIRECTIONS,




) I y
HTE 1 3 LINE-BY-LINE PROCEDURES: THE EQUATIONS

20 15 SOLVED W ONE ADJUSTMENT *TRAVERSE®.

o EXAWPLE: LET THE LINE BE ORIENTED MORTH-SOUTH,
o TWOD POSSIBLE FORMS OF THE EQUATIONS:

(1) dp = cgdg , oyby | -h*ﬁu*u*""ﬂL*E]

ep-b .;:.D—ﬁ _ o - b
(2} #p = egbgtopty TE:EHEiF—¢P*1+...chﬁLftpij
Ep_h"'nw-r1|:L i 'EF, :-_E.-- ETam ':'-L

o NOTE: o IN (1) ALL MEIGHBOURS TO EAST AND WEST, AND HIGH
AHD LOW, ARE TREATED AS KWOWN, DURING SOLUTION ALOMG LINE,
o IN (2) IT [S THE FLUXES TO THESE WEIGHBOURS THAT ARE
REGARDIED AS KNONN.
o METHOD (1) IS USUAL IN HTS METHODS, METHOD (2) ELSEWUERE.
o #p, 1S THE IN-STORE VALLE OF ep.

HTE 1 y | LINE-BY-LINE PROCEDURES;
' | THE TOMA (= TRI-DIAGONAL-MATRIX
0 15 ALGORITHMY

o EQUATIONS TO BE SOLVED:[S,'% = cgby_y *Cybs,, *+ &'
WHERE ¢ = #; 5 .o BUT SUBSCRIPTS APPEAR ONLY WHEN # 1,4.k.
NB. 3 =1, Jgpicg =0FR I =2icy =~ 0F0R T = Jppy-

& POSTULATE EQUATIONS: |6 = Koy .+ A,

o SUBSTITUTE FOR « AMD #3.1¢ ABOVE, AND DEDUCE:

N = eg/D, DBy’ = cgNy 30 &S (og &y 4 +a')/D.

o COMPUTE o, FOR 4 =1, 3, BY SUCCESSION.

o COMPUTE # FOR 3 = d,... 1 BY SUCCESSION

MB, W=0§AT 3= Jmnx S0 $yn0e o 1 15 IMMATERIAL,
e RESULT: ALL 4's ARE cOMPUTED ALOMG THE LINE; BUT (GUESSED)
DFF-LINE #'E EXERT INFLUENCE VIA 4°.




{ HTE 1 5 LINE-BY-LINE PROCEDURES:

20 15 DISCUSSION,

i
o ADJUSTMENTS ALONG A LINE REDUCE THE ERRORS TO ZERO ALONG

THAT LINE; BUT ERRORS ARE. IN GENERAL. THEREBY CREATED
ALONG NEIGHEDURING LINES.

» SINCE LINES USUALLY COMNECT WITH EOUNDARIES, THERE IS
USUALLY SOME DIRECT ELIMINATION OF ERROR ALSO.

o OVER-RELAXATION CAN BE INCORPORATED BY USE OF
THE EQUATIONS:
LR PO 4 S
WHERE o=1, E.G. 1.8,

o EXCESSIVE a(E.c.>z.0) MAY INCREASE ERRORS, I.E. CAUSE
DIVERGENCE

HTE 1 b LINE-BY-LINE PROCEDURES;
20 15 DISCUSSTON CCONTINUEDY.

o LINE-BY-LINE PROCEDURES ARE MORMALLY MUCH FASTER THAN
POINT-BY-POINT ONES, ESPECIALLY WHEN THERE ARE MANY
POINTS IN THE GRID,

o THE PROCEDURES COME IN MANY FORMS BECAUSE OF THE NUMERDUS
POSSIBILITIES OF VARYING:-

o THE DIRECTIONS OF TRAVERSES AMD SWEEFPS;
o THE SEQUENCES IN WHICH THE VARIOUS '3 ARE ATTENDED TO;

e THE FREQUENCY WITH WHICH THE (WNON-LINEAR) COEFFICIENTS
ARE UP-DWTED,

@ HOWEVER, PLANE-EY-PLANE AND WHOLE-FIELD METHODS ARE
FASTER STILL




HTE1| 5 | PLANE-EY-PLANE PROCEDURES;
20 | 5 | A GENERALISATION OF THE TDMA

¢ ECUATIONS TO BE SOLVED: ep'4= L B ha LR PR Rt L B
Nuﬁu I:LI ':]I!' ﬁk—l' 'P]-H-l NOW APPEAR 1M al.
o POSTULATE EQUATIONS: ¢ = Mej, ke, +A

SUBSTITUTE FOR #, 4;_y. #,_; ABOVE, AND DEDUCE :

M E Bl E £ CpfD, D = EP:FEHHJ—I_EHE:'.—:I..

AE Dafrog(ls 18y 3;5e0¥ 0y 10458 0By 1850 5oq*8y 1)1/D
COMPUTE D, N, B, A far § = 1, Jony 800 3 = 25 1
COMPUTE ¢ for j =4 tandd=1_, 1

RESULT: ALL ¢'& FOR PLANE

NOTE: ON-PLAME #'= (833 juy+ $5,q. 417 HAVE HAD TO BE

TO BE GUESSED; SO & AND ¢ MUST BE ITERATED

@ @ @ @

HiE1 | g | WHOLE-VOLUME SOLUTION PROCEDURE;
| — | A FURTHER GENERALISATION OF THE
20 T s

EQUATIONS TO BE SOLVED: ep=ep-b

Cp T egbi gt eptiap oty ytoptiatirty pogdy g ta
[ @ POSTULATE EQUATIONS: 4=bay,;+Ed, i #Hoy, 44

o SUBSTITUTE FOR Fatgore ¥y g0 ¥ q ABOVE, AND DEDUCE:
N2 D, BIc /D, HEa /D, nE'ﬂP"':"HHj-'J._EHEj_—J_qLHk-I
A=l akoy (K

{=1 qi—]’..j*1*H'1'1"J'i—1ri:4-1+""i-1]
g (B 1®ie1, 51 E a1 ya ket A1)
L e 1%5a1, k1B 1%ieg, ko111 /D
e COMPUTE ¢ "s FROM BOXED EQUATION FOR WHOLE VOLUME,

o NOTE: ITERATION IS NEEDED FOR a's AND #'s,
| BUT NOT FOR w's, E's, H's, D's,

Lt




HIE 1 q NOTES ON SOLUTION OF LINEAR-EBUATION
2] ig SETS

e KORE RAPID COMVERGENCE (I.E. FEWER ITERATIONS FOR REDUCTION
OF ERRORSY CAN BE PROCURED BY VARIDUS DEVICES, E.G. ITMPROVING
GUESSES OF ¢'s IN a's,

8 SIMILAR ALGDRITHMS CAN BE DEVESED FOR SETS OF COUPLED
ERUATIONS, E.G,

Ly€g, 83 = 0, Lotdy 8 = 0
BUT WITH MORE COMPUTATIONAL EXPENSE .

o SIMPLIFICATIONS ARE POSSIBLE WHEN THE COEFFICIENTS EXHIBIT
HE':I‘PHDEITI'II__. [ ) = cﬁﬂ,ill uI::IE|iI ate,

o BECAUSETHE COEFFICIENTS  (e"=) ARE USUALLY NOT CONSTANTS,
[T MAY NOT BE WORTH PROCURING A HIGHLY ACCURATE SOLUTION
OF THE LINEAR ERUATIONS BEFORE RECALCULATING e's.

HTE 1| 10 | A WHOLE-FIELD VERSION
on | & | OF siva: maTuRe,

o EQUATIONS (COMPARE PANEL 19.13):

M LEpP—uE,uw}, W - prp—pu.uai;

'l."E = L'EPPHDE" '.l'n']' § 1.:n ]-I{']:‘P_pﬂ'l 5-'5'} i

Wy = LEpp—hp W3, Wy = LEPp-PR Wt
¢ ELIMINATION OF w,v,w FROM CONTINUITY YIELDS:

LtPo, Py Pg Pg. Py Py Ppi= 0.
o WHOLE-FIELD SOLUTION FOR »'s PERMITS w.v,w TD BE SOLVED FOR
THEREAFTER,

o BECAUSE OF (1)} WEGLECT OF DISTANT u's IN w, = ETC.

(2) NOW-LINEARITIES,
ITERATION 15 REQUIRED




HTE 1
200

IE DISCUSSION

[F &
@ MOST

THAT

» IN PRINCIPLE, MORE "IMPLICITNESS* COULD BE BUILT IN

COUPLED-ERQUATION ALGORITHM WERE USED,
COMMONLY-USED METHODS EMBODY LESS * IMPLICITNESS®,

IN INTERESTS OF SIMPLICITY,

o HOWEVER, MOST MODERN METHODS WILL EMPLOY A “POISSON
EQUATION® FOR PRESSURE (OR PRESSURE CORRECTIONY LIKE

OF PAMEL 10, IN SOME FORM OR OTHER.

o DIFFERENT AUTHORS PROPOSE DIFFERENT METHODS FOR SOLVING
THE EDUATIONS, ADI BEING COMMON,

o A POPULAR METHOD, NOT UMLIKE WHOLE-FIELD SIVA, IS “SIMPLE",

HTE 1
20

12 | THE SIMPLE ALGORITHN;
15 | GENERAL FEATURES

| @& HAHE i

a {ORIEG]

L]

SIMPLE = SEMI-IMPLICIT METHOD FOR PRESSURE-
LINKETF ERUATIONS. =

N: PATANKAR & SPALDING, 1972

o NATURE: e w,v,w ARE SOLVED FOR IMPLICITLY BY ADI. WITH

GUESSED PRESSURES IN MOMEMTUM SOURCES,

utyv',w' ARE RELATED TO »' BY DIFFERENTIATION OF
FOMENTUM EQUATIONS, MEGLECTING MINOR TERMS,
PRESSURES ARE CORRECTED VIA POISSON EQUATION FOR »',
DERIVED FROM CONTINUITY, SOLVED BY AD].

REPEATED GUESSES AND CORRECTIONS LEAD FINALLY TO
SATISFACTIOR OF ALL EQUATIONS,

|



HTEL | 13 THE SIMPLE ALGORITHM;
20 15 | MORE COMPLETE DESCRIPTION,

o AT START OF ADJUSTMENT CYCLE, e, v, v, w, ETC., AT GRID
FOINTS HAVE THEIR BEST-ESTIMATE VALUES. (N.B. THESE MaY BE
THE YALUES FOR THE END OF THE TIME INTERVAL IN QUESTION,
WHICH MAY BE INFINITE.)

e NWITH THE »'S WHICH ARE IN STORE, A CYCLE OF LINE-BY-LINE
ADJUSTMENTS 5 MADE, OVER THE WHOLE FIELD, FOR: u'S, 'S,
w3,

o THESE ARE THEN CALLED “STARRED VELOCITIES": u,, ve, w,.

o THE CONTINUITY ERRORS FOR EACH CELL ARE WOW COMPUTED FROM

THESE VELDCITIES.

o FDE'S FOR PRESSURE CORRECTION »''S ARE SET UP AS IN PANEL
16.8, BUT WITH =g, =g, ETC., OBTAIRED DIRECTLY FROM

L DIFFERENTIATION OF MOMENTUM FDE’S.

I .
| e 1 I8 | THE SINPLE ALGORITHM;
20 15 | MORE COMPLETE DESCREPTION (CONTINUED).

THE FUE'S FOR p*'S ARE SOLVED BY A CYCLE OF LIME-RY-LINE
ADJUSTMENTS OVER THE WHOLE FIELD.

THE CORRESPOMDING w''S, »**S, w''5 AND #''S ARE ALSO
AFPLIED: (u = ug + w'y ETC.),

o SOME PROPORTION OF THE e'*S (LESS THAN 1) IS APPLIED L]
THE PRESSURES (p = py + ap'); 1.E. THE PRESSURE
CORRECTION 15 *UNDER-RELANED®,

AT THIS STAGE, IF EMOUGH ITERATIONS HAVE BEEN MADE EOR THE
ERRORS IN THE »* EQUATION TO BECOME SMALL, THE pu, v,
ew FIELDS SATISFY COMTINUITY.
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HTE1 | 15 | THE SIMPLE ALGORITHM;

20 15 COMPLETION OF DESCRIPTION,

@ OTHER VARIABLES (n, m,, ETC.) ARE NOW ADJUSTED BY LINE-BY-
LINE SWEEPS:; AND SECOMDARY VARIABLES (E.6. a) ARE
ADJUSTED CORRESPOMDINGLY.

e AT THIS STAGE, ALL EQUATIONS CMOMENTUM, COWNTINUETY, ENTHALPY
CHEMICAL SPECIES, ...):MAY BE OUT OF BALANCE AGAIN, THE
DENSITY CHANGES ALOME COULD EFFECT THIS.

e THE CYCLE OF ADJUSTMENTS 1S THEREFORE REPEATED, SUFFICIENTLY
OFTEN FOR THE IMBALANCES TO BE REDUCED TO TOLERABLE
LEVELS,

o WHEN THIS IS ACHIEVED, A "COMVERGED SOLUTION™ HAS BEEM
ACHIEVED; THEN THE NEXT TIME INTERVAL CAN BE ATTENDED
0,




mE1 | 1 PART V. PARTICULAR PROBLEMS AMD PROCEDURES.
21 15 LECTURE 21. HEAT CONDUCTION AMD CONVECTION,
§
[
o CONTENTS: ?

e HEAT CONDUCTION, POINT-BY-POINT,

o INFLUENCES OF CELL SIZE AND 1TS NOM-UNIFORMITY.
® THE USE OF THE TDMA.
o NON-LINEARITY,

@ CONVECTION.

o SOURCES AND SINKS,
o NOTES: o GEMERAL LESSONS CAN BE LEARNED, AT LITTLE

EXPENSE,

BEY CONTEMPLATION OF 1D EXAMPLES.

HTE: 1
21

15

2

HEAT CONDUCTTON,

A SIMPLE PROBLEM,

e DESCRIPTION: HEAT IS COMNOUCTED

o BOUNDARY CONDITIONS:

IN STEADY STATE THROUGH A SLAB

OF UNTFORM MATERIAL.

o EXACT SOLUTION: T = =,

o PURPOSES OF STUDY: e TO EXPLORE T!-IE INFLUENCES Of S0L UT[EII"F

TIME BY NUMERICAL MEANS OF;
o NUMBER OF CELLS;

o NON-UNIFORMITY OF CELL SIZE;
o USE OF POINT-BY-POINT OR LINE-BY-LINE BETHODS.
o TO EXPLAIN RELEVANCE TO 2D AND 3D PROBLERMS.

T=0 AT x=0;
T=1 AT »=1,|

- - - - - & 'l -

I//




HTE 1 3 THE SIMPLE HEAT-CONDUCTION PROBLEM;

| 21 15 POINT-BY-POINT ADJUSTMENT (GAUSS-SEIDEL),

e [NITIAL GUESS: T=1 AT ALL
POINTS EXCEPT x=o,

o VISITING DROER: FROM LEFT
TO RIGHT (HOW WOULD
RESULTS DIFFER IF THE
RIGHT-TO-LEFT ORDER WERE
USEDTS,

o RESULTS: o FIRST ADJUSTMENT SWEEP LFADS TO VALUES MARKED 1.
o SECOND LEADS TO VALUES MARKED 2,
o CONVERGENCE WILL OBVIDUSLY BE OBTAINED,

o DISCUSSION: o UNDER-RELAXATION WILL SLOW DOWN THE SOLUTION

PROCESS. o OVER-RELAXATION (a»1) WILL SPEED IT UP,
s (TRY THIS OUT.) -

|
|

i

THE HEAT-CONDUCTION PROBLEM;
INFLUENCE OF CELL NUMBER (SIZE),

HIE 1
21

l—l
W | =

® INFLUENCE OF CELL S17E:
@ LOWER SKETCH SHOWS THAT
MAGNITUDE OF T CHANGE

w 4T, {Eg = x)i,
dAx?

® WITH SAME Tvx CURVE,

Tp 158 ADJUSTED TO n

I1F NETGHBOURS ARE W AND
E, TO b IF THEY ARE W'

. P
AND E', 1 A
@ SPEED OF COMNVERGEMCE:! W
@ HO. OF SWEEPS = 1/(8&x)?, il
® COMPUTATION PER SWEEP
= 1f8x,

@ COMPUTER TIME FOR CONVERGEMNCE:
= 1/(&x]7, =




— —
HIE 1 5 THE HEAT-CONDUCTION PROBLEM:

21 1> INFLUENCE OF NON-UNIFORMITY OF CELL SIZE,

o ILLUSTRATIVE EXAMPLE: | |

LET THERE BE TWD SMALL
CELLS IN THE MIDDLE

(1 SMALL ONE WOULD
sUFFICE),

o CONSEQUENCE: e TEMPERATURE
ADJUSTMENTS CAN BE LARGE
EVERYWHERE BUT NEAR THE
SMALL CELLS, i e =

o AFTER A FEW SWEEPS, THE T ~ x CURVES ARE LIKE a AND b.
o THE RATE OF CONVERGENCE 1S ENTIRELY DOMIMATED BY THE
S1ZE OF THE SMALL MIDDLE CELLS (= &xZ_ .),

C—

HTE 1 6 | THE HEAT-CONDUCTION PROBLEM;
71 15 | APPLICATION OF THE TOmA,

o THE PROCEDURE:
THE ERUATIONS FOR ALL T°S
ARE SOLVED SIMULTANEOUSLY
BY THE TDMA ALONG THE =
DIRECTION,

e THE RESULT;
THE EXALT SOLUTION 15 — . ol
OETAINED IN A SINGLE ADJUSTMENT STEP.

o INFLUENCE OF CELL NUMBER: THE COMPUTATION TIME IS DIRECTLY
PROPORTIONAL TO THE MUMBER OF CELLS.

o INFLUENCE OF NON-UNIFORMITY OF CELL SIZE: THERE IS NO
INFLUENCE.,




RELEVANCE OF THE 1D HEAT-CONDUCTION PROBLEM
T0 USE OF TDMA IN A 200 PROBLEN,

iHTEl. 7

21 15

o THE PROBLEM: SUPPOSE THAT A
9D CELL STRUCTURE 1S BEING| 3 1 :
USED, EVEN THOUGH THE Bc’s o
HAPPEN, IN THIS CASE, TO | __ | - T
GIVE A 10 SOLUTION. - %8 498 iy

o THE NETHOD: SUPPOSE THAT THE - -
TOMA IS BEING USED, BUT . Vol
IN THE ¥ DIRECTION, SO THAT ALL T'S AT 1x ARE ADJUSTED
AT ONCE,

@ CONVERGENCE RATE: e THis WILL BE THE SAME AS FOR POINT-RY-
POINT ADJUSTMENT FOR THE 1D CELL CHAIM. @ IT WILL OF
COURSE BE MUCH FASTER THAN POINT-BY-POINT ADJUSTHMENT FOR
THE ZD0 CELL ARRAY. @8 THE COMVERGENLCE RATE WILL BE ol &x)
AND S0 WILL DIMINISH WITH INCREASING CELL NUMEESR, # A
SINGLE ROW OF CELLS WITH SMALL &x WILL DECELERATE CONVERGENCE.

T c!L'

——

——

HTE1 | 8 | HEAT CONDUCTION,

21 15 A DIFFICULT 2D PROBLEM,

o AN OBVIOUS SOLUTION TO THE PAMEL 7 PROBLEM: THE TDMA
TRAVERSES SHOULD-BE MADE IN THE = DIRECTION ALSO; THEN
SMALL=-6x CELLS ARE DEALT WITH EASILY. N.B, THE EXACT
SOLUTION IS OF COURSE NO LONGER DETAINED IMMEDIATELY,

o A CELL ARRANGEMENT WHICH |
WILL STILL MAKE FOR 7
SLOW COMVERGENCE : p ] 4 |
@ SUPPOSE THAT THERE 4 LELE
ARE THO THIN-CELL STRIPS, il =]

o THE ALTERNATION OF 0 ;|
TRAVERSE DIRECTIDNS A1 | |
CANNOT ACCELERATE ekl b
CONVERGENCE MUICH,




HTE 1 9 A PARTIAL SOLUTION OF THE THIN-CELL

7

21 15 PROBLEM.

—

o NATURE: USE OVER-RELAXATION
FOR CELLS RESPONSIBLE FOR 1 |
SLOW CONVERGENCE (= < 2),

@ FRESULT: » TEMPERATLRE
ADJUSTRENTS AT FIRST
INCREASE IN SIZE AS THE 6 1-9\\,..-"

o= 1

ADJUSTMENTS PROCEED, :

o CONVERGENCE 1S MUCH MORE RAPID.
o SUGGESTION: TRY THIS, USING GEAPHICAL MEANS.

@ FPRACTICAL RELEVANCE: TO 2D AMD 3D LINE-BY-LINE PROCEDURES
AS WELL AS 1D POINT-BY-POINT PROCEDURES.

mE1 | 10 A PROBLEM NITH CVBINED CONDUCTION AND
91 15 CONVECTION; 1D UNSTEADY

e PHYSICAL DESCRIPTION: heat loss

o WARM WATER FLOWS THROUGH 1 A
A METAL PIPE, PROTECTED o3
BY INSULATION FROW A
COOLER ENVIRONMENT,

o THE INSULATION 1S
IMPERFECT.,

o TENPERATURES WITHIN THE
WATER AND METAL DEPEND
CLY OH = AHD <,

o THE PROBLEM: CALCULATE THE TEMPERATURE DISTRIBUTION AS A
FUNCTION OF TIME, AFTER THE WARM-WATER SUPPLY 1S
SUBDENLY STARTED.




HTE
21

1 11 THE CONDUCTION-CONVECTION PROBLEM;

15 POINT-BY-POINT SOLUTION PROCEDURE,

NATURE OF THE PROCEDURE: o DETERMINE COEFFICIENTS IM FDE,
TAKING ACCOUNT OF =-WISE COMVECTION AND HEAT LOSS
(NEGATIVE SOURCE} THROUGH THE INSULATION,

® ESTABLISH "VISITING ORDER", AND TIME-STEP SIZE,

» MAKE POINT-BY-POINT VALUE-ADJUSTMENT SWEEPS, ITERATING
FOR EACH TIME STEP. UNTIL ERRORS, IN TERMS OF .UNMBALANCED
HEAT SOURCES, ARE SMALL. (N.B. SMALL ADJUSTMENTS ARE
MNOT A SIGN OF CONVERGENCE., CONSIDER THE SMALL-CELL

PROBLEN, }
o PROCEED THUS FROM TIME STEP TO TIME STEP.

RESULTS: A CONVERGED SOLUTION + A COMPUTER BILL,

HTE
21

1 12 THE CONDUCTION-CONVECTION PROBLEM;
15 USE OF THE TDMA.

WATURE OF THE PROCEDURE: AS FOR PANEL 11. EXCEPT THAT THE
WHOLE ADJUSTMENT- 1S PERFORMED IN A SIRGLE STEP,

INFLUENCE OF NUMBER OF CELLS: ¢ COMPUTER TIME PROPORTIGMAL

10 NUMBER OF CELLS,
o ACCURACY INCREASES WITH WUMBER OF CELLS: BUT, OF COURSE,

r——

BEYOND A SUFFICIENT WUMBER,
MO WORTHWHILE IMPROVEMENT

15 ACHIEVED. T{:-r,t]l ______
e |

INFLUENCE OF NUMBER OF TIME
STEPS: o COMPUTER TIME .
INCREASES WITH 1r4¢, number of cells

o ACCURACY ALSO INCREASES,




|
i HTE 1 13 | THE HEAT-CONDUCTION PROBLEM;
15

21 NON-LINEAR EFFECTS.

o HOW NON-LINEARITY MAY ARISE IN PRACTICE: e THE HEAT-LOSS-
TO-SURROUNDINGS LAW MAY BE NOW-LINEAR (E.G, FREE

CONVECTION, RADIATIONY,
o THE METAL COMBUCTIVITY MAY DEPEND UPON TEMPERATURE,

o HOW NON-LINEARITY EXPRESSES ITSELF:
o THE FINITE-DIFFERENCE COEFFICIENTS DEPEND UPON THE NEARBY
TEMPERATURES,
o BEGINNING-OF-INTERVAL OR LATEST-IN-STORE VALUES OF T
MAY BE USED,

o CONSEQUENCES: o EVEN FOR STEADY STATE. AND WITH USE OF TDMA,
ITERATION IS5 NEEDED, J

o IN UNSTEADY-STATE PROCESSES, WITH SMALL #t, ITERATION
MAY NOT BE NEEDED, -

e T A 10 PROBLEM WITH HEAT CONDUCTION, CONVECTION |
= | AND TENPERATURE-DEPENDENT CHEMICAL REACTION;
2l FLAME PROPAGATION.

o THE PROCESS: PRE-MINEL |
FUEL + AR FLOWS T :
STEADILY THROUGH 4 | T o R ——

COOLED PORDUS PLUG, -
AMD BURNS ON THE | o
DOWNSTREAM SIDE. — X

o PROBLEM: DETERMINE FLOW RATE WHICH JUST CAUSES THE FLAME TO
DETACH ITSELF (ar/ax = o) AT THE PLUG SURFACE,

e METHOD OF AMALYSIS: e SET UP FINITE-DIFFERENCE EQUATIONS
(USING GUESSED 'S TQ GIVE r'S, REACTION RATES),
o SOLVE BY TDMA. e VARY FLOW RATE UNTIL COMDITION (dT/dx=0)
PLUG IS ACHIEVED,




-

HEL1 | 15

FINAL REMARKS

21 15

o EXAMINATION OF 1D PROBLEMS PERMITS MANY GENERALLY-
APPLICABLE LESSONS TO BE LEARNED (E.G., SUPERIORITY OF
LINE-BY-LINE METHODS; THE DAMAGING EFFECTS OF HAVING
EVEN ONE SMALL CELL, HOW OVER-RELAXATION MAY HELP),

e MNON-LINEAR EFFECTS NORMALLY REQUIRE ITERATION, UNLESS
SMALL STEPS ARE TAKEN IN TIME-DEPEMDENT PROBLEMS.

® SMALL &x AND st ARE NEEDED FOR MIGH ACCURACY: BUT THEY
INCREASE THE COMPUTER EXPENSES,

o 1IN SOME NON-LINEAR PROBLEMS, WHERE % = & (), USE OF A
WEW VARIABLE, T (= §tasn__,) aTd, IS ADVANTAGEDUS,
COEFFICIENTS CAN BE COMPUTED ONCE FOR ALL.




niE 1 1 LECTURE 22.
22 15 FLUID FLOW THROUGH A PORDUS MEDIUM,

o CONTENTS:

e FIXED-PRESSURE-DIFFERENCE PROBLEMS,
THE LINEAR RESISTARCE LAW.

THE QUADRATIC RESISTANCE LAM.
LINEARISATION AND OVER-RELAXATION.
@ FIXED-FLOW PROBLEMS.

o HOTES: o 1D PROBLEMS ARE DISCUSSED, FOR SIMPLICITY.
o PRACTICAL RELEVANCE 13 TO FLOW IN QIL
RESERVOIRS, "PACKED BEDS™, HEAT-EXCHANGER
SHELLS.
o THEORETICAL IMPORTAMCE LIES IM EMPHASIS GIVEN
T0O THE PRESSURE (OR PRESSURE-CORRECTIONY
EQUATTONS

HTE 1 2 UNSTEADY FLOW OF A COMPRESSIBLE FLUID WITH

79 15 i LINEAR RESISTARCE LAW  (D'ARCY's LAW),

o DEFINITION: o FROM PANEL 6,11, ou = - § 2E,

o (o/F) IS TAKEN AS INDEPENDENT OF = AND =,
o DIFFERENTIAL EQUATION EXPRESSING MASS CONSERVATION:

2

rgey 48 - f 2% - o WHERE (do/ap) WILL ALSO BE TAKEN AS

INDEPENDENT OF = AND t, {sEE PanEL 6.12)
e ANALOGY WITH HEAT CONDUCTION: THIS OREYS THE PARTIAL
DIFFERENTIAL EQUATION:
aT _ ,37T
ax*

o CONCLUSION: ALL THAT HAS BEEN LEARMED ARQUT HMEAT CONDUCTION
APPLIES ALSD TO THIS PROBLEM,

=

2 p




HTE 1 3 LINEAR RESISTANCE WITH FINED OVERALL PRESSURE

27 15 BIFFERENCE; POINT-BY-POINT SOLUTION,

o SINILARITY TO HEAT CONDUCTION: THERE IS NO ESSENTIAL
DIFFERENCE FROM THE WEAT-CONDUCTION PROBLEM; THE POINT-
BY-POINT PROCEDURE, WITH ITERATION, CAN THEREFORE BE
EMPLOYED,

8 SPATIALLY VARYING #/p: o IF ¥/0 VARIES WITH x (BUT NOT WITH

t OR p), THERE IS ND ESSENTIAL PIFFERENCE; THE EFFECT IS
JUST LIKE THAT OF HAVING NON-UNIFORM &x,

o IN PARTICULAR, A VALUE OF LOCALLY HIGH ®/o ¢NITH UNIFORM
dx) WILL HAVE THE EFFECT OF SLOWING DOWN CONVERGENCE.

o CONVERGENCE: THIS IS ASSURED; THE TASK IS 7O OBTAIN IT
GUICKLY, E.G. BY OVER-RELAXATION.

LINEAR RESISTANCE WITH FIXED OVERALL PRESSURF
DIFFERENCE; USE OF THE TDMA.

{'HTEl "
. 15

o [NFLUENCE ON COMPUTER TIME: BECAUSE THE TOMA PRODUCES THE
REQUIRED EXACT SOLUTION OF THE FDE'S IN THE ADJUSTMENT

(PER TIME STEP}, THE COMPUTER TIME IS GREATLY REDUCED WHEN
THE NUMBER OF INTERVALS 1S LARGE AS COMPARED WITH PRP,

o ADVANTAGE OVER POINT-BY-POINT PROCEDURE:
o THIS INCREASES THE LARGER I5 e,

o FOR SMALL #t, THE POINT-BY-POINT ADJUSTMENT MAY SUFFICE
BECAUSE THE (dp/dp) TERMS DOMIMATE,

o IN THESE CIRCUMSTANCES, EVEN EXPLICIT METHODS MAY
SUFFICE,




WIE1 | 5 | THE QUADRATIC RESISTANCE LAM;
22 | 15 | MATHEMATICAL SIGNIFICANCE

o DEFINITION: SUPPOSE pu® = - K 3p , ¥ = const. .

X

THIS IS NOT UWCOMMON IN PRACTICE.

@ COMPARISON WITH HEAT CORDUCTION: DEPERDENCE DF THERMAL
CONDUCTIVITY DN TEMPERATURE IS ONE KIND OF HON-LINEARITY,
BUT VERY DIFFERENT FROM THIS ONE. HERE THE “CONDUCTIVITY"
(= nuii—%f}} DEPENDS ON THE "FLUX™ (eu) RATHER THAH THE

"POTENTIAL™ (w3,
e CONSERQUEMCE: A SPECIAL KIND OF OVER-RELASATION PROVES T

BE ADVANTAGEQUS IW THIS CASE,
o IMPORTANCE: MNEARLY ALL PRESSURE DIFFERENCE~FLOW-RATE
REGULATIONS ARE NOW-LIREAR.

HTE 1 b THE QUADRATIC RESISTANCE LAW:
| 22 15 FIXED PRESSURE DIFFERERCE, UNSTEADY STATE.

@ THE PROBLEM: wu/t-dpj/ax) 15 NOW-UNIFORM, AND NOT KNOWN.

o USE OF POINT-BY-POINT PROCEDURE: ITERATION NEEDED EOTH FOR
YLINEAR" AND "ROMN-LIMNEAR" REASONS,

o USE OF TOMA PROCEDURE: ITERATION NEEDED “FOR WON-LINEAR
REASCHS™ ONLY.

e BEST PROCEDURE: PROBABLY THE TDMA PROCEDURE, WITH ITERATION
NUMBER DIMINISHING AS &t DIMINISHES.

s (OVER-RELAXATION: THE RATE OF COWVERGENCE CAN BE IMPROVED

BY PARTLY ACCOUNTING FOR THE NOW-LIWEARITY OF THE
RESISTANCES, BY WAY OF LINEARISATION, AMOUNTING TO
OVER-RELAXATION,




WEL | 7 | LINEARISING THE RESISTANCE LAW
97 15 '

o THE RESISTANCE LAW: pu® = - K 3e,
LE, u, = (& tpoy - piy} '—‘i’—'w
lI'I:'l [F':n'l-’.' FF']]" i p
ip ~ Ty

o LINEARISED FORM:

uw . “-" ¥ '"a.”l“- - ':-t}llﬂl ™ PIP}
HW

= uwi L uF‘_ o {p'“ - pfp}
Py ~ Ppa

o COMMENT: THIS INDICATES THAT THE
PRESSURE DIFFEREMCE INCREASES

TWICE AS STEEPLY AS IF THE RESISTANCE WERE A LINEAR DME.

HTE 1 f
- = USE OF THE LINEARISED RESISTANCE LAN.

o THE PRESSURE-CORRECTION EQUATION:
o IT IS5 ALMAYS POSSIBLE TO WRITE FDE'S IN THE CORRECTION
FORM INSTEAD OF THE DIRECT FORM,
o IT IS CONVENIENT TO DO 50 WHEN LINEARISED LAWS ARE IN USE
(A5 IN SIMPLE),
¢ THIS I5 THEREFORE RECOMMENDED IN THE PRESENT CASE.

o THE CONSEQUENCE IS THAT THE COEFFICIENT OF »'y, FOR EXAMPLE,
IS #0 U,/ (Pys — ppy) (OR EQUIVALENT IN TERMS OF & BUT
WITHOUT Cpye - pped)s WHICH IS WALF THAT  IF NO
LINEARISATION HAD OCCURRED,

o THE EFFECT IS THAT OF OVER-RELAXATION OF p'.

o




HIE1 | 8 | SOME FURTHER EXAMPLES:
22 15 | ARBITRARY RESISTANCE LAV,

o EXAMPLES: o THE RESISTANCE MAY DEPEMD UPON VELOCITY TO
SOME OTHER PONER,

o THE RESISTANCE MAY DEPEND UPON PRESSURE ITSELF (AS
CONDUCTIVITY DEPEMDS UPON TEMPERATURE) IN
CONSERUENCE OF "CRUSHING™ OR "SWELLING".

o SOLUTION PROCEDURE: e THE VARIATIONS OF FLOW RATE WITH
PRESSURES ARE STILL BEST HAMDLED BY LINEARISATION,

e N0 BLIND UNDER-OR OVER-RELAXATION IS TO BE
RECOMMENDED; FOR DIVERGENCE CAN THEN EASILY OCCUR,

urg 1 | 10 SOME FURTHER EXAMPLES;
22 15 CIRCULATION PROBLEMS,

o PRACTICAL OCCURRENCE: » STEAM IS FORMED IN A BOILER AS THE
RESULT OF CONTACT WITH TUBES CONTAINING HOT FLUID.

o THE TUEES FORM A RESISTANCE TO THE FLOW OF STEAM, AS DOES

ALSD THE THROTTLE VALVE.
» CIRCULATION IS CAUSED BY THE DENSITY DIFFERENCE.

o PROBLEM: COMPUTE THE FLOW RATE| 40... '*L
AND STEAM CONDITION, GIVEN | comer ™| ==
THE HEAT INPUT.

o PROCEDURE: e THE TOMA WITH * f:..:
LINEARISATION AND TTERATION
MAY BE USED. [t
o FOR STEADY STATE USE A =

QUADRATURE PROCEDURE, | volve
: .




HIE 1 11 SUME FURTHER EXAMPLES;

22 15 | MOVING RESISTANCES.

FROBLEM: THE RESISTANCE CAN MOVE, EITHER PIECEWISE OR AS A
BLOCK. UNDER THE INFLUENCE OF THE PRESSURE DIFFERENCE.

o SPECIAL FEATURES: THE MOMENTUM EQUATION FOR THE FLUID WILL |

PROBABLY TAKE THE FORM
piu — J‘E$:I = = f dp
F X
o CALCULATION PROCEDURES: S
(1) w,.. IS ODBTAINED BY HP 'ﬁh}; Lp
[NTERSPERSED SOLUTTONS gas -3"'--:";'_::_"; qas
OF THE EQUATION OF /J__HL_M

MOTION OF THE RESTSTANCE,

or {2} t..e L5 SOLYED maovahle |;:-'|_|g

STMULTAMEOUSLY .

—

HTE
22

12 THE QUADRATIC RESISTANCE LAW,
15 FIXED PRESSURE DIFFEREMCE, STEADY STATE,

&

THE PROBLEM: eu TS UNTFORM, BUT MOT KNOWN,

FOSSIELE PROCEDURES: (1) TREAT AS TRANSIENT, SOLVE
EXPLICIT FDE's, PROCEED TO LARGE TIME. (2) SOLVE

IMPLICIT FDE's, SET &t = LARGE, ITERATE TO

CONVERGENCE .

BEST PROCEDURE: SOLVE FOR eu FRON pu® = (5, - p_)/ T“ K dx.

THIS REQUIRES NO ITERATION,

o CLOWCLUSION: IF SPEED IS IMPORTANT, THINK CAREFULLY BEFORE

SELECTING A SOLUTION PROCEDURE,




]
LIKEAR RESISTANCE PROBLEM SOLVED NUMERICALLY;
FIXED FLOW RATE, DENSITY, STEADY STATE.

HE1 | 13
72 15

ool

# SUPPOSE eu [S FIXED AT
THE START: THE QUESTION
5, WHAT PRESSURE i
DISTRIBUTION WILL PREVAIL IN THE MEDIUM?

o THE NATURE OF PRESSURE: e PRESSURE IS A "RELATIVE VARIABLE",
I.E. A COMSTANT VALUE MAY BE ADDED TO ALL PRESSURES
WITHOUT OTHERWISE ALTERING THE PROCESS (N.B. THIS IS
TRUE BECAUSE @¢fdp = 0 HAS BEEN ASSUMED HERE),

o SOLUTION PROCEDURE: e THERE IS NO NEED FOR AMY TTERATION;
FOR PRESSURES CAN BE DETERMINED (EXCEPT FOR A CONSTANT), !
BY QUADRATURE :

l--_ -'—l'-ﬂ—l'-- +."‘
|

B Sy

HEl | 14 THE QUADRATIC RESISTANCE LAW;
a2 | 15 FINED FLOW RATE, STEADY STATE.

—— e R E —_—

o THE PROBLEM: SUPPOSE THAT ew IS FINED AND UNIFORA,

o SOLUTION PROCEDURE: o NEITHER POINT-BY-POINT NOR LINE-RY-
LINE ADJUSTMENT PROCEDURES ARE APPROPRIATE,
o WHAT IS NEEDED IS NUMERICAL INTEGRATION OF

& - _ 29" (1,E, QUADRATURE [ ou @)
o THIS WILL LEAD TO SOLUTION IN ONE OPERATION WHEREAS ROTH

POINT-BY-POINT AND LINE-BY-LINE ADJUSTMENTS WOULD
NECESSITATE [TERATION,

o REMARK: BOUNDARY CONDITIONS SHOULD BE CONSIDERED BEFORE A
SOLUTION PROCEDURE IS CHOSEN,




o FINAL REMARKS
22 15

o POROUS-MEDIUM FLOWS ARE SIMILAR TO HEAT-CONDUCTION
PROCESSES IN MANY RESPECTS.

o THE TYPICAL WATURE OF THE NON-LINEARITY 15 DIFFERENT
HOWEVER,

o LINEARISATION ASSISTS CONVERGENCE. THIS 1S OF THE KIND
USED IN SIMPLE; AND IT IS MORE SATISFACTORY FOR POROUS-

MEDIUM FLOWS BECAUSE THERE IS NO MOMENTUR-CORVECT TOM
EFFECT TO BE NEGLECTED,

o THE MARCHING-INTEGRATION, GUADRATURE, AMD CIRCUIT-
ANALYSIS CONCEPTS ARE USEFUL ALSD IN 20 AND 3D FLOWS
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LECTURE 23.
THO-DIFENSIONAL HEAT CONDUCTION & CONVECTION.

1| 1

15

CONTENTS

o EXAMPLES.

o FINTTE-DIFFERENCE EQUATIONS,
® POINT-BY-POINT PROCEDURES.
o LIKE-BY-LINE PROCEDURES.

o PARABOLIC PROCEDURES,

o NEAR-PARABOLIC PROBLEMS.

23

s THE TVA, "N.B. LECTURE 1S RELEVANT
| o THE PEA, T0 ALL SINGLE-EQUATION
o BLOCK RELAXATION, PROBLEMS, E.G. DIFFUSION,
_ A5 HELL,
HTE 1 I 2

5 EXAMPLES: COMDUCTION,

COOLING OF A GAS-TURBINE BLATE,
STEADY OR UNSTEADY.

HEAT LOSS FROM A THICK FIN.

UNSTEADY HEATING OF A
CYLINDRICAL METAL INGOT,

THERMAL STRESS IN A GLASS,
PLUNGED SUDDEMLY INTO
HOT WATER.




]
HIE -1 3 EXAMPLES

23 15 CONDUCTION PLUS CONVECTION,

l

.

o STEADY-STATE CONDUCTION IN
THIN MOVING STRIP,
HEATED BY FIXED FLAME,

o HEAT TRANSFER FROM
TURBULENT FLUID TO WALL
OF PIPE ENLARGEMENT,
WHEN FLOW PATTERN AND

TURBULENCE FIELD ARE
KHOWNR,

o TRANSIENT TEMPERATURE FIELIY
IN FLUID RESULTING FROM
SUDDEN CHANGE IN INLET
TEMPERATURE.

I

HTE 1 f EXAMPLES ;

23 15 CONDUCTION PLUS CONVECTION PLUS SOURCE,

o HEAT LOSS BY CONDUCTION Pl A A A A A B A A

AND RADIATION (“THIN k
GAS*) TO WALL OF DUCT

CONTAINING STEADILY-
FLOWING FLUID,

o ANCHORING OF FLAME AT |pre-

BUNSEN-BURNER LIp, |mixed <7

WHEN HYDRODYNAMICS | plane.
IS PRESUMED,

N.B. HEAT COMDUCTION,

DIFFUSION, REACTION, |
[NTERACT.

k j=— diffusion

H
i #

flome.
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FDE'S:  DIRECT FORM: #, = Za ¢, + b
o CORRECTION FORM: #'p n * [Fgbue * b= bp]
IlEl ¢IP = Eaﬂ$.n L

{Kote chanpe of symbols)

i
-1
A

=
-

THE PROBLEM TO BE SOLVED i

GRID: EACH ® HAS FOUR MEIGHBOURS
(n'5) -IN SPACE, rp(P-1 IN TIME.

COEFFICIENTS MAY BE:

e MUCH LARGER/SMALLER FOR w-s oY
THAN E - w DIRECTIONS,

e MUCH LARGER/SMALLER FOR & THAN
w, OR W THAN s SIDES,

o DEPENDENT/INDEPENDENT OF ¢,
o UNIFORM/VARYING OVER FIELD.

e
|

23

| WTE 1 5 THE POINT-BY-POINT SOLUTION PROCEDURE:

15 REMINDER {LECTURE 19%.

—Ea Ty

MAIN FEATURES: e VISITING ORDER. e UNDER/OVER-RELAXATION.

e UPDATIRG OF COEFFICIENTS WHEN MEEDED. o DIFFUSION DF
ERRORS TO BOUNDARIES. o CONTINUATION UNTIL ERRORS ARE
SUFFICIENTLY DIMINISHED, e TIME STEPS TAKEN IN SEQUENCE
IN TRANSIENT PROBLEMS.

ADVANTAGES: e SIMPLICITY OF PROGRAMMING AND OF CONCEPT.

o VISITING ORDER MAY BE VARIED EASILY (E.G. THOSE POINTS
WITH LARGE ERRORS WAY BE DEALT WITH FIRST). e COEFFICIENTS
MAY BE UPDATED IMMEDIATELY.

DISADVANTAGES: « SLOW DIFFUSION OF EHF;LDHS TO BOUNDARIES
ENTAILS LARGE COMPUTER TIMES WHEN POINTS ARE NUMERDUS.




THE LINE-BY-LINE SOLUTION PROCEDURE;
REMIKDER (LECTURE 20).

; HTE 1
23

s
15

j
o MAIN FEATURES: e VISITIKG ORDER FOR LINES, .
o UNDER/OVER-RELAXATION,
o UFDATING OF COEFFICIENTS.
o TIME STEPS TAKEN IN SEQUENCE,
o CONSTANT VALLE OR CONSTANT FLUX TO MODES FLANKING THE
l LIKES,

o ADVANTAGES: o MORE RAPID DIFFUSTON OF ERRORS TD BOUNDARIES,
® HENCE REDUCED COMPUTER TIME, FSPECIALLY FOR MULTI-NODE

GRIDS. e
o DISADVANTAGES: e STILL UNABLE | ——ef~wool
T0 SECURE FAST CONVERGEMCE A | wpper [T lings of |
WHEN LARGE AND SMALL cO- ’ - grid
EFFICIENTS ARE ANKWARDLY i 2 I
LOMBINED £S TH EXAMPLE Spe, | FA Rl S i e |

HTE 1 i
oy PARABOLIC PROBLEMS [
23 15 n
o NATURE: ALL a;'S 7ERD (SAY). N
o OCCURREMCE: STRONG FLOW FROM 'n.f—{lf ---2
LEFT TO RIGHT (WEST TD EAST), ¢
o SUITABLE LINE-BY-LINE SOLUTION 1

PROCEDURE: o TRAVERSES W NORTH-SOUTH LINES ONLY.
® VISITING ORDER "SWEEPS* FROM WEST TO EAST,

o CONSEHUENCES: o THE EXACT SOLUTION IS OBTAINED BY A SINGLE
SWEEP FOR LINEAR PROBLEMS, OR FOR NON-LINEAR ONES IN
WHICH "UPSTREAM" COEFFICIENTS ARE ACCURATE ENOUGH,

o THE LATTER ERROR IN NON-LINEAR PROBLEMS CAN BE REMOVED
BY ITERATION ON THE LINE BEFORE PASSING DOWNSTREAM,




— | NEARLY PARABOLIC PROBLEMS

o NATURE: ALL ag"5,SAY,ARE MUCH SMALLER THAN a,'3,

& (CCURRENCE: AS FOR FARABOLIC PROBLEKS, BUT AT LOWER
REYNOLDS (OR PECLET) NUMBERS.,

o SUITABLE LINE-BY-LINE PROCEDURE:
e AS FOR PARABOLIC, EXCEPT THAT MORE THAN ONE SWEEP WILL

EE NEEDED,

o “LODPING INTEGRATION™ WILL
PROBAELY BE MORE ECONOMICAL| —==
THAN SNEEPS WHICH COVER THE| -—y ——
DOMAIN FROM END TO END.

o CONSEQUENCES: CONVERGENCE MORE RAPID THAN FOR GEMERAL
ELLIPTIC PROBLEM,

WEL | 10

73 15 THE TWO-VARIABLE ALGORITHM, TVA,

.# NATURE: SOLVES xj - fimy 4 * Brs_q * C @ By 4
¥g = &¥j.q * Dy, 4 + o+ dxg SIMULTANEOUSLY .

APPLICABILITY: SOLVES FOR 2
LIMES AT THE SAME TIME. ] '

DETAILS: o REDUCE FIRST TO

FORM: |
X, = ﬂ‘xi*i + O o+ D'y1+1 i
Fg = @'Fyq o+ d “51_41: WHERE A, e, ETC. ARE

DEDUCIBLE FROM &, B, c,,,, » THEN EEILH'E FOR x;.¥; BY

RECURRENCE, STARTING FROM THE LARGE-INDEX END,
ADVANTAGES: o MORE RAPID CONVERGENCE AT COST OF GREATER

STORMGE, o ESPECIALLY LSERUIL FOR NEAR-PARAROLIC PROBLEMS,




HTE 11
. 1 o | THE PARTIAL-ELIMINATION ALGORITHN, PEA.

o MNATURE: IN THE EQUATION FOR
¢ps #y IS REPLACED BY
Fagbay + by , AND 4g

LIKEWISE,

@ APPLICABILITY: USEFUL WHEN
E-w | [NKS ARE STROMG AND
TRAVERSE IS IN w2 DIRECTION.

¢ DETAILS: #p = a'pehy + a'pgég + b7y y 25
A'py = aplll - apgag - eppage]
Rlpg = Apg/ll -agan - g, ] ]

h-P = H't'hr'“'.uw +F:’d"q":'T' -

o ADVANTAGES: FASTER CONVERGENCE,
o EXTESION: THE LATERAL INFLLENCES MY EXTEND TO R A BEYCHD,

|
HTE 1 12
% 5 STRIP-HISE BLOCK RELAXATION

o NATURE: S ARE SOUGHT, DEPENDENT ON (SAY) = ALONE. WHIch |
WILL REDUCE TO ZERO THE TOTAL ERROR OF THE CELLS IN EACH
(SAY) y-DIRECTION STRIP; OBTAINED BY TDMA,

e APPLICABILITY: EXTENSIVE FIXED-FLUX BOUNDARIES LFAVE LITTLE
POSSIBILITY OF ERROR ELIMINATION; BLOCK RELAXATION DOES
AT LEAST COMNECT WITH ALL POINTS ON BOUNDARIES, AMD
THEREFORE TOUCHES THOSE WITH FIXED-VALUE [NFLUENCES,

o ALTERNATION OF DIRECTION:
IT 5 OFTEM DESIRABLE

TO MAKE ADJUSTMENTS FOR | e B o g ! !
x~WISE AND »-WISE STRIPS
IN TURM, |

T e L R R
|




HIE 1 13
| s T BLOCK RELAXATION; DETAILS,

o THE FDE FOR EACH CELL IN A
STRIP IS5 WRITTEN AS:

CFLUX FROM LEFT)=(FLUX TO RIGHT

+(FLUX FROM BELOW)-(FLUX TO TOPF)

+ INTERNAL SOURCE = 0,

o ADDITION FOR WHOLE STRIP LEADS
TO: = ALL FLUXES FROM LEFT
~L ALL FLUXES TO RIGHT
+ FLUX FROM VERY BOTTOM
= FLUX TO VERY TOP
+Z ALL INTERNAL SOURCES

= [,
o [IN-STRIP FLUXES HAVE CANCELLED,

;

i
bdo s 44

A

WEL |

e 15 BLOCK RELAXATION: FURTHER DETALLS.

e EACH NET ALUX ROR A STRIP IS WRITTEN AS Fetad' +ba' s, WHERE

n, b, ¢ EXPRESS EFFECTS OF DIFFUSION AND CONVECTION AS
IN LECTURE 14, AND &',, ', AND &', ARE THE SOUGHT-FOR
INCREMENTS,

@ EACH SOURCE IS WRITTEN AS =, + 4 ¢,
e THE RESULT IS AN EQUATION OF THE FORM:
$'y = A d', + B¢y + ¢ FOR EACH STRIP,

o THE WHOLE SET OF EQUATIONS CAN THEM BE SOLVED BY A TDMA

TRAVERSE NORMAL TO THE STRIP LENGTH; THEN THE ¢'S ARE
ADDED TO THE #,'3,

o NOTE THAT THE »,"S MUST BE CALCULATED ONLY FOR STRIP
BEOUMDARIES, NOT FOR INTERMAL ONES,




HTE
23

1 e

FINAL REMARKS
15 R

IT IS RARELY USEFUL TO USE POINT-BY-POINT PROCEDURES.

o THE LINE-BY-LINE PROCEDURES ARE BETTER; BUT THEY NEED

AUGMENTATION BY THE FOLLOWING FURTHER DEVICES:

¢ BLOCK RELAXATION, ESPECIALLY FOR FIXED-

FLUX BOUNDARIES:;

o TVA, ESPECIALLY FOR STRONGLY-LIMKED
LINES.

o FEA, [N VARIOUS FORMS, M{E&% I;HIH!.FES.. SUCH A5 THAT

o PARABOLIC AND WEAR-PARABOLIC PROBLEMS, WHEN THE SOLUTIONM

ORDER IS APPROPRIATE, PERMIT ESPECIALLY SIMPLE
SOLUTION,




THWO-DIMENSTONAL HYDRODYNAMIC PROBLEMS,

T

WE1 | 1 | LECTURE 24,
1| 24 15
o CONTENTS:

e THE PROBLEM OF COUPLING,
o S1VA, POINT BY POINT,
o SINPLE, LINE BY LINE.
e SPECIAL FEATURES:
e WALL EFFECTS.

e (OBSTACLES.

DISTINCTION,

o DISTRIBUTED RESISTANCES.

NOTE: o COMPRESSIRILITY EFFECTS ARE WOT DISCUSSED,
o STEADY AND UNSTEADY PROBLEMS ARE HANDLED WITHOUT

e

T

HIE 1
24

s

15

THE PROBLEM IN PHYSICAL & MATHEMATICAL TERMS,

EAAMPLES OF PROCESSES TO BE

I PREDICTED: ;
o IMPINGEMENT OF 3—.:/"r' E !
JET ON WALL, TN
o SUDDEN R = sl
ENLARGEMENT, "S-
o PROCESS OF —~
DROPLET BURNING :
o FLOW ARDUND o)
OR BETWEEM
AEROFOTLS,

7

JHF.THEI"NTICHL FEATURES :

o Z {(OR 3) MOMENTUM ERUATIONS
ARE COUPLED VIA CONTINUITY,

o EQUATIONS ARE WECESSARILY
NON-LINEAR; SO ITERATION WILL
BE NEEDED,

o INTERACTIONS EXIST BETWEEN
ENERGY AND CONCENTRATION
EQUATIONS AND THOSE FOR u, +,
v, E.6: YIA u, P,




HTE 1 § 3 | POINT-BY-POINT PROCEDURES;

24 13 GENERAL FEATURES OF SIVA.

® REFERENCES TO EARLIER LECTURES: 19.13, 14.14, Eb
o REMINDER OF MAIN FEATURES OF SIVA FOR 20 FLOW:
e SIVA FOCUSSES ATTENTION ON PRESSURE.
¢ p [5 ADJUSTED, POINT BY POINT, S0 AS TO SATISFY
CONTINUITY FOR THE CELL.
o IN THE MOMENTUM EQUATIONS LSED FOR DEDUCING INFLUEMCE OF
» DN MASS FLOW RATE, ONLY THE VELOCITIES AT THE POINTS

INDICATED ARE REGARDED AS VARIABLES.

o FPROCEDURE OF ADJUSTMENT: e pp IS ADJUSTED;
o THEN w'S AMD 'S FOR NEIGHBOUR POINTS ARE ADJUSTED
T0 CORRESPOND.

=

4
EL 1 2 | DETAILs OF SV FOR 2D FLON.
21y Ih
o ECUATIONS:

Hy = L{uﬂ.ppi,
Lty P\ MOMENTLIM

LV PR, c CORTINOITY
Lev, Ppd, JAHD Téou v v D) = O

o N.B. oy IN LAST EUATION ENTERS VIA o CNLY FOR COMPRESSIBLE FLIW AND

o ALGEBRAIC MANIPULATION LEADS Tro. PRIMARILY THROUGH TRANSIENT
pp = KNOWN FUNCTION; w, = Lépgd; u, = Lépy,  TERMS.
oy L{'F'p'}: W = Lﬂ:‘P‘}.

e VISITING PROCEDURE o UNDER- OR OVER-RELAXATION,
0 ITERATION TO CONVERGENCE BY ERROR-SPREAD TO BOUNDARIES.

—

1
w
]

il




HTE 1 DISCUSSION OF SIVA

k-2
24 15

@ HOW SIVA WORKS: o [F w's AND v's ARE SUCH AS TO BRING TOO
MUCH FLUID INTO THE CONTROL VOLUME (I,E, IF A MASS SINK
WOULD BE NEEDED TO ABSORE IT). »p WILL RISE.

o THE »;, INCREASE WILL INCREASE u, AND v, AMD DECREASE v,
AND w; THESE EFFECTS ARE IN THE RIGHT DIRECTION.

o AT THE END OF AN ADJUSTMENT OF wp, w,, wu,, v, u.,
CONTIRUITY IS SATISFIED FOR CELL Py BUT ERRORS HAVE
BEEN CREATED AT MNEIGHBOUR CELLS.,

o THE PROPERTIES OF SIVA: AS FOR POINT-EY-POINT HEAT-
LOWDUCTION PROCEDURES ; COEFFICIENTS DEPEND OM w'sANDv's,

INTRODUCING MON-LIKEARITY,

HTE 1 b LIKE-BY-LINE SOLUTION PROCEDURES;

20 15 | GENERAL.

e REFERENCES TO EARLIER LECTURES: 20,2 ET 3EQ,

o MAIN DPTIONS:

o LINE-BY-LINE VERSION OF SIVA, INVOLVING USE OF A SPECIAL
H-VARIABLE ALGORITHM (WHICH 15 NOT HARD TO DEVISE),

o “SIFPLE, IN WHICH u's, v's AND »'s ARE SOLVED SEPARATELY,
o [NTERMEDIATE PROCEDURES.

e PURPOSE OF FOLLOWING DISCUSSION: TO [LLUSTRATE IN & 2D
CONTEXT THE DISCUSSION OF LECTURE 20, PANELS

12 T0 15,

i




HIE 1 7 I DETAILED DESCRIFTION OF SIMPLE,

o 15 (SEE PANELS 20.13, 14, 15 FOR EARLIER
i ACCOUNT)

o CALCULATION OF COEFFICIENTS: o A20 STORE 18
PROVIDED FOR EACH OF THE FIVE COEFFICIENTS OF EACH
POINT,

@ ONLY OME VARTABLE IS DEALT WITH AT A TIME: S0 OHLY
ONE SET OF STORES IS, PROVIDED.

o SDURCE TERMS: e TWO MUMBERS ARE STORED FOR EACH POINT.
PERMITTING THE SOURCE TO BE EXPRESSED AS A LINEAR

FINCTION: &8 = a + b &,

o COEFFICIENTS AND SOURCE CONSTANTS ARE HELD FIXED WHILE, FoR |
THE VARIABLE IN QUESTION, ADI SWEEPS ARE USED TD PROVIDE
MORE EXACT VALUES OF THE +'s AT GRID NODES,

WTE1 | & | DESCRIPTION OF SIMPLE, CONTINUED.

2k 15 THE u+, ¥ SEQUENCES,

o THE PRESSURE IS GUESSED: USUALLY THE VALUES ALREADY IN
STORE ARE TAKEN, THIS IS THE », FIELD,

@ THE v, SEBUENCE: o THESE »'s PERMIT CALCULATION OF THE u-

SULRCES,
o THE FDE's FOR u CAN BE SET UF FOR THE WHOLE FIELD,
o THEN ADI SWEEPS (USUALLY A SINGLE PAIR) CAN BE MADE TO
SOLVE THE FDE’s).
¢ THE RESULTS ARE TERMED u.'s.

@ THE v, SEGQUENCE: o THE SAME »'s PERMIT SOURCES OF w-
MOMENTUM TO BE ESTAELISHED,
® SOLUTION OF THE FDE's LEADS TO THE «, FIELD,




15 | CORRECTION OF VELOCITIES.

— T
HTE 1 9 l DESCRIPTION OF SIMPLE, CONTIMUED,
24 15

e THE w, AND v, FIELDS ARE NOT COMPATIBLE WITH CONTINUITY:
THE INCOMPATIBILITY CAN BE EXPRESSED, FOR EACH CELL.
A5 A CONTINUITY ERROR.

o THE "PRESSURE-CORRECTION EQUATION™ IS SET UP. WITH
COEFFTCIENTS FROM THE MOMENTUM ERUATIONS, AND “SOURCES"
FROM THE CONTINUITY ERRORS (SEE 16.8),

o A SOLUTION FOR »' 1S ORTAINED BY ADI OVER THE WHOLE 2D
FIELD, USUALLY BY MULTIPLE ITERATIONS.

o CORRESPONDING VELOCITY ADJUSTMENTS ARE THEN MADE,

o

HTE 1 10 DESCRIPTION OF SIMPLE;
24 15 UNDER-RELAXATION,

o THE FULL »* CORRECTION MAY BE ADDED TO p.; MORE LSUALLY
ONLY A FRACTION < 1 IS ADDED, THMIS IS CALLED UNDER-
RELAXATION OF FRESSURE,

» THE FULL w*, ' CORRECTIONS SHOULD HOWEVER BE ADDED TD w.
AND wv.; OTHERWISE, CONTINUITY WOULD NOT BE
SATISFIED,

o WHEN w, AND} v, ARE OBTAINED FROM ».. OFTEN HEAVY UNDER-
RELAXATION IS EMPLOYED; THIS IS NEEDED FOR
CONVERGENCE.,

o "HEAVY™ MEANS o(OF PANEL 20.5) AS LOW AS 0.1,




i

HIE1 | 11 | DESCRIPTION OF SINPLE;

24 15 | ITERATIONS.

o BETWEEN EACH vy, ve, »', u', ¥', b, CYCLE, SOLUTIONS OF
OTHER ERQUATIONS MAY BE INTERSPERSED. (N.B. THEY SHOULD

BE, IF THERE ARE INTERACTIONS BETWEEN THEM AND THE
HYDRODYNAMICS: OTHERWISE, THESE EQUATIONS SHOULD BE

SOLVED OWLY AFTER SOLUTIONS FOR uw, v, » HAVE BEEM
OBTAINEDY.

o ITERATIONS MAY CEASE WHEN ALL ERRORS IN CONTINUITY,
MOMENTUM, ERERGY, ETC., FOR ALL CELLS IN THE FIELD,
ARE SMALLER THAN PRE-ASSIGMED VALUES.

o CONVERGENCE 15 USUALLY OBTAINABLE FOR LOW UNDER-RELAYATION
FACTORS OF w AND v, E.G. LESS THAN 0.5

|

HTE 1 12 SOME SPECIAL FEATURES:
24 15 TREATMENT OF WALLS.

@ HEAT CONDUCTION (AS EXAMPLE):
o CONDUCTION FROM » TO = CAN
BE HANDLED IN TERMS OF "THEY]
CONDUCTIVITY BETWEEN THE We
NODES.

e FOR THE # ~ w REGION, OFTEN
CONDUCTIVITY VARIES RAPIDLY.

o -.."..'l.i..x_"..'.. ey

*
L

A SPECIALLY-CALCULATED VALUE MAY BE USED, € =txgmsey) sy o).

o ALTERNATIVELY. THE COEFFICIENT e, MAY BE PUT TO ZERD,
AND THE WALL EFFECT CALCULATED VIA SOURCE TERMS,

¢ FOR VELOCITY, AND OTHER VARIABLES, SIMILAR DEVICES ARE
EMPLOYED,

"




HTE
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—
SOME SPECIAL FEATURES;
DISTRIBUTED RESISTAMCES.

PRYSICAL PROCESSES TD BE SIMULATED:

o LINEAR RESISTANCE, FIXED OBSTACLE:

By = Fon, .= R,

o LINEAR RESISTAMCE, MOVING OBSTACLE:

B =R e Yy B momF oy~ e

o GENERAL LINEARISED RESISTANCE:

B = 1
‘-.‘uu By h-u_”.r 31.- = &y + b,

INCORPORATION IN FDE'S,
THROUGH = AND » OF PANEL 14,13,

APPLICATION: THIS DEVICE PERMITS SINPLE TO BE USED FOR
POROUS MEDIA, HEAT EXCHANGERS, ETC.

:II

1 L SOME SPECIAL FEATURES;

HTE
24 | 15 | OBSTACLES AND SLOPING WALLS.
¢ GENERAL IDEA: o /
AN OBSTACLE 1S A < .
RESISTANCE, REDUCING /A [/
THE NORMAL VELOCITY §% v
T0 ZERQ. —to
7 7
o HON TO REDUCE w TO0 ; /
ZERD: PITTTITTTTTTT

PUT a, = 0., b, = —1-:1-*3“';: _éé.é,é_li.f
el

REPRESENTATION OF SLOPING
WALLS: PUT u AND v« TD
ZERD ALONG “STAIRCASE",




----- FINAL REMARKS

HTE 1 15
2y 13

e [HE COUPLING DF THE EQUATIONS IS BEST HAWDLED BY STVA,

e HOWEVER, THIS IS EASY OHLY IN POINT-BY-POINT FORM;
THE LINE-BY-LINE VERSION HAS NOT YET BEEN DEVELOPED,

¢ SIMPLE HANDLES THE COUPLING PROBLEM BY A GUESS-AND-
CORRECT PROCEDURE; PROVIDED w AND v ARE UMDER-
RELAXED, SO THAT INCORRECT PRESSURES DO WOT LEAD
TO LARGE CONTINUITY ERRORS (AND 50 STILL LARGER
PRESSURE ERRORS) COMVERGENCE [S ATTAINED.

@ THE LIKEARISED-SOURCE FACILITY PROVIDES AN EASY MEANS FOR
SIMULATING RESISTANCES, OBSTACLES AND BOURDARIES,




HIE 1 1 LECTURE 25, IMPROVED PROCEDURES FOR

25

15 HYDRODYHARIC PROBLEMS.

COWNTENTS:

e [EFECTS OF SIMPLE,
SHIP.

SIMPLER,

SIMPLEST,

OTHER TMPROVEMENTS.

o NOTE: THE FROWTIER OF THE SUBJECT HAS NOW BEEW REACHED,

HTEL]| 2
23 15 | USE OF STORAGE.

DEFECTS OF SIMPLE;

COEFFICIENTS:

A 20 ARRAY 1S USED FOR EACH OF FOUR COEFFICIENTS, FOR
THE WHOLE FIELD; YET DMLY THOSE APPROPRIATE TO A
SINGLE LINE ARE DSED AT ANY ONE TIME I8 THE ADI.

AUXTLTIARY PROPERTIES:

2D ARRAYS ARE ALSO USED FOR e,uw, ETC., SO AS TO MAKE
[T EASY TO CALCULATE THESE COEFFICIENTS,

CRITICISM: THE “"WHROLE-FIELD™ APPROMCH 1S VERY
EXPENSIVE.




-

| WE 1 3

43

15

DEFECTS OF SIMPLE;
WASTED COMPUTATLONS.,

b

“ad

o MANY PRACTICAL FLOMS HAVE A GEMERAL UPSTREAM-DOMNSTREAM
CHARACTER, E.G. COMBUSTION CHAMBERS, TURBINES, e

AIRCRAFT, ETC.

INFLUENCES THEREFORE PASS
MAINLY DONNSTREAM,

COMPUTATIONS MADE IN THE
DOWNSTREAM REGION (D) BEFORE
THOSE OF THE UPSTREAM REGION

Pl A B

ﬂ"l-
. ¥,
— =
—
fffffffff;"

(I} HAVE SETTLED DOWM, ARE LARGELY WASTED,

NASTEFUL IF STARTED BEFORE THE COMPLETE FLOW FIELD

HAS BEEN COMPUTED.

o SOLUTIONS FOR T IN A UNIFORM-PROPERTY SITUATION ARE J

_—

HTE
| 25

-

1 B

15

| DEFECTS OF SIMPLE;
IMPROPER PRESSURE FIELDS,

CONSIDER 1D STEADY-FLON PHﬂdLEr4+t.i_ - b

INDICATED: =

THE »* EQUATION GIVES
A SLOPING p' © = VARIATION

CORRESPONDING TD MASS u

SOURCE AT RH END,

IF NOT RELAXED, THIS LEADS
10 VERY LARGE OPPOSITELY-
DIRECTED VELOCITIES.

UNDER-RELAXATION, AND
MANY ITERATIONS, ARE
NEEDED.

e o £ i

W

B4
.i'_.-'_,.-"l.-i.__.r".-"..-".-"'_..-"' &

1st ’guess and 1st. solubian,

solution
- after 1st ::.rrre:hc-@ ?

Y —
unreloxed 2nd.
distribution.
1s¢t

correction.
solukion,

-

% 15k guess,




HTE 1 2
25 15

ALTERNATIVE SOURCES OF p.: SNIP START WITH
NEW INTEGRATION FOR PRESSURE),

SPALDING, 1975,

SIMPLE EMPLOYS FOR THE MEXT STEP THE PRESSURE FIELD
Py + op’, WHERE = [5 A RELAXATION FACTOR AND »'1S THE
RESULT OF SOLVING THE POTSSON VELOCITY-CORRECTION EQUATION,

WHAT IS THE BEST ESTIMATE WHICH CAN BE

THE GUESTION:
MADE OF THE PRESSURE FIELD?

SNIP ANSWERS:

EQUATION CHOSEN (sEE migHT =),
EITHER, OR THE MEAN, MAY BE
CHOSEN AS ».,

o THAT WHICH MOST MEARLY SATISFIES THE THWO

MOMENTUM EQUATIONS. DEDUCIBLE BY STEP-BY-STEP INTEGRATION.
a TW) DIFFERENT P FIELDS CAN BE DEDUCED AEEUEDIWE 10 THE

=S

HTE 1 b
25

15 OF PANEL 4,

SNIP APPLIED TO THE 1D PROBLEM |

LET w,, CONTINUITY ERRORS,
POISSON EQUATION, w', w
CALCULATIONS BE AS IN
SIMPLE,

SNIP THEN DISREGARDS THE
FESULTING p*, AND THE
EARLIER p,, FIELDS,

SNIP DEDUCES p FROM THE

ADJUSTED w FIELD (WHICH
SATISFIES CONTINUITY).

THIS IS THE SOLUTION FOR 1D.
0 FURTHER ADJUSTIENT 1S MNEETET),

Pt S 2 0 S P Lo AR it SR

rfebetipets §

\

p' af 1st.
odjus tment.

solution and field
ff'phmduted by SNIP.

F,Ist guess,

solution after
~ one odjustmen

» ——

Wo——

% 1st. guess.




HTE 1 7 SHIP APPLIED TO 2D PROBLEMS;
25 15 DETAILS,

e LINES ALONG WHICH SMIP IS TO BE APPLIED
MUST BE CHOSEN ARBITRARILY, e.c. AS IN |+ rJ [ﬂ J f [ [ f]
SKETCH. - - j

@ p-py ALONG AR 1S OBTAINED FROM THE FDE's| +<xu

FOR u, WRITTEN AS: e =p, + Ldu .uy.ug, we w ¥,

o P - py FOR ALL OTHER POINTS IN THE FIELD ARE THEM OETAINED
FROM THE FDE's FOR v, NRITTEN AS: B,=D + ¥ .04, Ve, ¥p. vy,

e THE RESULTING » FIELD IS INSERTED [N THE REMATHING
(1.e. NON-AR) FDE‘s FOR u, WHICH ARE THEM SOLVED BY ADI,

¢ THE RESULTING u's, TOGETHER WITH THE UMCHANGED u,.'s  AND
THE UNCHANGED v'= COMSTITUTE THE MEW w,.v, FIELDS,

 THESE IMPLY CONTINUITY ERRORS., WHICH WILL BE ELIMINATED BY
THE NEXT »' SOLUTION,

HTE 1 8 SHIP APPLIED TO 2D PROBLEMS;
45 15 DISCHSS 0N

o MUCH COMPUTATION CADI OF )} HAS BEEM SAVED,

e NO PAST {ERROMWEQUS) PRESSURE FIELDS PLAY ANY PART,

o JUDICEIOUS CHOICE OF RIB AND SPINE LOCATION MAY ACCELERATE
CONVERGENCE .

o THE METHOD MAY BE APPLIED 7O 3D FLOWS ALSO.

HOWEVER: e THE ARBITRARY RIB-SPINE CHOICE IS UNAESTHETIC.

o [F OBSTACLES INTERSECT AN INTEGRATLION PATH, THE METHOD FAILS,

o VERY LARGE RIB-TO-RIE PRESSURE DIFFERERMCES MAY BUILD UP
WHEN THE INITIAL w,v FIELDS ARE ERROWEOUS,

o IN COMPRESSIBLE FLOWS. IT IS NOT CLEAR AT WHAT POINT
DENSITIES SHOULD BE UPDATED,




HTE 1 9 ALTERNATIVE SOURCES OF

—

25 15 m,+ SIMPLER (= SIMPLE REVISED),
PATANKAR (1979)

SIMPLER, LIKE SNIP, GETS THE e FIELD FROM THE CONTINUITY-
SATISFYING u,v FIFLDS.

SIMPLER OBTAINS ». BY SOLVING AN ADDITIONAL POISSON
FAUATION BY ADI,

THE 2D EQUATION RESULTS FROM INSERTIRG *PSEUDO-VELOCITIES®
u, v [N THE CORTINUITY EQUATION AND HENCE GENERATING
CORRESPONDING *PSEUDD-ERRORS™ IN CONTINUITY: OTHERWISE THE
P« EGUATION IS IDENTICAL WITH THE »* EQUATION.

SIMPLER THUS DOES MORE COMPUTATIOMAL WORK THAM SIMPLE, WHERE-
AS SMIP DDES LESS: BUT IT IS FREE FROM ARBITRARINESS OF
APPLICATION PATTERN; AND IT CAN HANDLE THE PRESENCE OF
OBSTACLES,

>IRPLER AND SHIP PRODUCE THE SAME RESULTS FOR 1D INCOMPRESS-
[BLE FLOWS.

= -

HTE 1 10 | FURTHER IMPROVEMENTS TO SIMPLE: SIMPLEST
- = | (SIMPLE-SHORTENED),
2 15 g SPALDING, 1979

o MAIN FEATURES: (1)-=CEASE TO USE ADI FOR u,, v,
COMPUTATIONS: REPLACE BY JACOBL, POINT-BY-POINT, (2) USE
POISSON EQUATION FORe'TO GET u'AND v, TO BE ADDED TQ w,
AND wve , AND GET e FROM {ey*e'). (3) USE SMIP WITH
JUDICTOUS CHOICE OF RIB-SPINE LOCATION TO PROCURE PRESSURE
DIFFERENCES FDR MOMEMTUM SOURCES,

8 PRESENT STATUS:
1) JACOBI PBEP PROVIDES FASTER CONVERGENCE WITH LITTLE NEED
FOR URDER-RELAXAT 10N,
2) THIS FEATURE IS CONVENTIONAL. _
3) PRELIMINARY RESULTS ARE SATISFACTORY.




HIE
25

11 n DISCUSSION OF SIMPLEST;
15 | FEATURE (D).

THE COMVECTION TERMS [N THEw, AND v, EQUATIONS ACT AS
ERROR-AUGMENTORS, WHEN SIMULTANEOUS SOLUTION IS USED,

THE »*-COEFFICIENTS HAVE BEEN  .FORMED BY WEGLECTING

MOST OR ALL CORVECTIVE INTERACTIONS: SO THE »* FIELDS OVER-
LORRECT THE MOMENTUM IMBALAMCES. HENCE THE NEED FOR
UNDER-RELAXATION,

THE u,% +pa  STAGE OF SIMPLER CAN BE VIFWED AS EQUIVALENT
T0 A JACOBI PEP u,, v, +p' STAGE,

PROBABLY IT WILL BE USEFUL, IM FUTURE, TO DEAL WITH
DIFFUSIVE TRANSPORT SIMULTANEOUSLY AND CONVECTIVE
TRANSPORT POINT-BY-POINT.

HIE 1 12 DISCUSSION OF SIMPLEST:

25

15 | FEATURES (2) D (3),

(£)

(3}

¢ THE pSOLUTION STAGE IS THE MAIN MEAHS OF ACCOUNTING
FOR ELLIPTIC EFFECTS; IT IS WORTH TAKING ESPECTAL
CARE OVER ITS EFFICIENCY.

o » [5 THE DENSITY WHICH IS USED FOR ALL CONVECTION-TERM
AND CONTINUITY-ERROR COMPUTATIONS:; IT IS RESPONSIVE
T0 THE ABSOLUTE VALUE OF p, NOT JUST TO »-DIFFERENCES
{LIKE u AND v ),

o SINCE IT TAKES WD MORE TIFME TO SOLVE PEP FOR up
THAN TO GET pg-p, FROM THE SAME EQUATION, THE EXTENT
T0 WHICH SKIP 1S USED, AND THE NUMBER OF PBP u AND v
ADJUSTMENTS 1S CONSEQUENTLY DIMINISHED, CAM BE
SETTLED BY COMPUTER-CODING CONSIDERATIONS,




HTE 1 15 OTHER [MPROVERENTS:

15 15 USE OF STORAGE

e [HE WEED: REALISM REGUIRES FINE GRIDS; COMPUTER CORES
ARE TOO SMALL, ESPECIALLY FOR 30 PROBLERS,

@ A SOLUTION: USE SECOMDARY STORAGE (DISC, TAPE) AMD RETURM
IM CORE ONMLY WHAT IS NEEDED DURING THE CURRENT COMPUTATION

SERLUENCE.
o PARTICULAR EXAMPLE:

o ALLOW IN-CORE STORAGE FOR QALY THREE | oot~
STRIPS (DR SLARS) OF INTEGRATION e
DOMATH, e e e

o MOVE EQUATION-SOLVER REPEATEDLY SEsmEs 2ES
THROUGH THTEGRATION DOMALA. § -

o IF POSSIBLE, RETAIN v SOLVER It CORE.

HTE 1 14 OTHER TMPROVEMENTS:

25 15 | CIRCULATION ADJUSTMENTS.

o NATURE: o PERIODICALLY INTEGRATE FOR |
PRESSURE AROUND SOME (ARBITRARY, BUT | FREEESE --—l—r: |
SIGNIFICANT) CIRCUIT IN THE FIELD, = EECmEmm )

o THEN MAKE A CONTINUITY-SATISFYING e
ADJUSTMENT OF THE WHOLE FLOW FIELD '

(e.c, BY ADDIWG A STREAM-FURCTION IWCREMENT). WHICH WILL
TEND TO REDUCE THE DISCREPANCY. .

o EFFECTIVENESS: LARGE IMPROVEMENTS IN COMPUTATION SPEED
Ct.e, REDUCTION IN ERROR FOR GIVER NUMBER OF ITERATIONS)
CAN BE EFFECTED BY JUDICIOUS USE OF THIS DEVICE,




HTIE L f 15 | Frwal remanks
25 15

o SIMPLE WAS SERVED WELL; BUT IT IS DEFECTIVE IN VARIOUS
RESPECTS, AND IS NOW BECOMING OBSOLETE.

o SHIP, SIMPLER, SIMPLEST ANHD NEAT ALL REPRESENT ATTEMPTS
T0 OVERCOME THE DEFICIENCIES OF SIMPLE, AND TO ARRIVE AT
Al OPTIMAL METHOD,

o THE SEARCH IS5 FAR FROM EMDED; THERE IS MUCH SCOPE FOR
FURTHER IHNOVATION AND EXPLORATION,

e OFTEN THE “NEW IDEA" PROVES TO BE A REVERSION TO AN OLD
OME; THUS, CIRCULATION ADJUSTMENT WAS WHAT WAS DONE IM
OLD STREAM-FUNCT ION~VORTICY PROCEDURES,




HTE 1 1 LECTURE 26.

26 15 | 30 PARABOLIC & PARTIALLY-PARABOLIC PROBLEMS

| & COMNTENTS:

FLOW PROCESSES IN GQUESTION,

GENERAL FEATURES.,

SOLUTION VIA SIVA,

SOLUTION VIA SIMPLE,

SPECIAL FEATURES OF PARTIALLY-PARABOLIC PROCESSES.
RECENT IMPROVEMENTS,

o NOTE: MUCH OF THE CONCEPTUAL AND DEVELOPMENT WORK ON

THIS TOPIC HAS BEEN DONE IN THE HEAT TRAMSFER
SECTION,

| HTE 1 2 I EXAMPLES OF RELEVANT FLOW PROCESSES;

28 15 i PARABOLIC (REMINDER).

—

o ANY TIME-DEPENDENT PROCESS
IN THO SPACE DIMENSIONS,

o STEADY FLOW IN A MILDLY-

CURVED DIFFUSER. l
o FLOW NEAR THE JOIN OF i
WING AND FUSELAGE. .

e FILM COOLIKG OF A TURBIRE corner flow
BLADE BY ROW OF

INDIVIDUAL COOLANT HOLES. /?4 Foe /
Lo
s y

Blight ipolinmtion

—— = E—— o ———




HTE 1 3 1

: G
EXAMPLES OF RELEVANT FLOW PROCESSES;

PARTIALLY-PARABOLIC (REMINDER),

26 15

i

o FLOW IN VICINITY OF SHIP'S ﬁ
INJECTION AMGLE IS LARGE, |

o FLOW IN STRONGLY-CURVED
STERN.
@ FLOW OVER AIRCRAFT FUSELAGE IN SUBSONIC FLIGHT,

DIFFUSER, OR COMPRESSOR
PASSAGE. !
o 3D FILM CODLING WHEN THE
o MNOVEMENT OF STRATIFIED ATMOSPHERE OVER UNEVEN TERRAIN,

| HTE 1 4 | GENERAL FEATURES OF SOLUTION PROCEDURES;

26 15 GRIDN AMD STORAGE.,

o ATTENTION IS CONCENTRATED
ON A 2D ARRAY OF CELLS.

e THESE ARE MOVED DOWNSTREAM
THROUGH THE FLOW IN
"MARCHING-INTEGRATION"
SWEEPS.

L
[ F {4 JL.

o AT ANY STAGE, SOLUTION TASK IS SIMILAR TO THAT OF LECTURE Zu

e INFLUENCES ARE ALL DOWNSTREAM EXCEPT FOR THAT OF PRESSURE
(LECTURE 173,

e STORAGE IS5 20 FOR ALL VARIABLES IN PARABOLIC FLOW, AMD FOR
ALL BUT PRESSURE, WHICH IS:3D, FOR PARTIALLY PARABOLIC,
o LATTER REQUIRES REPEATED SWEEPS; FORMER DMLY ONE.




; . o
GENERAL FEATURES OF SOLUTION PROCEDURES:

96 15 | UNCOUPLING OF PRESSURE FOR PARABOLIC FLOWS, |

HTE 1 5
13

o THE PROBLEM: e IF PRESSURES ARE UMIFORM (DR OTHERWISE
PRESCRIBED) OVER CROSS-SECTION, DISTRIBUTION OF FLOW
BETWEEN CROSS-SECTION DIRECTIONS CANMOT BE SETTLED,

o IF NON-UNIFORMITIES OF PRESSURE ARE ALLOWED TO INFLUENCE

THE LONGITUDINAL MOMENTUM EQUATION, THE FLOW 1S
ELLIFTIC, AND MULTIPLE MARCHES ARE MEEDED.

@ THE SOLUTION: o USE UNIFORM PRESSURE (OR PRESCRIBED MON-
UNIFORMITY) IN LONGITUDINAL MOMENTUM EQUATIONS.
o ALLOW NOW-UNIFORMITIES ONLY IN CROSS-STREAM MOMENTUM
EGLIATIONS,
¢ THIS PRACTICE "UNCOUPLES™ LONGITUDINAL FROM CROSS-
STREAM MOMENTUM EQUATIONS,

s —

HTE 1 b 31 PARABOLIC PROBLEMS:

26 15 HATURE OF SIVA PROCEDURE,

——

| o ORIGIN: D B SPALDING, 1970; TESTED BY CARETTO, TATCHELL,

e PRECURSOR: VELOCITY « VORTICITY METHOD {CURR ET AL, 1963,
IN WHICH PRESSURE UNCOUPLING WAS TMPLICIT AND S0 NOT

RECOGHISED,
@ MNATURE: o UNIFORM PRESSURE PRESUMED OVER CROSS-SECTION,

CALCULATED S0 AS TO ENSURE OVERALL CONTINUITY (DMLY
FIXED-MASS-FLOW PROBLEMS WERE CONSIDERED)

@ THE 2D SIVA EQUATIONS ARE
USED TO GIVE + AND w; THE W,
u VELOCITIES ARE TAKEN AS e i 1 {—-h-

FIXED. r!
H




HTE 1 ! 3D PARABOLIC PROBLEMS, SOLVED BY SIVA;

26 15 DESCUSSTON.

o THE METHOD WORKED SATISFACTORILY,

o THE POINT-BY-POINT NATURE OF THE PROCEDURE RENDERED IT
TIME-CONSUMIKG FOR FINE GRIDS.

o FOR SUPERSONIC VELOCITIES IN THE LOMNGITUDINAL Cx)

DIRECTION, PRESSURE UNMCOUPLING WAS WOT NEEDED, BECAUSE
PRESSURE CHANGES TRANSMIT NO MASS-FLOW EFFECTS UPSTREAM
IN ANY CASE,

o THE KETHOD WAS NOT TRIED EXTENSIVELY, BEING ABANDONED

(NISELY?) IN FAVOUR OF SIMPLE,

HTE 1 R 3D PARABOLIC PROBLEMS, SOLVED BY SIMPLE;
26 L5 NATURE.,

¢ ORIGIN: 5 V PATANKAR, D B SPALDING, 1971: TESTED BY CARETTQ,
TATCHELL, SHARMA AND OTHERS.
o PRECURSOR: SIVA; THE LIME-BY-LIKE PROCEDURE FOR 2D BOUNDARY

LAYERS (5 V PATAMKAR, D B SPALDING).
o NATURE: o PRESSURE UNCOUPLING AS FOR SIVA AND (IMPLICITLYD)

VELOCITY ~ VORTICITY PROCEDMRE.
o SOLUTION OF = ERUATION USING

UNIFORM PRESSURE ACROSS FLOW
{DETERMINED FROM CONTINUITY
IF FLOW CONFINED),

o 20 STORAGE FOR COEFFICIENTS,

s v,, v, FIELDS FROM GUESSED
P i G i e TR e erep—"m

o ATLNETMENT OF v, w TO SATISFY CONTINUITY (POISSON EQUATION FOR '),




HTE 1

50 PARABOLIC PROBLEMS SOLVED BY SIMPLE,

9
5 | DISCUssioN.

PUBLICATION: S V PATAHRAR, D B SPALDING (1572).

PROBLEMS SOLVED: e DUCT FLOWS, INCLUDING EFFECTS OF LATERAL
BUOYANCY, CHEMICAL REACTION, MOVING WALL. e 30 FILM COOLING
o EXTERNAL BOUNDARY LAYERS, e.s. CORNER-FLOW PRDBLEM,
s 30 JETS. _
ADVANTAGES AS COMPARED WITH POINT-BY-POINT SIVA:
e SHORTER COMPUTATION TIMES, ESPECIALLY FOR FINE GRIDS,
o SIMPLER BLGEBRA. e SEPARATE TREATMENT OF u.. ver weo B

p' PROMOTES CONCEPTUAL CLARITY,
CORPUTER PROGRAM: STABLER (=5TEADY THREE-DIMEMSIONAL
ARALYSIS OF BOUNDARY-LAYER ERUATICHS, REVISEDD,

HTE 1 10 30 PARAROLIC PROBLEMS;
26 15 FURTHER REMARKS.

IMPORTANCE OF ITERATION AT A FORMARD STEPs; EARLY
PROCEDURES TOOK SMALL-FORMARD STEPS, AND PERFORMED ORLY
ONE uer v + p' CYCLE PER STEP. THE RESULTS WERE SOMETIMES
INARCCURATE; AND COMPUTER TIMES MERE LONG.

UTILITY OF JACOBI POINT-EY-POINT SOLUTION FOR wuy AND vs @
THIS HAS PROVED VERY ADVANTAGEOUS.

PEP FOR w,7: THIS HAS PROVED LESS ADVANTAGEOUS, PROBABLY
BECAUSE VISCOUS (1.e. MOMENTUM-DIFFUSION) TERMS ARE MORE
IMPORTANT THAN LATERAL € =- AND »-DIRECTION) TERMS.
THREE-DIMEMSIONAL BOUNDARY LAYERS OW AIRCRAFT, ETC: WHEN THE
VISCOUS EFFECTS ARE CONFINED TO A VERY THIN LAYER, SOME
STRESSES AMD MOMENTUM TERMS BECOME UNIMPORTANT; ND POISSON
EGUATION NEEDS TO BE SOLVED.




HTE 1 11 30 PARTIALLY-PARABOLIC PROBLEMS;
26 15 PRACTICAL DCCURREMCE

(o INTERMAL FLOWS:

o CENTRIFUGAL PUMP AND COMPRESSOR ROTORS,

o MIXING OF EXHAUST AND BY-PASS AIR IN JET EWGINES.
o FLON [N CURVED DUCTS AND DIFFUSERS,

e FILA COOLING BY ARRAYS OF COOLANT HOLES.

e EXTERNAL FLOWS:
o FLOWS ARDUND SHIPS' HULLS:
o FLOWS AROUMD ATRCRAFT AND MISSILE FUSELAGES,
e FOVEMENT OF ATROSPHERE OVER UNDULATING TERRAIN,

s NOTE:
OMLY STEADY FLOWS ARE IN QUESTION,

HTE 1 12 30 PARTIALLY PARABOLIC PROBLEMS: .
26 15 MALN FEATURES OF PREDICTION PROCEDURE

o ORIGINS: SPALDING (1971):; PRATAP (1975); FPRATAP AND
SPALDING (1975, 1976},
o STORAGE: AS FOR 3D PARABOLIC, EXCEPT THAT:-
o PRESSURE UNCOUPLING 15 HOT EMPLOYED.
o CHAMGES TD w, v AND w ARE ALLOWED FOR IN PRESSURE-
CORRECTION SEGUENCE,
o [HE « ADJUSTMENT CAUSES UPSTREAM CONTIWUITY IMBALAMWCES:
50 REPEATED MARCHING INTEGRATION IS NEEDED.
e COMPUTER TIME: » GREATER THAN FOR CORRESPOMDING PARABOLIC
PROBLEM, BECAUSE MARCHING INTEGRATION MUST BE REPEATED;
o CAN BE REDUCED BY STORAGE OF SELECTED ADDITIOMAL 3D
VARIABLES, .6, PRESSURE- CORRECTION COEFFICIENTS.,




HIE 1 | 13 | 3D PARTIALLY-PARABOLIC PROBLEMS:
2b 15 STMPLE FHDEEDUHF

o TUHE FEEH INTEGRAT 1OM SHEEF 15 EXACTLY AS FOR 3D
PARABOLIC, EXCEPT FOR COUPLING 0OF PRESSURES,

o FRESULT: CONVERGENCE 1S OBTAINED; BUT IT MAY BE SLOMW
EECAUSE OF THE FACT THAT ERRORS AND ADJUSTMENTS CAN MOVE

OMLY ONE PLAME UPSTREAM AT A TIME.

@ [MPROVEMENTS:

e USE LARGE =-STEPS AT FIRST. SMALL LATER.

e ADJUST FARTHER UPSTREAM PRESSURES BY “ANTICIPATION
FORMULAE"™ (APPRORIMATELY).

o USE COARSER GRID FOR PRESSURE THAN FOR OTHER
VARIABLES.,

HIEL | 14 30 PARTIALLY-PARABOLIC PROBLEMS;
26 | 15 RECENT DEVELDPHENTS,

e MAJOR USE HAS BEEN CONMECTED WITH FLOW AROUND SHIPS, WHERE
DISTORTED-GRID FEATURES ARE MEEDED, (sEe skeTcH).

o [MPROVED CONVERGENCE CAM BE ACHIEVED BY USING A& 3D
(1.. WHOLE-FIELD) SIMULTANEOUS-SOLUTION PROCEDURE FOR
THE PRESSURE-CORRECTION EQUATION,

o OTHER USES ARISE IN TURBO-MACHINERY DESIGH,

o [NCREASING USE OF SECONDARY
STORAGE TN WEAT ARRANGEMENT (PANEL 25.13)

ALLOWS u, v, w, &, « YALUES TO BE

STORED 3D, 50 AS TO SAVE
COMPUTATION.




HTE 1 15
| ey FINAL
9 T REMARKS

¢ THE 3D PARABOLIC AMD PARTIALLY-PARABOLIC FLOWS ARE AN
IMPORTANT SUB-CLASS FOR EMGINEERING AMD THE
EMVI RONMENT,

¢ THE SIMPLE METHOD HAS OPENED THEM TO NUMERICAL ANALYSIS
WITH GREAT SUCCESS; HOWEVER, IT IS LIKELY TO BE
SUPERSEDED BY SIMPLER, SIMPLEST, ETC.

o FOR SUPERSONIC FLOWS, ITERATIVE INTEGRATION CAN BE
DISPENSED WITH; FOR PRESSURE EFFECTS CANNOT
PENETRATE UPSTREAM.




HTE 1 1 LECTURE 27,
97 15 30 ELLIPTIC AND 4D PARABOLIC PROBLEMS,

o CONTENTS:
o 30 ELLIPTIC

o THE GLASS TANK
o THE ALUMINUM SMELTER
o 4D PARABOLIC
o THE SPARK-IGNITION ENGINE
e THE DIESEL ENGINE

@ NOTES:; e THE MAJORITY OF PRACTICAL PROBLEMS FALL IN

THIS CLASS
e ATTEMPTS TO EMPLDY 20 REPRESENTATIONS

RAISE MORE QUEST1ONS THAM THEY ANSHER.

HIEL | 2 30 ELLIPTIC PROBLENS;
28 15 | THE GLASS TANK, 1, THE PROBLEN,

o PURPDSE: TO MELT THE “BATCH" TITTTT
(SAND, SODA, ETC.): TO PRODUCE 63%535,_;3?
UNIFORMITY; TO REMOVE BUBBLES.

o DESIGN VARIATIONS: "ﬁx B .
o HEAT-INFLOW DISTRIBUTION; k; - E7p

o TANK SHAPE; | I#Hff;uﬂ;{;g{gf@
o TANK INSULATION, VERT ICAL SECTION

o STIRRING BY BUBELE INJECTION; o

o BATCH INGREDIENTS. HHIIFFW,E 5

/ D -

F7 7 77T 777 f.{m
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HIE 1 3 THE GLASS TANK, 2.
27 15 APPRECIATION OF THE MATHEMATICAL PROBLEM OF
PREDICTION,

o DIMENSTIONALITY: PROCESS 1S 3D, BECAUSE OF:
o CONTRACTION AT TANK OUTLET:
o RON-UNIFORMITIES OF HEAT INPUT
o HEAT LOSS AND FRICTION AT WALLS,
¢ TRANSIENCE: PROCESS CAN CJUST) BE TREATED AS STEADY: BUT
CYCLIC HEATING MAY SOMETIMES IMDUCE SPECIAL EFFECTS.
o HYDRODYNAMIC PROCESSES: o FLOW.IS LAMINAR;
o VISCOSITY IS NON-UMIFORM (TEMPERATURE-DEPENDENT);
o BUOYANCY 15 ANCTHER THERMO-HYDRODYHAMIC LINK.
o HEAT TRAMSFER: e BY RADIATION FROM FLAME;
o EY CONDUCTION, RADIATION, COWVECTION IN GLASS;
¢ BY COMDUCTION THROUGH WALLS.
o CHEMICAL REACTION: BATCH » GLASS,

HTE 1 0 THE GLASS TANK, 3;
27 15 A MATHEMATICAL MODEL,

GRID: o CARTESIAN, WITH EXTENSION INTO BRICK:
o INTERNAL PROTRUSIONG RANDLED AS BLOCKAGES.
@ FIRITE-DIFFERENCE FORMULATION:
e FULLY IMPLICIT
o RADIATION HANDLED BY EITHER B-FLUX MODEL (VARIOUS
WAVE BANDS) OR CONDUCTION APPROXIMATION.
e SOLUTION PROCEDURE: e SIMPLE, SIMPLER OR SIMPLEST.
o HIGHLY ELLIFTIC CHARACTER PRECLUDES PARTIALLY-
PARABDLIC SIMPLIFICATION, J
o POTENTIAL DIFFICULTIES: e BUDYANCY LINKAGE BETWEEN
EQUATIONS MAY LEAD TO RUMERICAL INSTABILITY., e RADIATIOW-
EHTHALPY LINK MAY SLOW CONVERGEMCE (USE PEA). e 3D CHARACTER
RERUIRES GRAPHICAL-OUTPUT ATTACHMERTS.




HTE 1 - 3D ELLIPTIC PROBLEMS,
27 15 THE ALUMINIUM SMELTER, 1, THE PROBLEM,

vertical section

s PURPOSE:
o T0 ELECTROLYSE THE OXIDE, AND
S0 TO FORM a1 AND o, OR coyy
o T0 MAXIMISE DUTPUT,

o DESIGN VARTABLES:
o SMELTER DIMENSTORS:

@ METAL DEPTH:

a CURRENT;

o CONDUCTOR CONFIGURATION,
o CRITERIA:

o AVDID SHORT-CIRCUITING,

@ AVOID ELECTRODE EROSION,

777 I 77 PPT s
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HTE 1 b THE ALUMINIUM SMELTER., 2;  APPRECIATION
27 15 OF THE MATHEMATICAL PROBLEM OF PREDICTION,

o DIMENSTONALITY: PROCESS IS 3D; BUT SHALLOWNESS RENDERS
S(ME TERMS UAIMPORTANT, £.s. HORIZONTAL DIFFUSION,
6 TRANSIENCE: PROCESS IS NOMINALLY STEADY; BUT WAVE
IRSTABILITIES MAY DEVELOP,
e HYDRODYNAMIC PROCESSES: o FLOW IS TURBULENT; e IT 18
DRIVEN BY ELECTROMAGRETIC FORCES: e GRAVITY OPERATES
OW THE TWO FLUIDS DIFFERENTLY.
o ELECTROMAGNETIC: CURRENT AND VOLTAGE FIELDS REQUIRE
STMULTAHEOUS SOLUTION.
o GEOMETRY: o ANDDE AND FLUID SURFACES ARE NOT PLANE;
o “FREEZE" FORMS.
o GAS IS FORMED AT THE ANODE AND MUST FLOW

ANAY,




HIE 1 / THE ALUMINIUM SMELTER, 3;

27 15 A MATHEMATICAL MODEL.

o GRID: o CARTESIAN, BUT STRETCHING IN VERTICAL DIRECTION
T0 ACCOMMODATE INTERFACE (w.s. GEOMETRIC CHANGES NOW
FEATURE IN ITERATION LOOP}., e FREEZE HANDLED BY

BLOCKAGES.,
@ FINKITE-DIFFERENCE FORMULATION: e FULLY IMPLICIT, USED

ALS0 FOR CHARGE CONSERVATION.

e SOLUTION PROCEDURE: e AS FOR GLASS TANK, WITH INTERFACE-
POVEMENT ADDITION,

o POTENTIAL DIFFICULTIES: o INTERFACE ADJUSTHENT COULD
PRODUCE NUMERICAL INWSTABILITY,
e ELECTRO-MAGRETIC-HYDRODYNAMIC LINK COULD DD LIKEWISE
(ALSD PHYSICAL INSTABILITIES MAY ARISE),
o GAS EVOLUTION MAY REBUIRE ATTENTION,

HTE 1 3 40 PARABOLIC PROBLEMS; |
27 | 35 | THE SPARK-IGNITION EWGINE, 1; THE PROBLENM.

| o PURPOSE: e TO EFFECT COMPLETE
COMBUSTION OF FUEL AND AIR
HEAR "TOP-DEAD-CENTRE",

e DESIGN VARIABLES:
o COMBUSTION-CHAMBER AND PISTON-|fm,
CROWN SHAPE;
o SPARK-PLUG LOCATION, ENERGY,
MOMENT OF DISCHARGE; ]
o VALVE SIZE, LOCATION, UPSTREAM
DUCT SHAPE;
e CHAMBER-MALL TEMPERATURE;
s FUEL-AIR RATIO.




HTE 1 9 THE SPARK-IGNITION ENGINE, 25 APPRECIATION

27 15 OF THE MATHEMATICAL PROBLEM OF PREDICTION,

& DINENSTOMALITY: o PROCESS 1S 3D; AND GEOMETRY 1S COMPLEX,

@ TRARSIEMCE: w PROCESS 1S ESSENTIALLY UNSTEADY,

e HYDRODYMAMIC FEATURES: e FLOW IS5 TURBULENT. e FLUID IS
COMPRESSIBLE, BUT MACH WUMBERS ARE LOW,

a [(HEMICAL FEATURES: e SPARK CAUSES A THIN FLAME TO PASS
THROUGH GAS; e "KENOCK" C(SPONTANEOUS IGNITIONY CAN OCCUR
BEFORE THE FLAME ARRIVES.

o FOVING DOMAIN BOUMDARIES REQUIRE ATTENTION; SHOULD THE
GRID BE FIXED? OR SQUASHED AND STRETCHED?

HTE 1 10 | THE SPARK-IGMITION ENGINE, 3;

a7 IE A MATHEWATICAL MODEL,

GRID: POLAR, SQUASHING AMD STRETCHING WITH BLOCKAGE (NMOTE:

CHWEER SHAPE OF PANEL 8 REPRESEMTS EXTREME DIFFICULTY;
MANY CHAMBER SHAPES ARE EASIER).

FINITE-DIFFERENCE FORMULATION: FULLY-IMPLICIT IS STILL
THE BEST, ALLOWING TIME STEP TO BE FREELY CHOSEN,

SOLUTION PROCEDURE: AS ABOVE,

HANDLING OF FLAME : TREAT AS DISCONTINDITY, MOVING
RELATIVE TO GAS AT EXTERNALLY PRESCRIBED RATE,

CHEMICAL-KINETIC MODEL: MANY SPECIES MUST BE SOLVED
FOR IF POLLUTANTS ARE TO BE PREDICTED, AND FOR
PREDICTION OF KMOCK AND QUENCHIMG MEAR WALLS,




HIE 1 11 THE SPARK ENGINE, 4

7 | 15 | CURRENT STATUS,

o ACHIEVEMENTS: ALL COMPOWENTS OF THE MODEL HAVE BEEN
SEPARATELY CONSTRUCTED AND TESTED, VIZ;

o 30, SEUASHING-STRETCHING GRID:;

FLAME-TRAVEL TREATHENTS:

o MULTIPLE XINETICS; o TURBULEWCE; e COMPRESSIBILITY.

o THE TASKS:

(1) TO PUT ALL FEATURES TOGETHER INTO A& COMPUTER MODEL
WHICH IS SUFFICIENTLY ECONOMICAL FOR PRACTICAL USE,
(2) TO PERFORM COMPUTATIONS WHICH CAN BE COMPARED WITH

EXPERIMENTAL MEASUREMENTS.

(33 TO PERSUADE DESIGNERS TO USE THE METHOD.

HIE 1 12 40 PARABOLIC PROBLEMS.

97 15

THE DIESEL ENGINE, 1; THE PROBLENM

e PURPOSE: AS FOR GASDLINE
EMGINE; UTILISATION OF LARGE
PROPORTION OF ALR, WITHOUT
SMOKE, 15 MECESSITY,

o DESIGN VARIABLES:
o AS FOR SPARK-IGNITION.
¢ FUEL-IMJECTION DIRECTION,
YELOCITY, DROPLET SIZE,
TIMING,

o REMARK:
THO-PHASE PROCESSES ARE

PRESENT .

A P e A A

st/

FLEL,
IN VECTOR

[5TOM




HTE1| 13 THE DIESEL ENGINE, 2; APPRECIATION OF
a7 15 THE MATHEMATICAL PROBLEM OF PREDICTION.

o DIMENSIONALITY: e ESSENTIALLY 3D, BECAUSE OF DISCRETE-
JET INJECTION OF FUEL, AMD OF VALVE LOCATION, BOWL may
BE OFF-CENTRE.

TRANSIENCE: o ESSENTIALLY UNSTEADY,

o HYDRODYNAMIC FEATURES: e AS FOR GASOLINE; BUT FUEL-JET
INJECTION 1S LIKELY TO HAVE DOMINANT EFFECT.

CHENICAL FEATURES: e THERE 15 WO RECOGHNTSABLE FLAME
PROPAGATION; o AFTER KINETICALLY-INFLUENCED IGNITION
PROCESS, COMBUSTION MAY BE MIXING-CONTROLLED,

TWO-PHASE ASPECTS: e IF DROPLET-VAPORISATION TIMES
ARE LARGE, DROPLET-SIZE DISTRIEBUTIONS MUST BE COWMPUTED,

HTE 1 14 THE DIESEL EHMGINE, 3;
5y 15 | A MATHEMATICAL MODEL.
|

e GRID: e POLAR, SQUASHING AMD STRETCHMING. (woTe: UPPER-
CHAMBER AND [N-BOWL REGIONS WILL MOT SQUASH), o FIKE
GRID WILL BE NEEDED IN FUEL-JET BEGION. o BLOCKAGES USED,

@ FINITE-DIFFERERCE FORMUILATION: = AS ABOVE,

@ SOLUTION PROCEDURE: o AS ABOVE (NOTE THAT THE TEMPERATURE
EGUATION MAY AS WELL BE SOLVED FOR THE PISTON),

o POTENTIAL DIFFICULTIES: w» REPRESENTATION OF THE FUEL-

JET TMPINGEMENT ON METAL SURFACES, o HAMDLING FINE
DETAILS OF GEOMETRY {e.e. "LIP RADIUS™ OF BOWL), WITH
A GRID WHICH IS HOT PROHIBITIVELY EXPERSIVE.




HTE 1
27

15
15

FINAL REMARKS.

THE SCIENTIFIC BASIS DF NUMERICAL FLUID MECHANICS, HEAT

AND MASS TRANSFER, AND CHEMICAL REACTION, IS NOW QUITE
SECURE.

AN ADEQUATE MATHEMATICAL BASIS EXISTS: BUT THERE 15 STILL

MUCH TO BE LEARNED ABOUT OPTIMUM SOLUTION ALGORITHMS,

e COMPUTER PROGRAMS EXIST WHICH ARE QUITE SERVICEABLE; BUT
MUCH IMPROVEMENT IS NEEDED. ESPECIALLY IN RESPECT OF
ECONOMY, FLEXIBILITY, ACCESSIBILITY,

UNTIL WOW, ALMOST ALL ATTENTION WAS BEEN CONCENTRATED

UPON SINGLE-PHASE FLOW, METHODS FOR MULTI-PHASE FLOWS
HAVE HOWEVER NOW BEEN DEVELOPED, AMD ARE BEGINNING TO

BE USED.
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NOMENCLATURE E, & coefficient in the Seansformed dif
msher i the theses denoses. the [erence equation (3.3.7);
mll'.:n:; st :mlhﬁr“ ¥, i feaciion belween moro amd onaly |
o ) F, A quasiidy s the tmnsfarmed dil-
2, & group of symbols in the comvection ference equstion (3,17);
termiL1); - : @102 @9, T Goellcienis in the dilferenoe
A, seoeMcint in the difference equation form of the conwvieetion term [3.2.2);
(L3 : a,, = pFy (L3 -
b, n group of symvhide in 1he convecton P = pby (X132
IE!'EI‘FI']: : ) ) T = gk [L14]:
i, n coelficient in the dilference equation. spocilic onlbaipy (228
(213, _ e h, stagnatiog ethalpy [2.1.7);
€ a group of symbols in the difusion g 5 cooficent @ ihe ransformed dil-
teem 310 . ference equation (3.3.7);
&, moan skisefriction coelliclent; i duffusionad Mux (54.1};
. a quentity in the difference equation mrean kinetic energy of the fluciuating
(213 ) Tjody, ot per wnil mass (21.79);
i, dimmeter of the jel noeeds (4.2.1]; the longlh seiles In direction | and
(i & ecellicient in the dillerencs agualan T (214D
far ¥ (3.2.4); i I, mixing kength (2.2.3);
By, dimspation of the turbmlent kimetic 1 jesgth scale associated with k [Z24);
GraEEy (2 L8 L, & cosficlent im the trangfonned dil-
ferenie -:-qun:lu;[ll-iili_ i
1 Pemserd sidrem: Medaaical Exgiasrng Digarmmen my ek fraction of & chemicil peciel
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| T30
. & quanlity in ke imnsformeed  dil-

lerenoe squaiion (33,11

N, number of strips scros the layoer;

.} presars (L] 45

F, a cosffident in \he transformed dif-
ferenie: squalion [1.5.3);

£ d manlity & the cransfoemed ik
ferenoe eqmation {3.3.3);

r. mdins, disianee fram the axis af
syeamnedey (1120

ry he radius at which the welocity is
eng-hall of e centre-fine velockiy ;

R, # coofficient i the trapsfoermead <il-
lerence equaibon §3,3,.5);

Re.  Reynolds number, {pgig/ig):

k, reie of peneralions of 1he chemical
Apecits f (21.E);

i, distamce along the £, ~ &, plane
[L1Ly;

Se  Stondon-namber fanclion for @ (150);

Sr, the Stanion oumber;

T, ahsalulg tomperature {4.1.1);

i, wplocity in bongitedinal  direciion
42.00: .

wt, Wﬂ velesity [ (rafi#l]

. welestily al the wall-jet slog;

Uygy, Taximsam velocily in the wall-jet
profik;

Ky, velocity @ direction [(21.3);

. velocity in direecion 242.0.3);

K valoclty @ eadind dEreclion (2. 1.6);

Fa velocily i direction & (2.1.4);

A Tongitudinsd distanos .2 1);

L3 dligtancs across the layer;-—

¥*  dimensiomless distance (j/{Tsku)
43I

P kab-value thickees of he wall joi !

Yer thicknews of the wall-jet slal;

P characteristic thicknes of the layer
el o Galculate the mizing kength
[ERCRIE

Cirpek symdbals
. the angle made by divection 1 =wish

the syemetey wch [2.14);

¥ the: ratio of spedific heata;

. a conslant & ihe  mixing-lengih
Tormala (4.3, 1)

A A ocomslant in the the mivingdengib
farmmsla (4.3.1);

i Luminar viscosity (23,1}

i, e ElToctive vischsity in direction [ (21.4);

My, . olfective viscosity in direction @;

o canrdisate in direction 1 (2.0.1);

{2 conrdinaie in direction 2 (£1,1);

,ﬂ. faid density (2.0.3);

o, lzminar Prandt! or Schenidh fumber
[21.15; i

Oy e llective Prandil nember (2.1.7);

Oy Elfective Sehumid mumnber for specis §
{2.1.8};

oy . GRclive Prandil number e che i
fusom of k (2.1.7)}

Tats ™= oy oy (2.1.6);

Lis shear siress af the wall;

& & typicel dependent warizble §2,1.900;

%, & prodetermined valoe of @ ued in
the grid-contre] fornsula §3.6.3);

i i lemn represedig generation of &
m the typleal equation (2,1.10);

¥, B gieeas Tusction (2.1.9);

i, dememmanless - gleam  fncHon, o
efdinale in direclion 2 (2.1.00)

Sulseripls

D, tho downsiresm poinl om a portion
of the grid ;

D4, B, poimis near 1o and st the same
vals ol §, m [}

i, the external hoandary of the kper;

0. 2 [ressirearn boandary

G—, & poist witldn the lyes, near to and
ut the s value of £, as G;

I8 e infernal boundary of the layer;

& & wall boumdary;

&4, a point withim the layer, near 10 b
#l 1he same value of £, & 5;

u, ibe wpsirexm polnl on a poction ol

the grid

U4, =, points ner to and ai the same

walis of £, as [
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ihe initial lene; fel-noeds condition;;
1hi: to=ordisade dircclica 1;

ihe cosordimase direciion 2

the direction perpendbcular o the
radiss and In 0 plane sarmal @ e
EFTEMEY AT

przciaiming 1o ihs dopeodent varmble
i,

o

-

I, TNTROUCTIOHN

1.1 ':llhl'rl'u“rrq o e

HEeaT-, mas:- and momentum-mmeafer s
sleadily Nowing medi are governed by =Hipto
lifferentisd equations. Because theee are difficud
I zolwe, the ellipiic eqguations are often, and
legitimaiely, troncated W 8 parabsle Farme
these truncansd egualions are b boundary-
layer equtions

The present paper provides 2 pew meithod of
talving these equaibons. Thad a new meikad may
b desmable is shown by ihe fact thal existing
methods &re still not widely used ; they ane either
foo expensive by aperals, (oo dilficolt to adapa
Lo particular problems, or too prone 1o Txilures
amd imaccuracies. For this reason many suthors,
including the preses omes, have put forwand
approvimaie procedurs of eslealalion [1], m
which oaly & few, infegral, lorms ol the partial
differential symations are solved; bul these 100
havi their shortcomings.

The soluiion proceduses which are simpdest
in concept mre those of ihe numericsl finice-
difference cype. Many verienty havwe heen sug-
pested amd cinplayed sucomsfully; but they ard
apesit [ lho abowe-menlioned objections. The
new mulbod & also of the fnige-dilference
varisty; bul B embodies special dewicss for
reducing the compuistion ime wilboul o
of accuracy, and for bringing many bype of
priblems within the scope of a single compater
prgErarmme,

1.2, Some remarks on earlier finire-difference

et fods
Clasflearion. Fanlte-diMerence protedurs lod
parabolic equations can be distimguishe] aceand-

II1,|1I:lE|'II.'-l.-I.I—|:IH|Ir|il||:ll=!_'|'3|tll'ﬂ’-'lillll.-1lﬂ'q"l-'rl]ﬂl.l'j.
and nocording to wholber thoy are “cxplicit™
or “implicia" in charncier.

::Jm:.;.. af finirg-differemes foremie For us-
stemdy-heat-condiction problems, the explich
malhods am lypilind by ibe Bomder-Schmid
procedurs [ 1], wheeras the implicit moibods ane
tvpifled by that of Crank and Micholsan [3]
The wivantages and disadvaniages are well
known Explicil methods invalve only simple
grithmolic; bul the lime imtecesl must nol
ewcepd o fivsd proportion of dbe sgquare of 1he
spce intervnl divided by the ibermal diffusivicy
Implicit merhods involve moch wore anthetic
poz Eims inderval, Because gimmibaneous e
bnn}l;:pmr mequirieg sololion by malrs-inver-
siom or secressive-gohstibalion iochnigues; on
the pdher Buasd, chey 2re free fnom any limiisiion
of the sine of the tene interval,

Whether - cuplict o dmplicit mefhods ane
preferabde (o heat-condwclion  problemns - ro-
mairs @ meiter of opinion. For the problems
which arse i boundary-lnyer theory, on the
other hand, 1he superiarity of the imgilicn
mathod & bicoming widely recogmiscf This
sup=riority resulis [rom the Fact that 1he explici
meibod bers has an upper limit on the disiance
inferval in the smiream direction:; and chis
lienit i direcily propartionsal e the Muid veloclty,
S 1A welogily inay Becoms wiry amall osar
2 wall very small distans steps mwst be lakan ;
the implicit meibod, which & fros [rom this
restriction, therefore reqguires much les oome
puding time thas che explicit one

Althoegl ihe dmplicc method necessiinoes
matrie inversian, the moirin is 8 gimplke one; S
inwersem may ke achisved] by way of recarrence
relatioes. The of Pashkonce [4] is
iypical; it employs the Crank-Micholson form
of the Nelie-dedfference fonmelse, and has besn
developed for praduciing the Bow In laminar
bezundaiy layerk

Choice of covndinale gpslem. Fipuse [ ilbus-
trales a {ypical choiop of coordinate prad, and
enables itz disadwaniage o be clearly ohserved.
The x - y grid & rectangular, aod coincides
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Aesiiikidy off o nbarbed = [low region
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e T T ]
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Fi. . Tha groesh ol 8 wall joi el w sorroumsdlig aeees
The skaich ahivas b 1he o of disturbed Mose walkeas
in e s roen dirction

it one edge with the wall which bounds the
region of mierest The ofher boundery of this
region, shoun dolted on the diagram, exiends
obliquedy amoss the grid Mow i schieve
acuracy, a oeriain minleum romber of grid
poants showld be containgd a1 the upstresm ood
within the thitkmes of the layer. Obwviously
iherefoes, sulficiosd acourncy im the wpsiream
reglom is purchased at the expesse of an ex-
cessavely fine grid for the downstream regian
. a rectengular grid i Dkely io b ineMdent
IF'-'.II'D]:ILI;IIEEI-I'I:I madz with it aida e unnecessaly
Ve,

Adthoisgh severnl means have been proposed
fer solving hs difficulty, none is hoth pes
&l penemlly applimble. There b thersfore a
nedd For a genmersd cooedinate syaiem which
allows. ke requoirements of accuracy o b
meconciled with those of clepance and of com-
putatiosal cfficency,

LA utlive of the present conrelbunion

The malculalion procedure chat is described
Elow i of the “implicit” vareiy, The scheme
lulTers slightly froam that of Crask and Nichobsoa ;
but, Bke that methad, it allows the grid spacng
in the maln-sircarm direction o be freely chosen

A greater innovation i the cholee of eross-
siream warikble; For this we adopi the mon-
dimsrisiomal stream function o, defined 30 thal
i adways ogpesals zero ol ans odps of 15 bousdary

5%, PATANEAR ard B, B. SPAELDITHG

liver amd umily af the other. The poocelue
iumbine the advantages of siecani-licn co-
ordinates with those of restricting the boundary
layer o & fimite domain,

Real boundary Iayers sldom have observalble
“edges™, %0 \lbose which are used to normaties
the sircam lumction are ariifidal ; but they max
bo Inzely chosen; and we hove devissd 2 moethod
of choosing them, duering ihe course of the
indegration peacedure, which énstires computa-
ibanel elflicieney

Alilsaugh the method is o gencral oae. for
marabedic cqstions, it & here (Bustratel by
refezence in equations havieg partcular physical
significance, Le. to those cxpressing (he laws of
consenaLion of mamentum, malerial, and energy
fof wvarices  kimdsh These equatioes  are
nisembled, and expressed in the mpproprisie
coordinaie sysiem, in Sextion I; ibers we also
introduce cerinis suxilary felalions which are
approgemase oo furbmlen) Mow; and jthe main
features of ik gridconirol pechnique ore des-
critid @ sub-seciion 24 The procsdune of
numarical soletion is desoribed in Seclion 3:
il e B illusdraned @ Section £ by calculalions
al three phr=onena: a lamiear boundary
layer, & free tughulent Mow, and o fuskadent
will jet,

A THE EGUATIONS ObF THE MILNEARY LAYEER
LI The parcial differeminl eguardons for axi-
sprenatrieal o

The coordinae spatem Figum 2 illusirates the
cocrdiase gystem which will bo adopied for
the axi-avmmelrcal Mow o which atessdios
will ke confined t The coordinae dirscizons |
and 2 are orthogonsl, or nexily so: the values
of the coordenanes are £ and {g, a0 dofined that
the element of distance de in 8 pline 1keoogh
the axk of symmetry & given by:

ds = Sl a8 + 480" 2Lb

The lengil scxles [, and !, remzin io be
defle=d.

' Fhess Ao e, of coorse, memben of (he ao-pn et
il Birly
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The dircclion of the copslant-Iy limes 1@
chozen =0 thal, far the most perl, it s nearly
parailel ip ibe local direction of ibe component
of 1he velocy vector in the plane af ihe diageam,

T~ [, IDectie i

"
{ deonie ol sprainy
Fit I Co-andmaiz swdamn B ai-dyreieciieal Niss.

The consianc-f, lines maoke the ongle § wilk
the symanelry Axid the angle 8 of course,
in pesecal, o fusction of , and £y The constasd-
iy lines are, parrespondingly, cvorywhore almost
perpendiculer tostream lines 1t will b suppossd,
i qan of ke howndary-loyer approximaison,
that the heat-condugiian, diffusson and viscous-
pction voectars have sipmilican] compofeni anly
in direction 2.

The eguaiions We starl [roon he Sallowing
lorers ol rhe differeiial eqguaiions expressing
the main conservation lws of siesdy fow. The
symbals employed am delined = the Mosenoa-

bure,
b ezs comsecvalion
F iy
e (G | e e g = O, (1L
ﬂ":11 205 '5"51‘ fLEF
oo alvermdlivaly
I iy
=0 =2——
F L] L] .I'J] al:]
P, =, = —— {2.0.31
L a HI |='I:|
Momesius conservalion & dirscison | :
Gy &F . iry &F
f dgy i &y
i & I[rf, ﬂﬂ} I i
II:F;'E'E; !' Hl'ﬂﬂ'{! i ﬂ:I.
H Filry
=+ . ——T4xin ELA:
g "i':'-E. 5 [ SR A Y

M ornentum oonservadion in direclion 2
-] ¥, ir 1-"

J: B‘El rl a'EL |'
B amiziiuem conservation in diresion 0:
Gdty  Gaite 1 8
&y & 'H:l Irrll!z 855
f & ﬂEF.frr} KG,
w [t Sy 5y
[: by Buan 03 r Ve
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Al of thess equathons, excepd (20,35, §2.1.3)
arad (2,15, enn be regarded as possessing the
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Herd ¢ stands for amy of the dependen] variablas :
¥y, ¥ Komy, kiand @ srandy lor berrrs apgpearing
oo ke mghd-hand akds which do mot cantai
AL, Specilically, ihe meanings of © can be
caprassed by the fallowing table
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The similagsty of Ibeicr equations allows a
common realment for the variabies ¥, ¥ A,
e, &ndl k. The equatines expresssng consanva-
ties of mam and of dircclion-2 momentum
will b handled differenily.

A, Y. FATANKAR and O, B, SFALDMHO

The irangforssition. (o @ 05 erose-stream
varfable, As yet Iy and I, have ot been defined.
We now make a choice of {; which gives &,
ke gignificanm of ke man-lisemrsonal stream
functicn, for which we sdapl the special synibol
i ; Ehus

F—¥
e -
Here ¢y and g are tbe vales of  prevailing
1B inbirnal {(f and exiernalt (5 boumdaries
al the region which & 10 be considered ; they
are funcisons of §; which may be selected
arbatrarily, bul which we shall try o choase
g Rhat all the impociond veriedans in the
depondenl wariables abe plice o wilmes
bariweerm rp amd iy
Equation (21115 lmgqlies:

(2.1:11)

f1 ™ Dr =

o iy iy
—F'1|—ﬂ]#—l+ﬁ'd—{':- (21,12}
ard I
L A, R
o ¥e = ¥ {2.1.13)

The= rolaisors ray be ashaiings! inio the
two parts of squatson {213, which expresses
the mass-conservtion principle. The first part
Bives the reguired relation for [, while ihe secom
pives BN cxpression lor ;. Thas:

¥r— W
'r e e 1 1l
x = {2.1.14)
and:
fu - | _ g, 3 d"r

Sahstinelics of these two resoliz @mie the
general difirestial equadion (21,140 yickls the

T Wi Rebseli “rricranl ™ wed “exmoranl™ diig Pl it for
wai-gyrreredrical coerdinale votomn for whish £, Wcreass
with diszvaca in o8 radial drsdion. Howeser, being salp
bibels, ibey can b ] gaierally alin



f FINITE:RIFFERENCE FREOCERLURE

Enllensing new Form of s eqpeation:

. A By o o ] B9
& = % ﬁ]d{- 3 mﬁ:}iﬂ
| I:"J‘ GIJ"I.H‘FH}
EFE - "'r]; ﬁ"" ':"-,in e
'F— 211
tg LG

[t & this eguaticn which Barms the siartiog
point for the findle-dilferescs procedure.

The direction-2 momentum eguation. Equation
[ 1.5) @an be integrated zlong a line of consinng
o1 bo give:

g | (L HGLN-
= P T{ TP

Eri
+ 2oy, wa}#,. @A)

Subsibbwtion Erom equation (21141 with w
writts in place of §;, yiclds:

P = =g = 'I!'l'j {%

+ -‘,,—g'nm,ﬂ].iu (21,15

This egualion mus=i also be weed, in peneral,
during the linite-difference solwion procedure,
When, however, A8, b segligible, & &
often the cise, and when (B cofatiomal velocity
¥ @ negligible, squsdion (2116 reduces simply
i p = p; = pg; ihe pressure cin be mien 2
miform across ke boandary layer.

22, Aduxiliory refarions

Geometrival relations. Appeishag n equations
(2 1.16) amd (21,18} are 1he geometncal quan-
mitiss! o o amd FON i nesszary o caloslaio
fhess g6 Tunctions ol the mdependent varizbles
& and o An example will suifice to show how
ihzse calculations can be made

Suppose that the boundary-layer rephes is
boundsf by n sole] wefice of rolation, B

s

showmn in Fig. 3 Then the direction | caan be
taken as pamliel (o this surfeoe amd the direction
2 fes-direction] & noreasd o 0. Mo supposs
thal, aleng e surfsce, whee w cqubs sero,
! equak umity; thes £, stamds for the dslancs
alomp the surface,

g 7 [Mlesradioe & 5 cppecal canrm i pyesem.

TF eoemstant-f, linek ane normake to the surface,
mnd & the coordimate syslem cam bo Erealed as
arthogonel [ isa [unciiom of §; alone; morsover
ithe fusction & prescribed by the shape of the
surface, which we may suppese lo be known.
A comseiusice s that the k:rte.lh-wht fuctor
Iy is pivem by

4

where !, ol course, varies with o in accord nnco
with equatan (2.0.14) and the velncity distriba-
0

The redivs ¢ B alio ealéulable rom simple
peametrical coniderations, The celevant formiala
is:

£, = fsd: :-r,+[i:-u-u-,|!'}|I]'1du-. 223

&y = fixedzdy = 1 - [:"’-’I:)Ii,du 22

The quastity I!,du.ﬂ should be understood,

cipraks fhe dwlance Bam e wall messurmd
along a bime ol constast £,

In the case illustrated @ Fig 2. the decision
i bornse the {-surface along the wall reguires no
justificetion; but it showld be recognized iba
it b5 a free dectilon, not & fareed cee, Wisers 1o
place the E-swerlace B noi & fed abviog; we
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win repear anly that we want the region beiwesn
the two sarlsas 1o contzim sl the paints at
which viscous, diffusion and hear-comduction
ellects aro dgnificant. How this can be ensured
will be described in Seetion 24 balow.

Exchange cosfficieniz. Equations are sealed

which will cosmnest p, . and the exclangs-
coefficlent ratice &y un 9y s Tp o a0 7,00
with i dependent varinkdes of the caloubation
. I ihe Now is laminar, g, . is the laminar
viscoatly; sinndsrd data soarces allow thi 1o
b comneclad quaniilatively with the enthalpy
and compaosition of the Neid. Thes also oy
equals umily, becouse the Inminar viscosity is
lsptropic; and & ., becoines unimportant be-
thlse k is zero The quasitilies o,y and o
ams respectively the Prondtl number asd ihe
Schenid® number, on which stamdand data
ST o apain give informatien, ]

When the Mow i turbules), different reln-
Bonehips nre appropeiace, Ussally each &,
i# takem a8 umiform in the turbislent region, and
Approximately equal &0 anity; the main inlenst
cemdres o the calculation of ;.

e farmub in comman use i that of Prandil
[5]. This may he written i

Lp -"".!
e pll 23
My, ar L 13, (223
where [, & 1he so-called mixing length. The
Imiter quamtity is wsunlly twken as dependent

on the disince from ke wall; I {; dai ) exmimples

aro given below [Section 4).

Another formisla, proposed by Kalmogosoy
[6] and Prendsl [7] connects dhe vissosity with
the kinetic eneigy of turbubence, and another
lengits scale, . This hes been uiad by Monin
[3] and Glushko [9] among others. The

§ Suicily ymakiag in lamine lew, g 0 teduce 1o
the Priadil pumber caly undsd wrlkan condimom =g
wpeal spesiic beabs for all compareni, dnd as chermiod
masipsn; o, Wniloem compomiticn), Thivs | s nb
i dn disotising (e cocoption: hera

Formmby may be expreseed as:

My oy = et 12.24)

The lengih sl | is also taken as some fanciion
of distans from the wall

Farticularly when ¥ i of the same order of
magnitude as F,, more claboraie formulas
for gy . nre seedod to oxpress experimental
findings. AN known proposabs coukd be easily
incarporatal into the sodution procedurs dhat
% 8 be desenbed there & thersfone no necessity
ko iniroduce [wniher sxampiles,

The dissigarion-rale, Since the employment of
equabson (234 nboessilabess solution af the
differenimal equalion for the kisetle encrgy of
larbuleni:, egnatioa (219, B & appropriate
I memliom that ihe dissspation-rale B st

enfer an auwiliery rfelation, An czsample, in

accordance with dimensional analysis, is;
D, = consaant , pkdT,  [2.29)

Heee [, ix of course the same ag 1he quantity
FPPeRing in equation (2 2 4),

Equatioss {2 3£ and (21.5) are recammeandad,
it should be wdded, only where the Bow is fully
turhulent. Tha condition min be ‘expressad in
termd of A Ylecsl Reynolds sumber of terbo-
beree™: Lokijy shosld ke very macd prosbor
than mnity. What lupetions are appropriate
when the comdition & not falfilled is not at
presesi clear,

Thirnod pramic relationzbips. The depesdent
variallez asw Fnked by many relatos wiich
express cilker, delinitiocns, or ierrodynamic
laws, or material-progeriy refationships. Among
thesa is;

T Fi . ¥§
frah + 3 L E 5 + &, (2. 2.6]
whese b 5 1bu specific encthalpy; 1he kinetic
emtryy associaled with direction-2 motion s
neglected. Equation {2.26) allows the snthalpy
1o be caloulaled fros the values of  Fy, ¥ and
& appearing In the salutions of the differential
equations If the equation for & & pol being
salved for use in a viscosity relation like (2.24),
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il is ususl ko drop this equation and neglect the
contributsons ol k 1o &

Lt important properiics lisked to enthalpy
el cancentradics by thermodynamic relations
amd the lempersiuse T, ond the density p The
equations are loo well keows (o peguine
presziation, J

A3, Fmitial and howsmdary snndifions

The dawain of intagrstion. The solutines of
the equations ams 10 be confined (o the region
41 @ {6 05 o L Figore 4 iBusirates this
There is no need to specify ke righi-hand edge
ol the domain.

& bousdory

Piestine i wiwgrenen

r = -

el |

T £

e mre

EI_
I Bamidoey
Fin . The demaie of inwgraik

In order 1o integrate ik parabolic equatians,
1 s pecesary 1o know walues of all the variables
along the “sinrting Ene'™ where £, equals &, ,:
these wvaboes compeiss the initial conditions,
Wi shall suppecs that they are alemys availabio,

Equally necessary & information aboul condi-
tioes at the  and E boundariss. This informaltson
may b in the form of preseribad distributions
al the valwes of the varisbles along thess lines;
alternadively, wolues of pradients, or ciher
lunctions, of the varmbles may be preseribad,
St specinl kinds of boundary conditian will
bhe muntiomed in the prosena section.

The pressure should be preseribed along a
simgls boundary; for cnly one inlepration
congdanl is required for equeation §2.1_08% Two
types of prescription will be menticnsd below.

Walljlux faws for mrbulme flow. When the

boundasy liver = turbulent and 2 solid wall is
priesemd, |ho region nesr the wall exhibits very
Sloep pradients of welosity, and often of ather
varizhles 100, Sinee 1be solocity 5 alo faw
there, ik @@, lorm i bocally nealigible in
the diffsreslial equation;t consequently the
wnriation of @ man be caloslarsd by referencs to
the remaining terms, which involes dilferentizl
cocilicients wiil resipesd o o alone. Thus &
“Cowette-Now analysis” givesn good appeoxima-
tion 1y The mvact sedmion of ke eqisiiian,

M s possble, but somewhai wastelul io
crowd togelber the constant-ar gridl lisss in the
region near o wall % 38 1o perfonm this Coustie-
flow xnalyes ol eich s2ep of the Nmite-difercnee
solution procedure. But & is nlso possible, and
moes. eonomécal 1 ey eiEl Coustie-llow
analyees, oace for all, befors the particalar
Fnite-hilference calostation is siaried ; the results
of thess asalysss can then be incorpormied
into lichrse mlationships which serve as
besindary conditbions The ecomamy arises from
b resulting freedom o have the constant-w
lines more evenly spaced | it sulfices, for example,
o have ane which loes somewhat. bevomd the
cuter edge of the “laminar sab-layer™, and o
congect values of varinbles and Maxes there, 10
walugz and (Muses i the wall, by way ol algebraic
formuloe. A simple examplt of such a formula
is preseated in Seczion 4.3 bolow, More elnborase
forerulee well B found in [10]. They have the
generzl form |

(52
7 ol e g
I.'i"h- = 'd'.l.l GI:_;-I-

E:Ijq. T II d.l:l.l
-s'-.j _IE*nJ-I - {13.1}
Hs
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Hewe the subscrips § denotes 1he ealid-gurface
boundsry, sither £ ar I, und 5+ demntes ihe
neasest grid poist to 8; i bs (ke laminar viscosity
of the Muid; and o, is the laminar Prandd or
Schmidt nismber appropriate 10 propenly o
The oomsrator of the lefi-hand side bas ik
significance of the M of $ ncross the bowndary
the fenclion 5, o & a Stanton numher, bavieg
% ity mam argument the Reynolds number

" °§ Iy dusfingh

and the lamisar Prandil o Schmidi nusnber.
Lhher arguments may account for the presonce
ol mass transfor, roughsess, presitire pradientd
amd property varbslicms: bat they  invodve
quaniities appropiriste to points § and £+
slomz

When the flux through the wall s Eiven,
equsstion (130} is used for the caleulation of
e when, on the atber hand, $; is given, the
Mo through the wall is calculated, These
remarks apply whether @ stands lor lemperatiipe,
enthalpy, concentration, selocily, or any alker
entity for which equathon (21100 Is walid: of
fourse, different wards ape used 10 describe
ke vanous cases; for rwample, the “Sianton
Eumber af momentim Imnsfer' & belter known
= v hall of 1Be drag cosfliciont™.

ther conditiamr ar the boundariesr. Whes the
For E boundary does nat coincide with a wall,
W ois wsunl far ke valies of the dependeni
wariables to be preseribed there; for cxample,
il the wariable & & the kimetio eiergy of ibe
fluztuating moticn, its valee on the boundsry
will crdinasily be that which prevails i the
E2iam lo which the domsin of integration is
Ed@iconl

Il ke bowundary cotnsides with the Eymmetry
axis, the gradiend of ¢ wilth respect 10 nocmal
distance must be 2ero This et éan serve as
& boundary condition in appeepriate circum-
siances, for example whes (he centre-line of
an axi-symmeiical jet B In guestion.

The preseripeion of the prevsre. It has slresdy
betn mentioned that an eguation exisiz, pamely

[LLL8) From which ihe prossure ar amy poing
along 1k constant-£, Ene can be caloulried
whenever ome pressure & prescribed; this coulid
be eitber py ar pp Often this prescription is
gvem through the welosity at a bundary,
coupled with the staternemt thal pressure,
veloeity amd denséty are lnked 1hem by ik
Buler equatian, | by equation (2141 with the
shiarsiress fesv neglected. This  situation
wanlly arlses in external-lNlow situaiions, for
cxample boendary Livers oo acrofoils, and
Iree jesa

When the tow & an inlernal ang, liks that
in & difser & example, peiber pressing
hor velocity can bo calcularad directly from
inpest dats Instead, the continuity equation
musi be solved for the whale Dow; ihis Eives am
ndditionsl condivion 10 be satisfied by the
velesiny and dessily profiles ag the next atep
of the imlcgration; it mest be solved sienul-
tnneously with equations which represent the
finite-dilleresies form of the diferential equation.
Fuariher digcussion will be deferred until these
equatiom: have beesn infroduckd, in Section
33 Blow.

A, The chicr of , and -

The pearpove. g, and kg, it will be remembered,
are [upctions of §, which we nre s6ll fres to
specily ax we wish. The roquirements are- that
the constant=f, Ener will be approximately
mofinal to stresw fioes, af asy rate in the
regioms of highest volocity; asd that the regian
U= o £ | conesins 2ll poinis Baving ségnifican
& praciesig

Because, in Baoundary fayers, gracdionts are
Enite émly in sbmider regioms, Br which the
long dimensiom i roughly paralisl to the
flow direction, fulilment of 1he second re-
fuiremont satlsfos the firsi one also. We shall
now describe some sultalde procedures for
condrolleng o and g,

The symmetry axiv oy a bowsdary. W the
regian in which gradionts are. sgnificant -
closss i symmeiry axis, 25 in the came of o
wake behind a eylinder in longitudinal Merw,
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e choite Ew @) iv obvicos; It shoakl be
placed 2gual 1o a constsnt, for example zero

A zolid wall 25 a Bosdary. When the replos
catalaing significant gradients exiends Fighl
g 1o a solid wall, a8 0 the case of the Now in
& diffuser, ihe chieclive can be achioved by
making one of the bounderies coincide with
ibe wmll, Lot ws wse the § ipl & ance méis
1o dencte this boundasy, Il the wall is imperme-
ahle, by must he & constant which can be
arbitranily fixed; il it is permenble, Bowever, @,
must vary M accordance with equition (2.1.15),
which reducss (for e equal v 2ere or anity as
approgriniel Loz
— 1 dpy
rly &,

In some cuses, 3, 5 the sass-transfer rate
acroek ke wall is fized by the daiz of fhe
peablem; this occurs, for example, when ssction
af Ibe boundary layer through the wall is
elfzcted by catermal means by other cases, as
when sublimation occurs frosn the solid ndo
the g& at a rale comrolled by heat iransker,
Gz s has to be ealeulabed ol eaxch siage from
the local value of some of the $'5 Always,
however, & dilferentinl cquaticn & obinined
for yrg; this cam be solved, by 1B usizal pumerical
technigues, duning the course ol the indegration

Wi the bosndary i free The Insi iwo
clitites for bowndary-g values were a0 straight-
forward that rhey merited discussion only o
SETve ns cosirials to that which sow confromts
us: the chivce of the valus of (he siream function
along the boundasy separating the region of
ineresd [rom an adjeining region of the Now in
Which the gradienis are negligible. This Boundary
mighd be the culier “edge™ of an axl-aymmetrical
turbulent jer, mjecied inlo A moving stream:
the outer “pdpe” of the lnminar boundary
layer on & Nt place is anather example. We
shall is¢ the subscript & o denote ssch @
heundary.

Two cassy of this kind must now be dis-
tinguished, ‘Is the frs, o definlie =i 1o the
boundary layer cam be estabiishod without

Gy nm= (24.1)

1359

arbéirariness; this case arisss when (b Dow i
furbighenl amd may be assuised o obey the
Prandd 1924 méxingdength  hypothesis [5]:
for thes, ns meay be ssen from [11] for examigile,
the transpert properties all vamish alang a
#urlece which is mot infinélely rensale [rom the
fegion. (N pourse, this vanishing applies caly
when the laminar contribulion to the imnspaort
properties s already being peglected, Since this
peglect is justified only where the tusbulent
composinl & large, the cose may be rogarded
& rather artificial; eeveribeless, # & simple,
ustful, and sufficiently aceurate lor mos pue-

poses

In the secomd case of a free boundary, tho
iransporl . proporlies neither vankh, nor fll
M a small fciion of thelr values elsewhere,
alosg a definite bousdary e This is true of
leminar fows, and of wrbulerd o= which
aro supposed to obey the Kolmogersv—Prandt]
[& 7] pestulate, for exansple, and far which the
freestream turbulence level may not be neg-
lectad, In this case the G bowndary s mars
arhitrary.

Frev-stvea boundary with pantskisf pranspore
progertiis. Whon gy . (say) vanishes along the
fi bowndiry, a dillerentinl equation for ¥
e be obiaimed frome the pencmal pactisl
dillerentinl equaison (31,18} Just owiside the
¢ boundary, Mde = zero; the equation
therefone reduses ta;

(&)e- (o2,

Cossiderstion of a point just bniide the G
boumdary, lor which &8¢, nnd ($4,/G, ) aiemod
be significamily dilferene, iberelone lgads {whether
o Ggals mero or uniy a1 the boandary desip-
pabed by subscript ) wo;

24.2)

| i“i - ;
de:  {ee— ¥y
& [:J_I‘Lﬂfﬂl_q-rr-ﬂ'* :]
i “’*‘5;" ol eam
=
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Here we see, incidenlally, an impled icsi
discrinsinaling belweon the wo cases, 15 g,
is Fﬂfumll}mj oo ByiBeo, the limit will be
"nﬂ: [b-p.'.-l.um r i' E"'lﬂ"ImEr“i‘D] -I|1.I:I:I:I E I"H|
boundary can indead eeil. Otherwise the limiz
does nod converges| dge/dd; becomes infinite
g maust ke infinite; so all the Muld sl be
canizined within the rangs 0 6 = |,

When 1he limit comverges, which is true when
Prandlls 193 miving-length  bypothesis &
usnd, equation {24.3) ides a sebisfaciony
specilbcatson of R, With its ald, 1he
values aking the boundaries can be @bculated
duplsg 1he course of integration, just & in the
cani of by These celeslationns of the boundary
values of ¢ achleve the desired offect of causing
the coordinkie grad lo expand and comirec
50 B8 Always o meel fhe reguiremend Far
canmpiitational efficency.

Free-sream boundary  willh  now-vanishing
IravespoiT propertics Since 1he limit in eguoation
(24.3) does nal converpge unless the tmnspan
property vansshes, we shall apply now ihe Tull
pariial differmitial equatkon (21.16) just isside
the & bouedary with o spectsd eonsidaration for
evalualimg the &8¢, berim: e dall seek o
hecate e houndary 80 that on the grid ko
just inside the 7 boandary, the vatue of & will
be equal ta & predetermized number $% This
number Gin be chosen, for example, ma ihat
ke diforemce (f; = % I8 & certain small
perceniage of 1he maximosn $-Gilforano across
the lsyer, Mow the valus of B35, can be
caleulnted alomg the grd line jusi insids the
& boundiry from the cwrrenl known value of
4 i the vabue of ¢@* desired at the downstream
flglsan, The fAnite-ddfrenc: farmieka Toc dhis
will ke given in Secihon 3.6 below. It is sulficien
I mote here that, if the value of §* is propesty
chosen, we can be swr that the grid will slways
conform &0 the region in which significasi
gradients of ¢ ame presemi.

The above procedurss have been oudlined
ax omes which seemn best af presenl. Howsever,
# shoukd be rememberad that the “entrainmen:
rate” dig'di; is im any case arbiioary; iis sole

Justilnzatiom i computalional effidency. Tt &,
ikercfore, permisshle (o nbasdon (he alsave
procedares #t nny dime that 0 hecomes cons
venient o do s0; for exampls, ong may put o
maximusn lime on the enirzinment raie to
avild cxeieave curvaleme ol the streamlines
tizat the boundary.

25 Closuse to s in

Mo dharl forsmls: have boon mndicated wiik
the aid of which ihe boundary-'s cim he
cailculaisd, the whole machesnatlcsd strucrure
hias been ouclined N remales to show hivw the
equations enn ke sofved; this 15 the funclion
of the following seclioms. The fnite-difference
proceduges are geplained in Seciion 3, whils
Secliom 4 demonstrates iheir mility by way af
cxumples

1. THE RECOMMENMDED FINITE-DIFFERERNCE
FROCETHIRE

3.1, Subline
For convenience, lei us expreas -a::aua:mn
(2 1.0 ns:

b E-i{ﬂ
a.:.""’"""’]m F ﬁm}
|

+#EF'—I. (ol
whera
0w
" - v el
| die — )
fy . B
" We-v o @3
amd
Gyriliy
i " 7R B4

Wi shall solve equatians of this wype by Elep-
hy-step fnrward integration. Therefors, at overy
step in the micgration, the valves of § will be
known al discrele values of o amd a1 one value
ol {,1 oar task will be 10 obtrin the values of

o —

B S
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b al the smme valuss of o, il &1 a downstream
valus ol . By repetition of this basic operation.
the whole fisld of interesi can be ocovered,

The discreie milses of w oemd £, which mre
decidal belorchand, define a grid; & porilon of
thia @ shown i Fig 5 Posts U and 3 pepresesl
respeciively  the upsirmm end  downstream
poénis ol o given o] poimis @ nearby valoes of
e will be called 04, L=, B, D=, Tha

LT |2

TUETHE comian
wdrTR

Lieg n:-'-!-rr-ehe_r inn :Iml'ftl'-

]
F-valifl die Rired rli-h-l-ll.l-n e le
SiE e bad

Py & Eocankon of poims refemsd @ b b daferencs
se[eatinn.

dashed hines | and 2 ore the lines of constani
o, miduay beiween UU— amd UL+ respoc
gively. Lines 1| nmd 2 form, together with the
twe lines of constent & o control valume
b shaded) which will be wpefiad for express-
ing the canesction lerms

Wa shall describe in Secliom 3.7 helow how
equation {3.1.1) can be put in finite-dilennc
form. Char representation of the conveclion
terms, Le the teree on the lefi-hand side of
cquation (31,11 I8 based on an imiegrated
average over & emall conirel wolume  This
anplits that the conwietion @ paint D ls
imllusnisd by the values of g at all the nagh-
bowning poinis; 6 thes increases  siahiliny.
Ao, the intspral equation owver ihe whale
fayer s them automatically satisficd Whilks
expressiog The second-order lerm i dwie Ay,

wo moad 1o decide the value of §y 81 which this
ierm will bo evaluated In ponemal, we can use;

sl el s -n )

where (& 0 nomber beiween zero and omity
asdd sabscripts U asd 0 dencte locatices of
evaluation Whes [ s unity, (b5 fodm reduces
o il off the exphicil melkod, which, 48 men-
iboned earlier, bas severs Emitadicrs on the
siep-lengih (§, o — £, o} For any value of §
different frcem undty, the scheme becomes im-
plicit, B can be shown, ar least i shmple oases,
(Bl insabilily i svpided i 0 £ £ 05 The
case of =03 correspands a0 ihe melbod of
Crek and Micholson [1] We hawe decided 1o
inke the value of (e pero, e this combines
slalaliy with convenlence. In other wonds,
wi shall evaluane the secand-coder berm &losg
he |mme f| — |:|,n-

1.2, The difference fornudas
We shall now express the warioms s=gms (o
eiquEticn [3.1.1) by fiaite-dilferese formulas
Thke convective ferme. The lermy om the Seli-
hamnd side of eqoation (3.1.1) can be expressed as:

fom Hy

{8 v mfans

fog = an ) p = Spp)

Moy il we pssume that § varies Inearly balween
the grid poims i hatk §; and o directions, i is
casy 13 expres (he abave double imiegrsl in
lorms of rhe values af g ag B, [P, &r— @,
P+ and [F—. The resaliing expressiom <am e
wridien as:

0 $o4 + 01 #s + FuPo- + B

where the g's are ohininable in erms of known
quaentities, including the valusal dmi & = R4t
The detmilidd expressices for 1he ge will il b
given hers; they &in m omsly ohiamed by
seraightforward algehra.

The [l terse. As mentione in Socisan 3.1, the

A
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sweondd-order 1erm diiele 8], Tepresenilmg
the diffusionsl Oux, will be evaluaied along the
line §; = §; » However, in order that the
resuflong diference equations became linear, we
slall evaboate the codfffeiomt ¢ along £, -d
where all ke quanzities are koown Thus ibe
himite-didlerens fonm of Bika{e il will ba:

;{iﬂa’i& i — dad

Mg = g, 2 |:l:l.|'|-|.' hie ﬂ:lp:l
O e o )
Z iy — dig_}f

The ahernalive practice wonld 1 16 evaluate
the ¢'s adong §; = §;. 5 bui then the solsion
of the redulimg ooe-Encar oqualions wouwbd
med iteratiom We whall not comsider 1hds
possshilkly Bere,

Tlat soorce ferm. Fimally, we need 1o expros
the o @,y in fAniee-dilferencs forme The
aimplest procedure woukl be to evalunte this
lerm from the known quantities ot §) . A
belter practicet i bo express the teom & /G, ag:

[ 1067 by 4-[—[”, .]'mu il

When ¢ stands for ¥y, tbe prossure-gradient
terin Em@S, appesrs in the oomesponding
expression for @ Smce (b pressure § will saol
always be kicwn, this case nesds special
consideration It is easy to see that the fimile-
dilferende fioem of dp)/FE, will be:;

An wldion relationship cin be obtained for
the wnkmows pressare my from sguation (2.1, 15).

A SlE beer o, i mighe sppear, woald L= o sngley
& e el srprexion sivich a Dree S s diepaed v
of & slage # &n stwral diferend e
Hawevws: 00 & o wsuld b o wloduos man uek s
ikme can b copad wiih B s seluiion procoduse which i
indivpcaiod belore; wa there b peliain from th clabocaiion

W i wnle;
-p v, 38
P - Pn-'fh-i‘d"[ _El,':j

% ﬁ:]d-n.l (3201

Alchowsgh in princple it is possible o handle
this complele equation, the moressed alpsbeaic
complicalion may obsoare the mam clasents of
the procedure. Thereloee, for the purposss of
presentaiion ondy, we shall use a simgpler forms
of equagion {3211} we shall assame thai
pressire g i wnifoom for a given vnlue of &
This ssuinpiion & valid when ke siveam lines
are not highly curved a2nd the awsd velacily
¥ is small Iecidenmlly, this Gase happens o
be the ene al mosl praclicel imperianes
The following treatment is valid Jor ihis e,
A readler interesiod in cases ol mon-umiloem
presaurs in the §; direclian can woik out the
Mull implicadions of equation {3.2.1) alongsimilar
lines.

The complete diffirence equation. So fag, we
have explainal kow the individunl terem e
he expressad in [mdle-difference form Palting
them together, we compile the caeaplel i
feronoe equadion a= folbows

oy + Fatka +.F:|.ﬁﬂ- L ]
2 {['-‘-u+ + cul [dns — dl
e — @p- : *al'ﬂﬂ = WJ

ey + 5p) ke — in F} [ ]
2 g, = ety ) w
* [.%. i I:-‘GJ]:L{M ~d) B2

I & casy bo see that, by rearramgement, this
eqquation can be redoced 1o (ke farim:

o = Afps + By &+ C, 325

where A, B and © am obfairahle in terem aof
known quamlities. [ the pressure pp & given,
ilien the equation for ¥ will ko bave the sume
Form as (5.2.53]; however, in the case of comined
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fuw, the pressurs pe will appeas a8 unknown.
The feom of the equation will tsen be:
Fion=d¥ ae + BV 5. + C+ Dp,  (124)
Equalsm (323 or (3,24 & 1he final oulooms
of gur fnite-diferencs formulation There will
be one such equation for every prid poim
excepd for thess on the | asd £ boumdaries.
Olely in ceflain ciroemstances will the above
mentEned procedere need modifcation. 'We
shall describe this paint in Section 34 below.
MNow we tum 8o the problem of solving the
nlprbraic equeaiics like {3,231

3. Solwion of the diferescs dguutions

Propedwre for uncenfimad fows. Far wnoonfined
flivws, the pressure py, ¢ain be obtrined hefiare
falving 1he boumdary-layer equations Then
the difrence equations for al the ¢'s including
Fy, nre of the Toem (3,231

Lei us suppose thar the grid [ines divide the
thickness of the layer into N strips. If subscript
¢ demoles a0 node corresponding to o value of
an, ihen equatioss of the type {3.23) ean be
WTilten a5

#im Ay # B, +Co (231

for =1 1 4 ... N. The vuloss of &, and
'ls'al-u will b I.I'l'ﬂ'l. ii5 I:l-ﬂ-l-ﬁl'llilﬂ canditions
{When ks pradients of & mi ihe boundaries are
given, we shall modiy the formublation of
equsteen (3.2.5) so that the following scluisan
procicdure can s2ill be wsed This poing will
be described in Scction 34 below] Wo_shall
first cransfoam equation (1.5.1) inte the Following
form:

whsery

=P + O (23.7]
I T |
1—8Ff_,

g, = Di-a + G
T -RPL T (3.1.5)

P.I -|I{=

Py

@ = Baghy + C;. |

Afler e calculation of % and e @ B &
Wmpl madter 10 oblein $'s [fom equation
13.3.2) by successive gshatitolion siarting from

v -

Provedure for confimed fowe When the Now
= confmed, the pressure gy f& not direcily
gpecahied. U the oiber hand, we hawe an addi-
tional relationship tkat the mwe of change of
the toial mass New in the whale duct with the
streanvanse co-ondinate &) depersds anly an 1hke
muc-trasskes rates Al the confining walls
Sino pressure o, appears oaly in oo equatien
far ¥,, the equations for gther ¢'s can be sofved
by the above procedure for mnconfined Mows
We therelos: dewribe below the procedum
for salving 1he equation fr V), for confined
Mowi Thix is being presented here for the sake
of compleleness; howewer, ® should be
menlioned that we have not yel used ghis
procedure for solving amy sctual probilem and
that the gsasaples e Secion 4 below wn all
of ibe unconfined-Nlow variety,

As ehown i Section 3.2, the equaltion *far
¥i ha the form gives by (324);, we shall
revrite that equaison as follows:

FI.I i HI.I'-II.IFQ + R;""[_]-. + &+ D, (X345

for
i= 254 ., K

where g stends for |he pressare along the ling
41 = &y, p ThE symation can be iransfocmed
inea:

B = PJF:,.H-| + E.; + Eyp, (E3.5)
whare

-
-
BQy . + C

i = o

L R P [1.3.4]
=8Py’

Ft_- Az,

=BV +Cy

Ry =0,

Fy

e
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We tmnsforn equstion (3.3.5) omce apain 1o
express all B's in derms of ¥ g - 85 lellawas

Fl.l - I:ll:lﬁ'q-' -+ F. + !iIF' rj!j:I
wiwry

= PEy I
Fi= FFp + @
Hy= Pl + By
Ey = Py, |
Fr= @
Hy = By
Exar= 1,
Frag = Hyoy =ik

(153

=1

fyey = { —2 }
e O5(p;4 g + Bk WF oy + Wby

X {(F e * Ve = (¥ e+ Vi)
(3210}

which Feas ghe Tpom)
5
|§ LV ey + Fip = M,

where 5 and M are known guontickes. Row
sghelitulmg from squatiom (237, ws g,
aller same re-arsanpemmenl -

(33.11)

M- %mﬂ.” + B3 i —};uh“ + Fi

- a—

.?.'5 CE PR O«

e

Ad this stage we shall iniroduce the cominuicy
efquation for the whole doct. From equaticn
{3114 we zep {has

'::.:.»_lL il ke
j G, sm T

I is ensy (o sed thal (he righs-hand side |s
caleulablk for amy value of &,; becauss the
variatson of I:iz = iy} can he oblaims From
ez pressnied mass-iransfer rals W the come
liing walls and the integral

o

it known (rom ikhe geometry of the deet We
can wrEiel:

319

§ =z wn maghisl o iy VAR@IRIH. 8 & 10 s
caly ¥ 5% o enkeowme A d) i pramag w0 fase
br sdopied when ibe deraly vaslaiieme bav & algeiloniv
et on I premms 'l.lrllJIl:nl. For cxampls, faill,
viliss i b #@ond i pesviom sism of iks icicprazine,
lﬁuﬂmMnlmh":hm
PrEmaiuTm W Sipge remedes for diTeoltes il hove
F BoEn e HEa

Using this valie of p, we can obssin the vabaes
of 28 ¥, s froen equadion (33,7

34, Specksl provedures
It has beems implicitly assiemed o far that

Che valoss &, and gy, a1l Ihe Boundaries are
knewn Samelones, however, insicad ol the
valu of @ the gradient of ¢ & specified along
b houndary. In such cesss the difference
epmtions for the nodss pear the bousdiry
need some medificatlan.

The equation qa.l.ll'cm e writton as:
£+-|'n + ME -—I:.r_!..] -|--|i-:_r'

]
e _f’_ sinnds for ihe Mux canged by the
pradient of ¢ BMow, IFike pofr B— lie e ibks
beumlary, we can wrrks the Nus (6o &G {nf )
in Emitg-difecencs [ormm as [ollows

2 (s + ful (hne = al
Wpy = Wip. : (g4 = e2p)

_fr '['1|'I:l -?_‘,M._}r

E41p

(312
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wheee 1, 5 5 koows from 1he prescrihad
pradient of & ni the boundary, This (ormsula-
lics avoids explict referenc: 1o the usiknown
boundlary walis @p-. O course, when all
other ¢'s have been @ilculated, @5 can be
deduced from the prescribed gradiens and from
the value af ¢,

13 Cholce of furward srap

T parform the foreard integration, (he sim
o the step length () g — &, b must be dacided.
Since 1he present Gnite-difference lommaulsiion
is of implicit 1ype, slakelity will be malntsined
even wiven the siee of the siep is farpe; bowever.,
for pood accuracy, sman Eleps are oécmssary,
mm-u-slﬂ-u-nnmi.llﬂﬁ:u-n-l'1h¢|mi:ul
particular cdass of problem can be found by
experienco. A simplo procedure s to meke the
siep length proporiions] &0 the thickness aof
the laver, ie 1o pal:

oo = £y 5] = coaal, = %!I, e, (3.51)

This will be quile sttilctory far most of the
turbulent bousdary lavers where 1he thicknes
of the lnyer vorles approximaiely linearly with
the lesgitudinal distance. For Buminar houndary
layers, o step kength propartional 1o (ke Eajuarm
ﬂlhhmlhktmmﬂhmrummprim.

In some situations, the growth of (ke layer
thickness is very slow, for exampi: i n mixing
Bayer between Iwo sireamms of nearly egusl
velocities; in thise casss we cam chonse (he
step Jemgth 3o that the exira quantity of Muid
entrained during that step i equal io-a defimile
fruction of the quastity of Mid alveady exisiing
in the layer. This rule can be exprosad in the
following Foarm -

= OONSL ¥ (g — @

A Forosels for geld sontrol
The quantity (g — &) appears i all the

£u

[3.52)

1405

dilference cquations ghven so fr. 1t 4 therelre
necessary b describe (ke means of caloulating
e = i) for successive valusi of £, It s this
quantity  that delermanes. the d@etual siee al
the prid; the fallewing Sarmisdae will therelore
b called the grid-control fermuloe.

It is ensy 1o see thai:

e — ¥ls = (s — yrdy
4 [%‘l”"]l Mo o—Epd  (BED

where &' — denotes the grid podet nexl to G o
A coastant —{,; lee, and the subscript GG —
boundary bappers to be o wall or n e of
ymamecry, ihe caloudetion of fhe correspanding
didsy i sumightforward, for e by uss
ol equation (2.4.11 We comsider below the mare
impostant case of a Iree bomndary. Agais ji
B nedessmary to distinguish bhetween the un
sib-chses of 1l case.

Free-stroam boundary with panislhisg ernspor

propeviies. For this case, we write the egualion
(243 in Fnite-dilference form as fallows:
dyg IR P T 162

e B Py ]

wherg O~ denoles dhe grid point nest 10 7 on
& conetanl <g, ling, and the suhscripe GG —
indicabes  evaluation i belwoen the podnis
G and G —, The equetion (362 & ohiained by
amsuming ¢ to stasd for V, and by laking the
profie fr ¥ as parabolic with distance in the
imterval bedween G— and G K & passibk 1o
devis aliermative forms
Freestream  bousdary  with  mow-

ranspert properties. The besk for e grid-
condral [ermula for 1his case has been explained
m Sectios 24 In ordor 1o presesd the farmist
in finise-difSereses Tormy, we esd Bo re-wiile
the equation (1115 after puting & equal fo
0 or unily and by expressing the ierm

Py oy b5 nndly, wham ¥y b the prapamy in qualion: g
B ey lpﬁ-h-:q:-lldll:;hl'h::quﬂnn
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vilim g% the expression resuliing from the
Thix 2o will be inkes as the snme as In aguetion
[L6EL Thas we have:

¥ ':'_"!'E = Eﬁf‘;&!.ﬂh—
T TS | P ——
Lz it "'} g = Wl

{I:’ \‘}E| {I. L. K EI [ 4 [g.ﬂib

A = $" Wi = g )

Hers the § ~ ¢ profile in ibe imerval (60 -
is assumed in he parahodic for ghe puspose of
cabcubating [d\dai)

fnitabitily mogeid ronfral 'We have wsed an
implicil schame for formulziing the dilferemco
equations and iherefore can confidenily =xpec
stahility. The eguution (&1} lor ealculsiing
g = il Bowever, s of the explicit 1ype; Lo
the mpilrean valus of ks dernalivwe Epg —
iy, i wond for 1he whole intecval. This man
givie rise to fluchmtions i the wvaloe of che
thickness of ike fayer, when lorge siem in the
gy direction ase used One way 10 avoid these
fluctustices i w use & weipghted mean of the
warenl walue of the derivabive amd 1Bt [x
b previcas indegrtion The fuctuslions of
the boundary are more likely tooariss when
ihe velocity in ike surronndieg sireas ls g
This & w0 be capected because then IF the
entraingment rals happens i be radher g,
the boundlary bas to be shified by a very larpge
distanoe io entrain the extra guantity of Muid
Use of & smoall hut finite valee of velocity in
the surrounding siremm will restore sinbilizy,
Finnlly, If the aize of the [oreard siep is
reisptally smaldl, inslability theough grid of-
ird will not nowmally arise.

It should be noted that the grid-comirol
procedure & the part of the present calealation
method that most nesds ngeouity and e T
wiakl be deslrabile in the lorg run 5o devise a
single gensral procedure which can be applied
irrespecdive of whither or mol the tmmspor
properioes vanish af the boundary.

£ APILECATHING

In Ihis secibon we shall demomstraie (e
capahilivies ol ihe caloolaion  prosoduns
descrithed 0 dar, by way of thres caamplos.
The puirpeiess 4l This séchion i8 o sdhoes that the
prosont method cam be sucoeslully nsed [or
predicling keal transfer and friction in varimes
iypes of flow Thongh we shall, of necessiy,
use physical hypotheses and ke comparsons
wilh experimserial Eala, the emphasis = o
presenting a converden malbematical tool and
nod on demonsiraling thal the hypoiheses
which va heve used are ke besi ones.

A rpemnrk regarding dhe change of ncqalsan
will b Belpful bere. Having completed the
przantalion im terms of the peneral coordinate
syslim, we can now g=n symbols Lhat am simpler
&l mome {amiliar. Thes we use below u for

Vi and x amd p lor distnneces in directlon 1 &nd

direcison 2 respectively.

i1 Comprissble lamimar boundary laper on
fat plare

Sratemear of proffese To cest the elfeciivencss
of the new mathematical procedare, compariion
with available geacl salutions as Bighly desir-
ahle. Therefoou, as our ficst o c—mple, we
bave chosen the flatplaie minar bousdary
layer for which ¥Wan Diriest [1Z] has peesented
cract mamerscal solutions. The problam s
characierized by zero pressure gradiesd, o
meass brassler, udilpem wall lenperaiene, knl-
form specilic heat, unifoom Prandil nuember
[equal to O<75L amd viscosity varislion given
by the Sutherland law, namsly:

o TV 1M
b {ﬁ:} T+ ossggTy Y

whens g aml T réspectively el for vistosly
aped absahiie lempsratise, while the Itll:ﬂ:npi
7 denotes conditioss in the mein sream The
ratin of specific heats, v, is 1aken as 14 and the
density is azsumed 1o be inversely proportional
i the absolwie lemperaiue. The sk & o
ciloutute the drag coefficient nnd the SimnvoE
number for variowm Mach sumbers snd for

e ™




& FIMITE:DIFFE REMCE FPROCEDURR

various wall-do-rainstream tempersiure ralios.

Darails of solutiow provedure. Tn this case the
pariisl dilfereniial equalioes solved wene 1214
and (21.7] The mimeher of grid lines across ihe
Biyer was [6. The initial profifes of veloeily
aml  tempemiure weps arhitratily mken as
linear with disiance

tinued until the profiles of valocity and iempsras
lure eeased o change. bn 1his St i Lk Boundary-
laper thickness becomes proportionl io the
Square root of the longitudinal distano alang
ihe pinte This equilibrism saje wis nchieved

4y

after about 150 integration sieps and 052 imim ol
BN M0 comm puter time.

Remilis. Figures ¢ amnd 7 respectively show the
variaticas of &f./Re) and Sif,Red with Mach
namber, for variges lempwraiure ratios. The
[u¥ ke represent ihe solntions from [1Z] &nd
ihe points show our salution, The agrezmen
bt eatisfetory, Ths (ke presest mechod cnahles
o \o obilain stoursie solations of the eguztions
Far “slimslar™ Boundary Byers, even thomgh it
5 mal apecifically designaf for ths pmrpose.

4.2, Axlzypmmeirical mrhulenr jor

Statewent of problem. As caur seooid exampl,
wo lnke ke problem of an axi-symmelrscal
turbuilent jet. Figire & shows 2 jel with velocity

e 5 ag
& [P
e Retpbatin mi
; i
— Eeach sadstipge [13]
g 1 | Promd jeabdian
Rty :
= 2R
- LI
a &8s !
iEO
axk + fedbanile ol
i I
B !I il- ll []
Bach Mg,

Ful. & ¥iriatlon o e ok isliiction cosffim)

= Eu®i gahdban [rz]

L] Pawied odaiae
fpiry
- 2y
i LRE:]
B
" b

":l"ﬁ'_u

Mech ran

Fm. 7. ¥esilithan of S1ansan i b
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#®p g Coimmg o from a nocde of dismeter d
into 0 sarrounding stream of unidorm welocily
¥y The density s unsform The problem s o
cabeubare the eentee-lime velogity sl warlous
dawnsiream distances, the velocily prafile, o

Detaily of volutbon procefire. For this cose the
partiad differemiinl equation {2.1.4) was solved.
The effective wiscosioy was ealeularad By using
Prandil's 1925 mixing-length hapothesis, which
Bas Been describid in Sectiom 2.2 The mixing
lengih was mken ns umilons across the layer
and equal en 00843 Gmes a chamcierisiic
thicieness of the layer, defised o the disiance
Bepween 1wo paints each of which = neas cre
o the boundaries of 1he layer; when the bowndary
coincides with o wall or with a e of symmetry,
such a point lies an the bouslary; when the
bauipfary 8 adgaccnl KB oa oo Mimcam; the
painl is located such that the welocity thero
differs [rom the. free-siream velocizy by 1 por
cent of the maximum velocity differenoe apross
the layer.

Ta siar the aintegraticn, n lménr velsily
prafile wilh a very small thickoess of the by
was msed. The radius of the inmer boundary
was caloulzied from the rale of enirninmeni
from the poientis] core into ke Emner surfooe
After the innef madius became ero, the inner
Boandary wis ponslersd B b thi ling of
symmetry. The number af grid Imes across the
layer was eleven. The forwand siep wes chosen
go I8t tho exirn emount of Buid entrained
during exch step wis egual o ons-teath of the
quaniity of the Nisxd already within the Byer,

Basuliz. Fopare @ shows the decay of the
centre-line velocily of the jel with dewnsiream
distance, for thres velocity mtios: ey p =10,
-}, @5 Also shown is the line representing the
pelad | o

£ e, E TER )
Hp g — Fg il'.llliil

which i Encwn to agree well with mosl of the
sxperimendal dam for the downsiream region
of free jeis in siagmant surroundings. The

agreement with oguation (421} of the present
soduiiom for Mgl g = O gaite good.

Each cusve om Fig % represents abouwt 25
mim of THEM TOHE Gomgniler Bime

For the d ommsiream region of a jol in stagnant
susronndings, Tollmien [1%] has obtained an

s i
|

w1
2o heie ol fas (M

&

ot T e
e
Fiz. 8, Dty oF o piie R vEo0ily off the i

s IBad the estra smount of fluid entraimed
exact solufion For the Praasdl 1925 metmg-
lemgih hypothesis. As a malkematical el ol
oar prooedure, we should expés pood Egramient
betwesn ke present solution and Tollmien’s
salutier 1o Fig 10 is presenied ibe compari=on
ol ihe dimersionlzss velocity profilzs. We can
comadwde thal use of only eleven grid lines has
prodicted very satislactory velpeity peofiles

4.3, Bodial wall fei
Seatessend of the profies. Asa linal illwstralion,
wi presenl the results of a clauldion of &

T e —— o —



A FINITE-DIFFERENCE PROGEDURE &

radial wall jer Thaugh i1 B wilkin the soops of
boundary-layer theory, this casc has several
umusunl fratures: he Qow direction is &1 ghl

angles in tha nxis of symmeiry (ie [§ = S0°;
the flow cominiza cheraclerkiles of boill the

conveniional boundary laver sl the fres jel;

oy

ni

Lb

= 1] ] (L] (%] EE] [T ]
rﬂr!

Faz. HO 08 vt s b eI i e i LD 1 v ri S s
o (b preiens Bied ol i,

ihe 1:|:I|:||'J|.}' profides cubdhit 8 moximam, aed
consedquenily The dhear srem changs sgn In
st much a love cooims whem o jel Tmpinpes
marmally on a plate The problem hero is 1o
predict ibe devwelopment of the webocity profile
fior such 3 wall jet on smooth wall, staning lcom
a known veleelty profile ot g given d lstascs from
the xri of aymeetry.

Dytnily af soluriay procedore. Ooce apam e
partial diferental cqualion solved was {204}
The olfective wiscosity was calculoted by wsing
Pramdtl’s 1925 miming-fengith hypothess The
wariation of mixing lesgth L wis 1aken as!

[ = &xF;
430

fe = Agks:
where j s the cheracteristc thicknes delised

| Section 4.2 and & and A are constinls We
v eod: &= 05 and iy = 011 Thess

values will appear 1o be samewbal higher iban
Menge pppropriaie 1o conventional bounslary
Mavers of plase wall jeis However, experimental
dain Toe entragnment and shezr siresses in
reatis’ wall jets o sl that the cosresponding
mixing longth st be Larger,

For the st inferval mear the wall, we bave
assurmed that the velociy profile corresponds
fo the ““upsversal™ L of the wall, given by:

1
TR Elrl Myt (432

The shear siress a1 the wall can be caleulaied
fecemn dhis law, which mctdenbally & an evample
of 1he Cousie-llow relatioeships menlionod
in Soctsan 1.3

The cumbor of grad hins: used across the
Inyer was smieen and lerwarl sleps of one-
furits of the layer thickness were tnkan.

The calcubatinns were performed for 2 par-
ticular sct of cxpevismenial data taken from [14].

Hasulrs ad  comparizon  wich  fxperimend.
Figuare 11 shows our prodiciions aid (ke experi-
enzivinl duis for 1he decoy of maximum wilocity

I L]

w5 om of doymiEema (1]

e
Fiu 1l Docay off panimem vebsiily dmldl pross of i
safass leikiies ol § wall e,

and for the prowth of 1be hall-value ibickness
¥y~ Thiz halfvaluee thicknes is defined 2s the
diamoe [rom the wall of & poiml which is
Fezyasd the maximum ond ot which 1he veloeity
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i& ¢zl fo one-hall af the maximum welesiny,
Tha symbals yoand we stand respectlvely far the
thickness of (he slod and the velosiiy al it in
the experimental Stoation usder cansideratian.
The shistance x & mensural from the slot. The
sgroement with expetiment &= satsfacsory i
thia cnse. Indeed the constamis & asd 1; have
hees chosen o ns 0 obtain gocd agreement.

The imlegration takes abowt 02 min of
THM T comqueter 1ime,

5 CONCLRInNG

. The forcpoing method of solving sots of
simullancous non-linear parabodic differen-
tial ogquations has peoved il=ell 1o be com-
weniend, accurate and guick i three mthes
dillerena circursiarces,

L The nsain marits of the method derve from
its 1ise of the non-dimensional stmam funclion
&% cryss-siream varislie and of a grid=comiral
procedure Memdralsment ow'') which lezally
eafisfies the differential equation of mealion,
Other [eatures of the meshed, for sxamplo
the limearisation of the finlie-dilzreno: fomm-
ulic, are inessential, asd perhape not pamicu-
larly waorthy of emulation

1}, Considemble simplification has been elfecied,

for twrhulent Mows, by (he neghed of longi-

hedimad convection I the Intervsd close to
the wall; this permits the somentum and

Bezal Max through the lasingr sub-layer to be

cxprossed by algebraie relations based upos

once-for-all ntegrations or eepirical liws

Fariher development of the meshed shoild

be directed towards the formebition of a

Eereral, aptimum emirninenenl law, and the

lesling of the procedare lof conlined Nows.
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HIGR-5FRED COMPUTING N FLUID DYRAMICS

Numerical Solution of the Elliptic
of Varticity, Heat, and Matter in

Frisdrd iy 5.4

THE PHYSICS OF FLIFIDE EUPFLEMEX T J[. foas

E:E.naﬂuna far Transpert
wao-Dimensional Flow

A B Rewemsy [, IV Besroing, is6 B Wikksatom
Tnperied Cofepe 4 Befowee and Pecknasdogy, Fandon, Fagliol

A foile-difaroce method  presmbod for the salethan of the slipio JiToestial equaliors for the
i Erv-dmnkmal

Myiﬁﬂpﬂ-ﬁdmmhﬂhnﬂm

dieadins. Spozial folinss of

tha method kndlode an sgrmelien] fmdatio dor the soneestion e, which promoies son-
NECERNSE KL B30 codl monoumiey] ebediuce Lo dbe rommsryaliom epuslions far gl pulidowiabag ] Ula

i af {Ises-Beided Bembon

pevetidnee; emplommct of grids baving posusiform wesh) apd &
ﬂrﬂm#lmtﬂhhhmdurmﬂllbunumﬁﬁmﬁﬂuh preaecsed far iha famlie
tdhhhllﬂulﬂiﬂlqmzﬂﬂlim.m"hp.mum

inbuznca Feynolds anid Prasdd simdan, wod of the imphegieg
'Tﬂﬂ"hlﬂﬁfl'ﬁ:ﬂdllﬁhihidi‘lLl-:llhur-:ﬂ-il:l:luflhl-lbmpuht:ml:rldu-: s l'm

r e
irrpdrgrmg ful, and & Gomtla Aew

£

knowtalge, Tha influence of mesh piee, mesh eoaimifermity, mod the weticiy wall
eonditlon o connerpmee ved nesaraey I8 studied. 15 i sloem oed

L can

vargares TRy ha

serdbsl for & wide mags of Bensldi aumbsn wiik oouse el pm.mmn::nmd

sarepuiidion speed appest o ba satbln
disfistend, and moe impravenenls ane s gpeatsd.

L INTRODUCTION

This pager provides soma mgw sslutions of the
ellipth equntions whish gevern ihe distribations of
vakotidy and tempernbare in steady, lminar, plans
fiows of a uniformeproperty fluid. Nusnerieal saln-
tions am ohixined for thrs eonfgarations: the
squaki-shaped eovity with & aliding wall, » jet, -
pinging né right asgles on an infizite wall, and 2
Couette flow with mass tramafar, In thess wobations,
ooxvergenes is seured without &ny severs restrics
tion on the mesh size of the finito-difference grid or
the e of undee/over-relaxstion. Wa also wish to
report soma Endisgs abouwt the mfluences en assu-
racy and ennvergenee of mesh slse, grid-point distei-
butlon, and formalstion af the verticity boundary
eomniditian,

Moy nuiboras have soncened themselves with
the fnite-diffarener solution of the equations of
steady-atals motion and eantinulty bn a bwo-dimen-
sinnal domain, For sxasply, Thom' obisined o solu-
too for the flow srousd n cicculsr cylinder in &
umiform stream, and Allen aod Southwell® extended
this work. Other suthers who have mads satably
enntributions  ineluds Howagutl" Skmusi,”  sod
Barggrad,"

The laat thres sathors found dhat their compats-
tiomal proodisres failed 1o convergs when Reynolds
mumhir becams sufickently large, unben the mesh
stn wan sleadily redasd or ssvars under-relaestion

15N d-'iwﬂﬁ {’ mﬂﬂiﬁmﬁm

l*ﬁ.m"m“#lm: 241
o Pl in, LR
AT B .:h.tmf:m

#0 T Burggral, J. Fleid z-hll:lilm-l-sh

for vanpy purposes) Vle ebainksy of U

Lo i

wid el Tn the pressal paper convergence i3 pe-
cured by ihe wse of a now ussymenetrieal findés-
difference formmletion. This formelstion B uncon-
ditiomally comservatlvn, (war any nrhilmcr eomirol
voluma, Two olher nowelifes ame the uss of none
unifarin fmeshes, in order 1o improve the acearacy:
agil a nmr formuladion for the wall 'l|"|:|I"II|:|Ii§' vl -
tion, which ia mors acewratn than sarlisr ones

Tha vasulis of the ¢aleilations are prosented in fwo
prts, Berlses 1T pronides graphs which display the
gompated patierms: of hest ond Suid Bow; falrly
onarse prids have heen usad, so high :imm:.—_.- & mok
eliimed. Aecarsey, and the influence on it of mesh
sze, of mesh-sian digcbution, and of the vortieity
beandary conditions, nre desoribed in Bea. IV prob-
lam# &f eonvergenee mnd computer dime am alo
dmscissad.

{Of thi thees [!ll.'ﬂh-l.li.ll‘l.l Iﬂ:-r.llla:lgnﬂl e mquams cavidy
is an impartant simplilication of many recirealnting
Mo, “Toggalber with the impirging jet, it bes, there-
Fieris, miph practical i

'I'I:.e-!_hi:‘d‘pmh-lm. that of Countts Bow vk mass
transfer, is comparstively simple and s ammmabls to
onalytle technlgees, Thas it & ideally suited for
deduslng conclusions abonk the seoarsey and con-
verpaned of the mathod,

IE. MATHEMATICAL FOUNDATIONS

4. Da¥erentinl Equetisas end Hopndery Comditions
Wi shall concern ourselves with the three eque-

thora which, for o aniform preperiy, plane, steady

I'I*:u-l'5 goverm the distibigtion of stream function ,
wrh:i'h'i.:-hdhmmrrl:nmr.'lhnnq_uﬂuuw
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in-zz

bar wrliibon in vestor farm as

div {prad o} = —u, LiLh]

V X godw — ediv {grad u] = 0, {5
V¥ god T — adiv (ged 7 = @, LGN
Froo —i 3 pad o, (i}

where I in the welocity vestor, » b the kinemstin
viseosity, & is the thermal difusivity, and @, = a
il veotor marmel G0 e plane,

The bounidary eonditions with which we ahall be
conearnsd wro a8 foliowa: ¢ 1 o known funclion
ﬂ-:'ng' ouy wall, and Eq, (1) dictates that, nlong che
wn

"T'n'{’ = i 4 (& knewn Tunsiicn), )

wiwistih 41 i the normsal distanc from the wall. The
lempermture distihulbon along the walls will ba
faken as knoiem

Tha lmpingimg-jet fow is supposal 1o oraur in o
srini-infinite medivm, However, to simplify eom-
putaticn, "artificial" sonditions will be invaked 2lng
tlue bousdary of b finite domain of tegration, Thess
will b desoribed in Bec TR Eelow,

H. Fuﬂ'he-ntﬁuw;md Hoandary

We sholl eonfing stlendion 4o the values of the
variahiles which prevnil nt the & .des of & metsngular,
nongniform grid, eovering the Geld of intepmtion
Figure I displays a part of the grid snd also, by
dotted lless, the mctangular arees which susround
aach mode, Attention is fozused on & Gypiesl point

r_.lh.__l
1 ]
—il - H'I—I-LI'I'I'\.-..-I—I
| 'i r
W g _ = ME
r——-_-l l]:ﬂ-l‘l I—JL——I
J In I i
&4 wh uwopl .u E L
1 n
LSl
L | - - - -
ar
w‘;:'JL"ld_i-\‘.'
L B L |
= _rI-T_l_—
I ] i
h__lr__l
—

Fea 1, lhstratlan of & part of b grsl of ponia

HONCHAL, BFALDING, AND WOLFSHNTEIN

P, and ca the fear surreunding points, N, 8, E,
neal W,

The findle-differencs cquetions are dorived From
anhnl-m'ﬂ'h:.l integration over the reclangular
areas shown in Fig 1, together with masumnpdions
ghout the dsinbolions of the vorishlos beleeen
grid points. The resulting fnite-diflsnenes equnbicms,
enraponding, repoctively, to (1), (), and (3), am

(b = v} EE—.;';} + (e — ¥ ﬁiﬁ
B ded W
+ (¥ — ¥} - "

+"}1_'|:F_1Lr:-—.::.,:|
_ upliy — Tobin — 4}
wplTy : L i

+ (b —

B H,,,{Lﬂ-e-- = fon) L = e,
.51-1: | #aw — g.,._,|}

ol 5 H_._]{Wn = Wam) ‘L' [¥em — 'I".:u|}

F s — b e =

+ -ﬁ.,]{ﬁfn -~ due) L h:l}.-

ARSI o s )

+'H;._l ﬂ':'—ﬁ_l_ﬂ'u—ﬂr}}_'}l m

B IF If — Im

tl.lﬂldlﬁr with a Neriker sxquakion, such na Elq F_:I in
Torm, bead with ¥ in pleoe of o and & in place ».

The ferma in the oarly breeloets of B, (70 de-
sarve soma fomment. Fiesf, the aulsoripls, NE,
HW, &R, aml 5W denale the four comens of the
reckingle encloaing peint P the voloes of & st thiss
poinis mre to bo taken ns the arithmetic ewans of
valuas at the four grid eodes Bvlsg nosmst o them,
Theis will lesure that the roualling solutions saiisfy
tho ennservallon gquatioed over arbitrarly Inrge or
=mall portinng of the domain of mtcgration. Seeond,
the ontents of ite rarly brockets vanlsh when te ¢
differenen is megutive; thls means thal them =5 0
fimite eoniribution of eonvestion only for surfnces
mmﬁhlﬁﬂthtpﬁﬁwpﬁnﬂhdw
inko Ehe restangls surmunding P. Consequently, ths
pquntion bemenes positive definite, and converganm:
is seured.

Tt boundary regions arm handled diferently.




TRANSPORT OF VORTICITY, WEAT, AND MATTER [1-23

Clrid modes e set I i boundiries, I this boundsary
eoincides vith o solid wall, the ¢ snd T weluny of
th.un:mzivu.:mlﬂ:-&'rﬂrﬂ-bﬁh- vilums are didised
from Eq. (5). We bave dried twe different wnys b
ixpress this equation in Snite-difarenen farm.

(i) If wo assuma that s varbicity Is sunstant esar
the wall, it folliws that

Hphy — 2
- E'!'-U] - ﬁ i ]
where P is o boundary point, and E i a point ad-
jnezisl 1o the houndary.

This formiglation h%hmnl.pih:.rﬁ.enujl:nﬁl.: of
peevious workers ln (ke fleld; howeves, it usunlly
impliss =n unrealistio discostinuity ln o sl the paint

Lip ==

fiad IF we assemne thok e vorticlty vories lnearly
fram I to B3, B follows that

-y By = ] e
SR T Tl ay W

Seamne odlser boundary conditions whioh heva Bsbiani
usil will bay gleserikad im Bea. I bolow, in dosinee-
tion with the dessrption of petisular flowa,

The sbove aljobraie sqertions, taken togedber,
defing the mathemstical problem, Theie simultang-
nmnﬂuﬁmhmu&ufmmﬂmhﬁnmiﬁaﬂ-
teduare whish will now be outBined,

C. Outline of the Computationl Prnesdars

BEquation {7) enn b rewritten e

wr = Auine & Aga o+ Awerw + A, Wer  (10)
whers the conllicients Ay, 4, #e., are given by

An = nfity + &g + 05 + aw) {1t}

&ni
m {#un = duwl + Wouw = dup] | izg — ayg).
- ] * e — )
(12

Fm;dimﬂudhmwpuuﬂmhuud
#quations, the reader b reforred b0 Bombat and
Clark® snd Runchal o af”

Temparatures am now oalewlsted from &N gqun=
tion similer in form to (10). Stream-dunetion values
nre exloulated from the equation whic ix cbtained

®H, E Harakst ged J. aFm.u.,.n- af
plgaiﬂhmuﬂr:dm :%m-' .mﬁh g,

TA H. Rumsal, I, B aad BL Wallshlen,
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by reasranging Eq. (6) so %= to ouly have dy on the
liftchand sde. Yalues of vortleley at the salid
boundasies are eslculnted from Eqs (5} er @),

L THE COMPUTED FLOW PATTERNS
A, The Bquere Cavity with & Movisg Wall

Figars 2 illusirates the problem to ke mived. A
fuld rrvolves stoadily in o square-shaped envity
under the influenen of the sliding upper wall, THis
will is held at ane temperator, the Opposls st
anather; the side-wall temperatures v linearly
batwomin thosn of the tog and the bottam,

The sompurtationg wers meds with 8 mther counss
(13 3 15} bt meeniniform gHd. The grid mspd i
indicaied n jiwsl one of the dingrams in Fig. &
For all the sontours presanted hore, thi boundary
waluat of Lhe worticity wore obtnimed Trom Eg. W),

Figare 3 presents the resulta for Reynolds mum-
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EUNCHAL,

Fio. 4 Tie inuenca of ihe Pramdll muntes on the bampers-
tune sxrloers; LT X 15 scamilers grid; B o= 50K,

bors of T oamd 10, and & Prandt number of uaity,
T DJIHLIJIII'B_I"FII'!'I'I-I. the exizsbemoe of & [nrge primacy
eddy in the eavity; this is peshioned by seall pom-
trrutating cddies in tho twe lower reers for all
Rexnolds msmbmrs, The lemperatars distobubion
im the fiekl ot oo & @ almost the same as ket in
then wolls; but ng high & che termperatien: conbours are
il 1 hulge and sag by the conveative effest of
i myving Auid, The vortingly confoors are similsely
distorted nt high Rryoolds pambers from el near-
sy mamnptrical form which they prossss when | equals
unidy,

Figure 4 shows the tempemture comtours only,
for a slmgh Feynolds number 10° and thres diffcrent
Prandil membsrs 000, 1, and 100,

Evideatly, the high theemal comduckiviby, which
chusmes the low Pracdt]l pamber, eeady seeecds in
pravinting the convestive processe from distosting
the temperatisre combours frem their linesr, low
Revnolds number form. O the other hasd, whes
the thirmel condeekivity is oo, as when P eqguals
100, blus distortions aee s6ll more pronousesd than
for & Prandl sumbec of unity, Thess roulis wm
ensy 40 wnderstsnid.

The onlitative fealares of the alove nesalis
pasent no susprlses. They are in conformity with

ElALDLNG,

AND WOLFEHTEILXN

the earlier bui lesd extensive prediclioss of Souips®
Batehelor,” Milks," nnd Burggraf.® AI tha nismerieal
solublons now avallable suggest that secondary
eddies sheuld wppesr in the lower oomers of che
eavity; even for creeping Dows. In this connection i
s of Istarest to wole that Macsgno umd Hang' mnde
the suse ghesralics [ar o oaplive annular eddy
behind & dovwnsiresm-Taging step in o pipe.

B. The Flane et Impinging m a Wall

Figure b ilustraies the pometry and boundary
comlitises of the probilem. The symmetrical plans
jed im mupposid to disehorge sertieally downwrrd om
to n horzontal plaks. Far awsy from the plats, the
wilpedty profite inside the jei & knovn from fres-jet
theary; ared, ot the plate itsell, both hosizomtsl end
vertical gompaneizls of the valoeity am ecpial 16 s,

Wa have confined our alisntion U & Bquarne region
wilh ard @de on the cemterline of the jed, and of
length squal to tha freedet widih, We heve ene-
ployed two aliorsative prosedurs on the fros boun-
dary of the region: Tn-cass () we have required the
alricus Lnes Lo oross the free sides of the eopdrol
volume al Hght asgles, and the fluid entering tee
eontrol velume fram these boundaries to have zem
vorticity; snd im case (b) Cthe Ffres bogpndary ons
takin 0 elosed by b wall. In both cases we have
takon e fro-jit tomnparoture i be equsl to e
smbient, nnd diffarent frim the plate temporatine;
wo nlwo hisve moquinsd Uhet Uhers should b= oo
Jifuston of bewb snd vorticiky serc s dhe vertiol
walls of th pestrol vobame.

For all compabatberns, a 13 12 ponankform mash
waa wied; the distribabion ie indiosted in Fig &
Tha worticity nt the sofsd wall waa obdained from

Enq. ().
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Fia. & Ths impirgn lI-Hrrl'Bumi: 12 x I8 Tarurifcrn
n:EI.J:R =g Fom L

The Fevnolds namber of the o is defined by
pofarnes to the mextmmom velosity and to the width
of the free jot where (8 enters the contral velume.
The remilla of ihe somputations st B = 10° and,
for Prosddh muember of wsity, are disployed in Fig. &
Onee again o, w, s T eostoars nre the meanas of
diplay, The results display thi qualitative features
thal experimental cheervutions Jead one o expect,
The Auid from the ot b defleeted by the plate and
fiows along it Flubd from the surrcamding slmes-
phare i3 s¢t in molion by Lhe shesr stress o the jet
boundary; it is then drwwm fowsrd the jet, sod
carried nlong with It The major pact of the Lempern-
ture voriation b oofeed to & thin region clase Lo
{kw wall; this boundary Iayer tenda to. thickon in the
downelman direction.

Tigure 7 shows the ¢ pattern for & Heyoolds
number of 10°, with ik two {ypes of boundary
toeditions. Tt i obrvions that the diferences in the
priadn fnst-moving part of thi jet are very small. The
resulls confirm the qualilative exgectation which
physical experiemoe suggests: the ohsirociion ar
ponsiraind of the skw-moving fusd, which is en-
trakned from ke surroundings, hos very litthe eff sct
whan ik obelrostion s mol Lod severn. =

IV. SOME MATHEMATICAL ASTECTS OF THE
BOLOTIONS

A Aocefaty

I. False Diffustan

For & Reynolds sumber of 1, the exach schu-
tiona of the sqosibeea must show the worticity of
the Midid to be constant along every slrmmiine.
Heoweyer, Fig. 6 shoes that our ll_:l;lrn-uﬁ-llﬂhm
do mot fulfil this expectatios; it appesms thal e
wilmeerienl has the effect of ntroducing an
addltional “fulse™ diffusion of wertleity, which, &l
high Reyoolds oumbsrs, may be greatar ia mEENi-
tude than that brought about by the frus viseosity.

Thetniled ennsddorstions of this effect, some of

|

pra——

(&%

Fio. T.-The infeemes of iha “fre! boundsry condilicns
in e iuﬂ:{ﬁ:; jou How pabierna; 13 13 nommilomm
ji -

(b

which wepe dusesibed by Waoltshicin,'" kave led us
te Lhi Tollowing cowelusiones

(i} Al one-sded Smits differenee scheme, whiieky
e known 4o e, sulfer from this defes.

(i) The magnituds af this “Tale™ diffuziom @Tect
dor & syaame of mesh of slee A, snd & unliorm velogily
u enn be ixprrased by Fyn,. == .38 v en (20), where
§ Is the anghe thet the sireamlines maks with the
seordinnte erateim, and #i.. & the kicematle vis,
peeity whieh is mespotsible for this false diffasion
of vorlidty. i

Citrvioaly, the error enused by the falss-difusico
prosess may be apprecable, espeially when the
Heyselds mumbsr |s high, the mesh tse i ko, and
8 is near 45% howsvar, this armor need Dot be re-
gurded w3 ynaeceptably large. Figur 5 displnye the
veloeity profile scross the vertical ceatral plane of
Ehe square cavity, at B = 10", deduced both from
our work snd from dhat of Burggrsf and Milks.
The curve aseribed to Barggral can be regarded as
ragrast bo the exagt salution, sinoe it was coovpuied
with o 51 3 51 grid; yet our soludson, chitained with
2 18 ¥ 18 pesuniform prid, nnd Bille® plglian oh=
bpsrail Witk & 15 3¢ 15 unifarm o, differ very litthe.
T ayne extent, it relbects ihe fact thal, coeepl fear
the earness, the fresmline in the square cavity run
almost parallel to the mrsh. Becondly, where the
streamlines are apprecisbly inekined Gy tee sk, the
yekaitizs nre falrly emnll

§, The Frfuence of Mesk Sire and Ihsteibulion

= 30, Wallshiein, Ph, T3 thesis, Tondon Dniversity {1085}
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Fra & Conpacima of some avallible nouls o ihe
widinsT fiw gz the izal sl of ths
:l.'l"i:;!?lﬂ !':E:m o i e
| Byl il Errezrr

A i85 % 158 Unberm Milla
I = —a Op io 81 ﬁil{l'ul:l'm Burggral

o I 3 13 Mominibemi Prisenl

by sim, The boandary comdities ssmployed was
Eq {8} mther than (1), so ihe solufios for the
I1 ¥ BN mesh b ggosssively ineecarsts, Bot the
influencs of mash sise on nooumcy sppears, therefors,
nll the mene olearly.

Figare 9 enobles ong to sew that, if the grid ie
arranged 5o that the painks are closest together near
the wnll wh= the vorticity arc var
most rapldly, then the seourney is sppenelably higher
than when the mesh sise la usiferss, This coselssion
lollows froen the nesrmeca of cirve IV, which wos
obiamed with as 11 X 11 momuniform mesh, to
earve ITI, tha most seoirmte of those obtalned with
b unlform grid, and do curve V1, whidh was ebitginad
with a 21 * 21 nowmifarm grd, Whils we ars not
yub in n position to peopssy panesal roles for mash
distribation, 1% s cerfainly be ooneloded that
:;::tﬁﬂﬂ oeonomies in pompoter time ean be

#. Tha Muluemes af the Banndary Cemdition
A farther lesson can by kearned from inspeotion of

Fig. 9. Curvo V represani® the wall-veloci i
distribation exloulsted with sn 11 3 11 undform
mish, xnd with boundary eondition (@) In place of
(8}, While the curve is still mach lowar than that
with 41 2 41 mesh, tha arrors ams appreciably less
than those assoclated with the bousdsny condition of
eurve I, £E € Eag, (8, it will be remembered, whish
has bess employed in the computations displayed

EFNCHBAL, EPFALDING, AND WOLFAHTEIR

Fin, 2, Varmlio with dwisses of U velesty gradisn sleag
vrall of ihe lmplsgmgjel; & = lﬂl;l.
[ wparhibas far
vaitlelly bavadnre
Buintaal Oirid femdiliona
I ——— 1 ¥ 11 Unilsres Uniferm vordleliy
Il —++— 21 2] Unbsem W piibodre it L
I Ml E Al Uniders Hiridsrs vardicily
IN =M= 1L = 11 Maresnilvem Wil wardic by
¥ =micaim i x §1 Uniferm ‘Linenr vartoit
VI —xx— 3 ¥ Hamailem Unﬁm'rrrrﬂnflr

qum.III;m.nimu'iniddEHnuthzgﬁﬂ:wuem
wniform, fhoss solutions eam be falken ws baodog
fulely mecorabe Figure & ls, Indsed, & confirmation
of this,

A Clowette Flma with Wass Tromsfer

We can throw mane lght an ibe problem of so-
ourncy by presenting the manlis of some oomputa-
ticos, porformed using the peneml computer pro-
gram for & one-dimersional situndion; the Bow be-
iwmn two parallel porous plebes, one of which
enoves ls Ma own plann, whan the pressune pradient
B sore, Tha rikes of Dow eutb of ane wall gnd into the
ofher, am sgual and given ihe symbol M5 the dis-
tamees betopen the plates, the relafive velocity of
the plates, the Snid density, end the fuid visealy
will all ba takes aa unldy. Thls situatiosn albkows an
axrel, asdution, nemaly,

w = —oxp (M)lexp (M2 — 1}]fexp (M — T}, (13)

Figare 10 shows how the seoumoy of the solution
s [mflueneed by the sumbor of intervala N inte

whish the nterplets d;ht.l:n.m B unifarmby divided,
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for wvarioms values of the flow tete W, nnd for cack
of e two boundary ponditions. The secaracy b
expretsed throogh the ratio of the asmgmbed walin
of the vorticity ab ibe = = 1 wall i3 the exnet value
ﬂfhﬂ;ﬁ vorlicity; this miso should of sourse equel
anly.

Inspeoiion of Fag. 10 teaches the asmn leesoos
whinh we bave alresdy laxroed; acosmny intrsmees
with incresss e N and Eq, (3] is s bedter boundary
coiadition than Eq. (8). We slso sen that the aceursey
deteriorates 15 W inorenses, presamaldy bocsnss,
wivem M is Inrge, very steap vorlieity pradients
appear near 18 x = ] wmall, We have dried o sohe
thls probiem with porunidorm meeshes ond found
that the acoumacy s improved by speeliying liner
meshes near the upper wall. Howovar, oo i vy
nonuniform meh could nol memove all the isacou-
ractisk,

Furiher invesligation revenled thok thiose  ine
aerurncies mey be sitriboted Lo the e of Deser
distribudions to regresend coreos which are in fact
expomimtial. Tha following Lwo daps wees fouml ta
give & much improved asoummey in the Conettn fow
problem. Fimt, we mquire that the grd paint shoold
always be presed sgainst the wall throngh which
thi Buld Is leaving the coll. Besond, wa svalusls the
diffusics through the gall wall by fitking an ex-
panential profile to the voriicity or demperatern
By cthis method nocursey wm Enproswed, withouot
bosing the sunvergenc, For a mam datailed dises-
whon thi meuler ls mferrid Lo Ruanchal of of.”

In twinlEmensonnl =situntions, we believe that
similsr prooedures may be devised. Howewver, we
himve not wet sompleted dhis test, and wa shall,
therefore, leave ita discussion o fulum papars,

B. Converpemcs

The pmme sdvantage colsimed Eor the present
formubaticn of the finite-difference cquations is thet
it procures coavergence of the soeoessive-sobstitu-
tios proeedure. Ita sopecorily in bt mespect =
siiffiienilly damosabraled by the fnol that the com-
parsan in Fag 11 32 for B = 103, mther than the
R = 10" ndopted in Fig. 1 since divergence hes
prevented earlier muthors from obdaining salntioms
evrmn &kt o Beynolds pombar of 1000,

Wa found it batber b increws the Intarvel o Bt
al ased row than b3 kave = block of small intarenla
mmmedintely odjsoent to noother block of nbecynls
of douvhle the sies. There i3 resson to belisve that
the slze ratle of selghboring latervaly should pot
exeed aboul 1.5,

Although Eq. () almesl always glves hetles

HEAT, AND MATTEI 1i-27
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Fra, 10 The inBusren of N, 1, sad fle vardicily beimdary

cigni T bary oan Ebe pows ol ke b ifermca compu baliars
af Ul Ciogntis rrnﬁu'rr-rnpi: mob v
o B T el B A T -

pocurany then Ego (5], it s also eoore lisbls o
provoke divengnes, eipecially whes the grid laber-
vl nre umequal, and when the Heyonolds sumber is
Edgh. The eure for this divergence is 0 mmove the
wall yorticity [rom the arrny of secomssively sube
plitutmd vasiables, and to take wecount of Eg. ()
in ihe sobelibution formuln for the vortloithes st
poinks ome inberval pwsy [rom the wall.

Wi assamed that eoovergenoe waad abdained when
A chongre in the voles of nny varsbde hebween
aoecesslvy Elerntions was Dess dthan 00001 of the
meaximim valise of this vadable in the whols Geld,
The mumber of ilerakioss roquind increpeed rapidly
with ik number of prid nodes under tomaidemiion.
Wi also foand thet the computing times for the
sruars ity ane comsldernbdy longer then thess for
the impingisg jof, especially st high Reynalda mum-
ber. We bolisre that thin d¥fferencs it a roalt of Lhe
fact thet in closed sreamline 8o errors moy be
eirried oub of the eonfrol wolome by diffusion only,
pod thls bencess nerensingly incffective ns the
Teynolds mambsar 18 Inerosed. Thenlfore, In poch o
opme Thes arrors ame likely o ba mcirelatod Ensbde
ik field [or a long fime and thus prevent, ar af

Jenst. glow down, the ponverpenoe,
¥. CONCLUSIONS

(n) Tho present finite-differenee solemp providea
eiuaiises whish are soluble by secossive substito-
thom over & wider mige of conditinns tsan hitherto
pussible. An unsymametrigal trestment of the can-
wention {erm insgres that omly upstresm velses of
the varishles alfpst the values to ke suhsistuled s
Eny grid point

(b} Egestion {00 pves mom stearsie msulis than
Eaq. (B}, 84 & sale. Tk bs also mons llable to provole
diverpeses, bisl Uhis énn ba eoantemd by alpabraie
elimination of the wall vorticity Trom the pubatita-
b formnnlag, 3

(g} Whan steep grodisats of Suid variskles sre s
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featare of the soluthon, the best secsarney is ablaimed  In future werk §i seems dissirable Lo talos seoounl of
whem mnidip:dnum-ﬂindhm 50 -ns 4o be  the exponsntinl natusy of s solitian,
close bigrethor in the bloep-gradient roglen,

(%) Even whes all - {he, Teoommende i i ACENOWEEDEMENT
fallowed simultassously, the solutlses that are ob-  The financid] moppeet of Imperlal Clesim]
bainnbde st a modest et i cotrpuier tise nre not  Tndustres (Indis) Pvi. Lid. i gratefully sefnowl-
alwaye mufficiently mecurnte foe practisal parposes.  odped by A K. Runchsl,
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A Caleulation Procedure for Heat, Mass and
Momentum TransTer in Three-Dimensionml
Parnbholic Flows,

by
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Int, J Heat Mass Transier yol 15, pp 1787-
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A CALCULATION PROCEDURE FOR HEAT, MASS AND
MOMENTUM TRANSFER IN THREE-DIMEMNSIOMNAL
FPARABOLIC FLOWS

£ V. PATANKAR sl I8 1, SFALTHNG
Deparemeai of Mecharisal Engincetiag. | mperial Crollage of Scicses il Tadbmology, Exbohiiom Road. Loredos, Enghird

[Bcrivad 14 dsgest 1971}

-'lhlrd—_u'- peneial, panierical. Marching proccds B prosmad Do The delsdlation of e Iraasjoin
peocesas i (hessdinsadonil Mo eharecterissd by the presence of oie condbnak i whid physial
mllacoem ar cacried in ety oo drectien Sisch Nows gve ok 10 e bl o ifweni il sguation. aed g0
i b gl theedinsameal parbellc Mess The prossdan can be regarded ae 3 bsraralary dayur
recthiead provided 1 b rsco el sod that, el carbar pa bl shesd mabocds witdh e earea, & jakes Tl soeouny
ol e o wenim dilfosion of memeniumn, cic, sud of the preoure sariatien in |l zmus-aineam plas
Tha presians (el o Jevrmimed by: Sl calculaiing an iicrmedbaic refiodiy (i bood oo an cabimenicd
promes Nad; sed hen odeisog aperopmile cerctlie 1 daliny 1he crlicarly squation. Te
ihnmtrnin e prvacsdd ne, calielaton e presntal o0 ke devdliging lamimar s gl bl eipsler i a
ddpiaie B with i lilesillp-masing wall

MOMENCLATURE

A, e .
B }F_-Dn:ﬂlﬂtﬂtl by ik i bg-clilerent eqma.
ficms;

dimensicn of the duct enoss-seenon

(Fig#i;

B, coefMicent of (b préssure-gradient term::

F. & body Force. equation (2.3 elc.;

Fi  Tormard fow at wpsiream station, egoe-
tion {3.3);

Fe. Torward flow s dowssivesss. siacion,
equaisem [3.5);

.l' diffusion Mlux, equatien{? 5}

}Ill.llrui Baows defined by equation {3.31;

M & mas souren defimed by equation {2.L3);

m, mass-low ats through the dect ;

P, 'p-rmrl in the crosssiream mameniam

fi. presae in the main-directsan memen-
fum equarion ;

Fr, ik Prasdil niembaer

my

Re. a Romolds pomber bazed on ks dwcr
side o ;
5 the sowrce e bn equation {2.5);
E... Fnite<lilferense edpressians represent-
fitg, the sousce serm, equition (3.3};
r. lEnspsralure;
i. the bulk lsmperaiene ;
tramsport coefficienis defined by eqie-
.} bion (X35
T a modified form of T deflned by ogues-
Ehon [ L6
veloscity composent in the x direction ;
veliacily ¢omponent i the v direction ;
welosily composwot in the rdivecizon ;
digtance in 1he main-low direction
he Gros-stream so-ordinates ;

disineces beiwesn  neighbouring  pric
piets (Flg. 5);

Az, seealibe forenrd step (Fig 4);

Ay | eross-aineam dimensions af the control
Az, | valume (Fig 5);

F.  iranspar] property in squadion (50}

FErTRaEF
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7 deesily;
7. shearsiness)
. & gemeral dependent vasiahle,

Buperscripls
M pressuse;
u,

1] ] correspamiling welacity oom poenenls

thedépondent varizhie g

a0 ostimated pressure;

: 1Bx correciban |

I, firsi phase af the douhle sweep ;

I,  second phas of the double sweep.

Subscripis

I déreensirenm sindloa

g

¢. Ibepaintein Fig 5;

E.  thopaoint Ein Fig 1ae 5;

in. et oo che due

M. maARamum aver the dwcl cross-seeion
F.

”I

o 1l doerespoading painis i Figs. 3 or 4;
&

&,

M, thevelociyu;

L',  epiircas stalion;

g thevelosily s;

w, ihevelocity w, o the polnt w in Fip 5;
W, 1k point W in Fig 3ar 5,

will. ke moving wall
;:'} the carresponding co-andisate planes;
#,  thedependent varinbie g

1 INTRODOLCTIN
10 The porpose of the priden! paper
Bourbany-LAYER (héory @ one of the most
acdvanced and populsr of all the branches of
fOuid mechanics. Tewl-books describe i) fe-
march warkess add Jdaily w0 its repertoire of
meibods aned store of experimental knowledps
and students and their teachers fied i an un-
fatling souirs of edwcational exercisss and of

S V. PATAMEAR ard . B. SPALDHG

sichjecis for mingr publications Yt rom the
paint of view of engineéring praclicy the fuits
ol bousslary-layer theory musl be judged dis-
appuimting ; despite (he decades of development,
the flow im an engine intake or over an klrcaf
fuselage, for example, must be devermissd, il a1
all from evperiment maber than caleulation

The reawon = thal almosl all practically
mmpptant bidmdary ayers are threesdimen-
sonal Evim in the labomadory, ibe elforis of
skilled experimenters faidl 1o achieve sufizient
toodimensionaligy. s nltow adequats eom-
parisen with two-dimensiossl predsciion pra-
cedures. {Bxiensive evidence af 1his i o be
fousd, for example, i the proceedings of the
1568 Stanford Conference [1]) General tech-
mig|ueE Lhat ace currently available for prediceing
boundary-lyer phenomena on the oiber bas
are exciusively iwo-dimensionnl in chareces,

i is eroe thar & Tew sechnigue: exisl which
may be spplied 1o some specal 1hree-dimen-
gigendl Mo, and thal thase may bave a Bmited
spei in pradicling phenomena of the refevans
claxs, Howmnor. the engineer peeds general and
Mexible technigees. to which arbitmey Inaidl and
boandary comdidors can be sapplied in 2
siraightformard way; snd which yiekl predic.
therren of velocith=s, of lemperatures. of concensra-
e, mid af ke eorrspomiding Muxes, withoua
Tugs ar ke =epply of special insight. ™

It i in the natum of the problem ibar ssch
iochniguees can be only of the lrive-defaence
warioty. Such numerical rechniqes exisl for
two-dimensional Sows [eg Pataskar amd
Epalding [2]); & s the purpose of the present
pager to repon the development of and 1o
deseribe and iBuiirabe & mumerionl procedurs
fes predidting boundary-layer phenomena which
G Ehrs-dirnsrisicmall

1.2 Srarsisced |.Ll"|'||r|'l proein

Ihgfleition. Hlere i mow be made clear that wa
use the ierm “boundary Bayer ™ in o miee general
semae then s nsual s the literaiare, We apply the
ferm Lo all the flows which can be adequaiely
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described by diferential eguations thst aee
parabodic in one dislance co-ordimale, Thus, we
calla Now & bemndary layer,

fa) if thefe éxists o predomingni direction of
Now [ie thes s Do reverse fow in hat direc
lizm],

(b il the dilfusion of momerem, Bl mrs
el is megligide in i direction, and

fch i the’ downsiream pressume fiekd s Bk
influsnee on the upstream fow  comditions
When these comditions ore sagishied, tho oo
ardinate in the mam fow Sreciion becomes &
“one-way" co-ordinate; i ¢ the wpstream condi-
fioms mn detzrming the downstiream Mo
properiies bl ol viceverse [ this conveient
behavicwr of (b boundary:layer Bows tha
enshlez &= to employ . marchisg mlegration
lrors 2y upEiream Salios 1o & Jawss riaam one

Some readers may feel that this exiension of
Lhe 1o “boundary layer™ is inconvemient o
unwarramied 1 is for this reason ikar we uig
in the tgle of the paper, the more precie b
unfamalisr term “parabobc ows™

Fxemple. In order i appreciale 1he main
Featanes of lhese fows, (i wseful b consider
the situation iflusirarsd in Fig 1 Aic Nows
seadidy through n dws of reclangaler cross-
seclran; throegh the Soor ol the dud these
penetraies 4 el ol o differemt Nesd, swy sieisn,
which i blown obliquely along the wall
Phawnstreum of the injectkon plane. the stieam
mixi= with ibe air; and the islerchanpes of
momentum betwesn the 1w itreams co-oparaie
with the pressure gradsen! slong the -duct and
the [riction en the walls 1o produce in the mixture
& swirling mation which decrenses i inieily
with lesginudingl disiance. The insk of ps thise-
difesrtional boundary dayer ikeary & 0 predic
this process, ond 21l thet & conseciad with it

Figure 2 clarifis the matker firther by
exemplifysng some of the quastitics which ik
prodiction proceduse must supply. Figure Za
shows how the psixing of the sbeam and air
producss vasiatices of the sieam concentradion
that waould be detectod by anatysis of the mixiuse
clinging to the floor of the doc This laleral

Fi. I [nirdlion of o SereeSmensional poaahelic Nies,

sppeakd of sicam is Eho reseh al boh oo eset o
acd diffusicn in ke 2 dirsciion; & we misg be
gere that Boih these processes are represented
in the equarions wisich are salaed,

Figure b skeiches the varistion with loagi-
bglinal dmtance x of 1be space-averap pressure
acros b dluch, £ This guantity is indicsied
s rising at fimsd in resposse io e H-.]b::::ur-lil;'u:
action of the jet; thereafier it falls, 45 8 conss-
quemce of fricticn oa the wally The skeich
reminds us hat § mist be calculaed: we da
nal Knosw, a8 we div in some exlernal El:lund.l:l.l.j-
Layer sfualions. the pressure variaticn before
the siari ol the comnpudmidin.

dlso to be compesied is the varision of the
kongitsdinal velocity composent o Figure 2
Hlustrates, by o contods degram, the probable
fome of this variation st i oudlet section; the
hig®esl value of m appeam: in the boltom right-
haml eoemer, o of the ohligee imjection of
the [ast-miwing steam jol. The & varintlon (&
infloenced by e gradient of the lomgiiudinal
momenium. by the shear siressss oo the xy and
xz planes, and by 1be convecticon of momenium
fram apsiresm. The diferestial ap=ition govern-
ing w musi express these influencss individually
wrel b saulassons pelicn,

Fienally, Fig M represoni= by wav of o sed
wl vertra, the malion of the Eluid in the plam:
of theduit, outlel; ® shows & large geneml wores,
i the snsr rosuliing from the abligue injection




115 BV, PATANKAR aed D, 0. SPALDING

of seam. with miner vortices of oppasine sense
in Two of the corners. The values of the velogity
somponents, v and w, are the ressl of the ingers
action with 1he convecind memenia of the shear
wresses and the normal stresses on the xy and
xz planes It is therefore pecisary 1o ke ihese

Kl

Mash [ 7], Krause ar ol [H] and Wang [9] have
developed caleuloiion procodisres for the thres-
dimensioral boundary laver outside of 3 salid
by

Alihesgh satisfactory, ma doubd. Tor the
parlicular purposes which ibeir authors had (»

i)

Hi

Fa 1. Mestmabion of mma of the guantites & ke peedicied by the ciloalalisn proedens Ju]

Coaigins of ik carcesmration @1 1he Boar of U decs 30 Varbason of s picsues with

dangliding st o (o] Cosioan of lenginidical relectey o the il plase. [0 Velosiy -
W i U iralbf plise.

siresses jndo accounl i the comgiulaien and
the calulations of the pressare gradients will,
# is clear, play & crocial part s 1he proasdure,

1.3 Some remaris abost preévous work

There ase a few papers In the literature which
report fase-difference procedures for sedving
the three-dimensional boundarvlayer egua-
Hons. The first appears 1o be that of Raetz [3);
bt no use of the method has been repoied. In
recont vears, Hall [4) Dwyer [5], Faneslop [6].

mind, noze of ihese mathods will scive our
genernl problem The reasons ere: fesdly. the
procedores negledt the siresses and diffision
flunes across eitber the xy or xz plame; and
secindiy. they do mol inke Mul sevount of the
pressum varatioes i ik e plane Thess
omissore rob the moedd of precisely ihose
agents which in masy circumstances, have the
most signifcant effect. Moreover, since all thes
procedures have betn applisd to oaly cxtermal
boundary fayers, they do not prowlde 2ny means
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af calcufating ke usknown pressure pradiend
i A confined Now,

Miller [10] has described 0 procedure which
would indosd solve our pemeral problem; ke
has applind # to the developing flow b dects af
arbdirary cross-secibon,. His procdure Sow-
ever, does not ke adwantage of the buuud-iq'—
layer characser of 1he Now. but tremts the egum.
tEnns & elliptic in all the thooe spaoo co-ardins
sl Thus, BMiller nesds  ibresdimensiomnal
compuler storage, the downsiream houssdary
condiions, and excessive comguter bme While
locking for & method for hovfary-hoyer Rows,
wi chould regerd Millers methed as snnmes-
aafily eodples ars] hooor unemiable for owr
PUTE.

Whan the availeble procedures s the special
el of our enquiry mre s sefangly redricial
{or complicated) It & helphl o lock for
paidonee in retuled Gelds, Specifically, =ino
steady (hreeslimensiona Mows and mnsieady
two-dimensional omes have several maoika.
malsa! Eaberes in common, Hois uselad o
enguine as o what metbnds hove bezn epaployed
far the lutter beand of parabole deferenizl
equations. There & & lacge Fieraturs om Lhi
sabject, usehully digessed by Harlow [11]. The
prapeers sl relevanl S0 our present subgec are
thees: of Harlow acd Welch [ 12] Amsden oud
Harlow [13]. and Chorin [14} Thess awihors
all use Tinitedifference procedurs in which the
dependent variables are ihe velecity componenls
nnd the pressice (of & closely relaial quanting;
the pressires m dleducil rem an equatism which
i et ained by (he combinatan of the conbnuiky
wjuation and the momentum equations; and the
idea i prosent of a first approximation o the
soduiton. followed by & swocesding correction
[t will Inter be seen that the method of the present
paper skanes thess fanire

Bt is mppropriate f0 mesisn abe same
earlher wodk by the anbors s Ther colleapesa,
Their twa-lmmessianal  boendarydaye  pro-
cedure [} when wsed for flows confined in
ducls, involved calculating the presswre from
the continuity ogquation by & non-icerative

sedl-carrecting procsas, This feature, nol whally
umliks thal al methods in the prevican para-
graph, will bz employed below. Secondly, two
procedures for ibiree-dimeesional bourdary lay-
ers have jus recontly been devefoped {Careiio,
Crary asd Spalding [15]); one of thess sodves 1he
same equatices as the present method, albeil
in & dalferenl manmer; The alker supprisses the
prossane as a main varmable i favoar ol the
x-direction varticity. The present meihod is a
rival 1o thase two recent methods, and, il Eow
appears, a sucoessil coe

0.4 (et fime in ther pramim paspar

The ription of a numericsl proceduans lar
solving simnilaneous equations can hawve wa
distinet nims, which ® s seldom possible 1o
aceomplish simultanscusly. The first rim is 1o
convey 1o the reader ke sain principles, smd
the crucisl tricks, and o leave him wah the
Fecling than he could wark eanl the rest Bar hime-
mil; iho =econd is 1o present ibe particolar
cquations, and 1o It the steps needed [or ther
solution. with sulficient precision of detail to
eiinlie & compaler programmer 1o begin his
k- :

Because Lhe lalier ais reguenes the euaiicns
o b werdlen. ool in [, and bechuss this entails
a profferation of subscrapls thal fmpede =maoith
reading and anhihil emderstanding. its fulfilment
is dedzrred i @ lzier seciiom (Section 1); and
even there the treafment & ooriailed.

In Section 2 however, an atbemm will be mede
80 Tl the fisst aim Just sulicient of 1he detaily
will be presanled o canesy 182 esential ides |
and the inssential features will be supgpressed.

The secopd nim v dillicnll 1o Wil wikin the
mormal lengts of a paper. Advwartape & there-
fore, tnken of the [act that the procodurs 1o be
descavhed here bas many detzils m common
with the present authors” two-dimensional pro-
cedure, which bas been msore compledsly re-
paried [2F Ths the dezalls given i Section 3
are by way of examples, and showld be general-
ived and completad by pelferescs wo [1],

Soction 4 describes an applicilsm al the
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procedure g the Now in a square dict with @
laterally-moving wall.

L MARN FEATURES OF THE CALCULETTON
IAIRE

L1 The difleremtial eguations

The rquations. We can now express the prob-
bem described in Section 1.2 as that of sodving
the lallowing aquations, wriiten with reference
bor 1t Cartesinn co-ardinmtes x, 3, 7:
Conlinaity:

a a 2
B e =0 @y

M mEniom

[
= e —

&y FT

. —— ;
E;lﬂﬂ '+ ELI:'I-B'] + % Irivad)
was | Foope O + F_ (2.7

a{:rlf.nm-ll- + %l’,un’p + ETilh:lwu'l-

T e iy
Pl 1 S bl 1| L R ]
Ay + r i +F. 1255

i i IS
E[.F'H'H"l E EE[.H"-'] 5 {pe)

ET'-.I: ':hr:ﬂl -ﬂp
TR a0

Other conservation equations {peneral form}:
i i) d
o L) + E;."'“'H + 3 el

d )
== gl L)+ 5, (231

In regard o thes equaiions. it s necessary
o ¢xplain both whad & incduded and whar i
omilied. As w0 symbobs @ stands for density, 1
for shear strevs, J for diffigion Mux, F for 3 body
Torce; the aymbol ¢ can stand for any property
which can be cosveciod and diffused for
cxample, stagmation enthalpy, chemical-spocies

concentration, and turbubence energy; 5, & the
cofrespoiding  eolumnetric  souscs ate. The
sabscrigts w, v and w indicate which compoment
of 1he momantum i in question; the subscripia
sy and xz demate ghe planes on whish the
slrgsses oF [lumes aer

The amissices from the equations are the
shear stresses and difusion fluxes acting an the
= plane, These omissioes secord wich aur
defindion of n boundary laver and with dhe
vansoguend necessiy 1 enswre bat no inBuenos
from downstrésm can penctraie  opsiream:
stresses and Muse: on the pz plane woukl gllow
wuch o liMieren,

The uncoupling of kemgivudiod’ and larernf
preszoe gradience & herther poind 1o pole & thas
the eymbal f usad for 1he pressure ino dhe
r-momenium eqeation 2.3 = ddlresd from
ke symbxd g in the two other msamentum
equafions. This & o reminder of the fact that in
our calealalion procedure an isceesistency is
delibersicly introduced @nto the treatmegi of
pressure, and that the guantities § and p are
calcolated diffesently. The presssre §ocan be
ibought of &3 & larm of space-averagad pressire
over 4 cfoss-stvliom and dhe gradienl Ap08x
b swpposad wo be kaown (or caloslsied) before
we priveend 1o pot the lalersd pressice pradienis
Ap/iy and dpfdz. (The reader ey find this poind
dillical f0 understand and aporeciate at firsg:
it shouol become cleire after permssl of
Section 2.4 below.)

This praciice = (mplict = wo-dimensicnal
boundary-layer heories also; bul it escapes
motice beoause ithere & no necessity 1o solve
the momenissn equation for the crosssirasm
direction, Here we have iwo  cross-siream
directions; and wo must solve the momentusn
eqeealizs for both of them, in oedar to Aed @
hik the Muid disidbures igsell betwasn thess
twisdirections.

The practice i o necessary consequences of qur
imtontion (o exploi the bousdnry-layer miure
of the flow; it s 1ke Gnal step 1o B¢ made in
preventing dowrsiream mfluences from propa-
gating upstream, I 1he siep is amitte), the resalr
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iv mol incresssd W oaccusacy, a3 ome mighs
mnively expect: ® B offen & sobwtion which &
whally unmcalistic physically, The ineamislency
i ke treatmesd of pressure, it way be sid
i o part of the piss we pay lor making the
equalians pamboli;; the gain & the freedom
W empdoy enerching infegration. and to wse
1'|'.'-|:|-:||rrh:1|h:||1|-||c-:-:rn|1-|.|.m #loruge, aven though
the fNow is (hree-demenssonal and ihe [ull
equations are ellipi,

Awsillary information. The difierential oqua-
teons do oot alise specify the problem: we nesd
additional infarmation of two Kinds: initial asd
bourdary comditions for all the dependent
varinbles (v, ¥, w, p, @) and soxiliary eqeat oo
alfowing (be demsity, shoer stresses, diffusion
Muxes, bosdy Farces aml sources 1o be computed
in terms of the dependent varizhles an esch poini
in the feld. Since this infermation & of the e
kind as is neadix! for twe disensivnal boandary
fayers we shall reat it as well known, and sliow
it to be cxemplified wiahost preface in the sub-
sequest discussion.

21 Tha finite-d (ference squations

The “raggered grid”, Figure § shows hew 1he
points are armyed in the yr plane & which are
stared the varinbies o r, w, pand & The bocmer-
ntig-shaped envelopes enchoss the hads of
points dencted by a single letter, N, 8 E W or
F. This eresngement. which & smilar 1o the ane
used by Harlow ef al., bas the comvenient feature

~ yaridbie

oA s EEred

B = e
- a ']

Ikl 1he crossstream velocilies o oand wooare
slored al joz dhe podsis a1 which they gre
meeded dfor the cakulatiom of the convective
condribution to ihe balances of w and ¢ and the
pressuses are slomad moas bo make # sy o
calculste the pressuce gradients which affect
el w,

The finite-difference equarioms, The diferential
egualsons of Sectlon 21 an be expressed in the
following finfte-differencs form:

E*4lotily ~ atly) + C oy — (owle)
= C*lipulp p — (puly, 5} [28)
e = ARl + Afug + Ap + Apliye
o B4 DPUEREEL 2T
vp = Ay + Alng + AQug + Ay
b+ e =gl (28]
wp = Apwy + Aywy + Apwe + Afuy
+ 5+ D%p - p ) (19

= ﬂ‘td‘-"‘ "li'?! 4 _dm
+ Abdye 4 B, (210}

Haore the A cosffickents conlain thass Buxes,
viscosities, difision coofficents, eic.; he B
coefliciemts expres 1he elfects of convestian
fram Ihe upsttesm x siabion, snd ol source
tegena [inchling body forces); the C'% are areas
perams which the Nuid Mows @ &nd che s involve
arcax, mass fow reies, and other quamiities.
Subscripts [ end 7 in eqisidion {2.6) distinguish
dovwnsiream (lrger-x) valwes from upsiream
ismaller-x| anes; bud, wiene neither is subscribed
1 & varighle, the downsiream valoe b meanl.

The prohlem s boo solve egualdms (26}
{2100 smiiltansously for all the o's s w's
it's &l % al e downsiream x miation: ke
As Br Cs and D% can be 1aken ns known,
becauss hey can be evaluated with ssflcien
#ituracy from values prevadling al the upsiream
slaficne We seek f ponmible @ non-ieragive
mexns of selution,

23 Arm owtiine of the salwios procedure
T evmiraal dde, W the pressisres wers known,
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there would be Hith diicully; for then 1B
mamenium Sgualions woukl be uncoupled. and
tould be wolved individually, They are mor
knaws in advance, bail we can guess the pres-
sures, obtaim a first spproximation 1o the
velocity field, and then make carmctions 1o the
pressume field i such o smnee as 1o bring
the welocity feld inso conformity with the
conlinuidy eguetian.

The confined-flow procedure of the awihars'
iwo-dimensional bowndary-layer theory has
thiz pusss-and-corfect eature: hiil ke correc
Gon is applial &t the new swep downstream
This delerred-correction technique coukd be
adopled here; instead however, influsncsd by
the examples of Chosin [14] asd Amaden and
Harlew [FIL we have preferred to make the
earrection before proceeding 1o 1he next step.

The crodi-sream presswee aod vefocitios Lot
us for the time being sssuiie that we keow
I26/2x) &nd that we have solved eguation (27}
B0 get ihe downsiressn values of o Mow, (ke
next siep in our precedore i to oblain a pre-
leninary set of & and w from:

of = ARG + Aluf + AE + AfeR
4B D' - g (20

WE AT+ AZwE b AR + Al
s B4 D* (g - pll (212

whers the superscript * given 1o and w denates
thas these are based on an estimaiad pressice
fesld p*; usually the upstream valss of p are a
el estimmie

The starred velocities o* and w* will in
gtoemal nod satisly the contisuity equation (il 51
but will prochuce a net mass source my for (ke
point ¥, This is defined by
mp = Ol — [o0"3ed + C™[{pw*ly

— lpw*lp] + C{pule o = (pode p). (213

Mow our aim is 1o correst the pressure and
velocities s a5 to mnndhilate this mass scurce
For 1kis, we wribe:

Pompt g, (21d)

whene & 18 the peessure correcifan. The velocigy
carrasisong than (oflows

o= #p + D ipe — g 2.15)
Wo = wh 4+ D" (ph = ek (216)

It shonkl be nodsd thes 1k last twa Gre s
ngorously derived frows equations (28} amd
(1.9); we am usieg ppprosimate forms® of the
momentum ageslions Io give us oaf pressure
codrections, just mswe did in 1the two-dimensonal
coafiped-Now proosdure; and we may expect
the praciscs o sulfioe kere, jus s # did belore

The substitution of equations (X.15) asd {2.15)
imio {2.6] pives:

Pr o= ARpw + ARRy & Afss + Afple + B
(217

where + the A% involve &' D' and A5, nnd 1he
mass source sy hias boen incarporated inte [
This squation can mow b solved o yiekl the
p''s. Thersupan the ps. v's and w% arp com-
pasted firomn Gouations {2.04)-42.16)

The Tongimafinal pressare grodiens. The fore-
Eaing procedure for the cakulation of p, & and
w was based oo the asstenpiion that we knew
[B85x] ond could sele equation {27} for w
Here we disclon how [df/dx) can be obiined.
For ihis purposs, we npesd distinguish
beiween cxbernal and confined Mavs In external
Neswes, (AR0xh is takem g0 he (be same os the
lemgitudinal pressuse gradicst prevailing in ithe
irrotaticnal dree stressn adjacent 1o the boand-
ary layer. Then the salution of equatéan {2,7)
is streightforward In confined flow, we regard
[MHPx) as usmilonn over & cross-seciion and
ciitain it Irom the integrad mass-conssrntion
agualion in the fallowing manner

o = oaf b Dl — E) b Ay = ol 4 e — =
F.-'HI.—'I,'F i = Vgl

By diopping Ihe faw lar imrms o6 Ve dighi-tomd side of
ihis pgaaliL we pi oqeanion (205

T M ke an apprecntk compresiSiy effecin cane e
peoded b cakuling e deasilic This g wil mai
Feirerewves b ol abearomesd heie

o sy -

e — L
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Al first, we make an stimate of (753x), which
W demoted by 03" This enables us 1o
campute a &* Gield from

Wp = ALE 4 AT+ G 4 AT
+ B 4 IF{apsfda)®. [i'._lEIp

This peeliminary vebocicy feld wall imply o total
mass-flow raie I pw® Ayl {taken over the doct
crosi-cliom) which will in penerall be didferent
from the troe massflow e through e due,
#. which can b compmied disectly from the
mlet and boundaiy condiiioss, The diflfersnce
can be usedd 1o Jead s o the correct values of
{8 3x) Far thix, we writs;

(SRR m AP+ (Baidxy,  (209)
Hp = &} + DFiRax). 1220

Simee we want

L pn Aypls = A, 12.21]
wo gut, by the substiution of equation §2.20)

imbo (X231},
dn— F ow™ Ay Lz
Ty — =P W
BTET T ol Ay (221

This gives us the roguired carreciion e the
fongitudinal pressure gradent; so now it is a
slenple matior 6o obeass [5/3x) and u from
equations [L19) asd 2305 The similarily
bétween ihe exqqualion sof llll_l, (204 (215
and the set (Z18) (219} (230 shewk! be very
obvious. Tke lmportant dilference, however, is
that, wheress o &= obmined fram the lscal
contisuity squation, (588:) & the colcome of
the overall continuity eqution,

Qther dependent variables. So far, we have
lcokid at oquntioes {26429 and ohtakned the
three velocity componenls and pressare, The
equntson (110 fed amy cther dependesn variable
i [such as smagnation enthalpy, chemacal-species
concemiralion cic) does noi olfer any particular
difliculty snd can be salved sirgightaway. This
campiletes oo forward siep.

Fetation of the fsite-difference equations. Tn
the ahove description, we referred po "solving™

linde-tifference equations like egiation (2.10k
The adual method of solwikan thar e use can
be summarizad as fallows: we employ two
sweeps, oo n iBe yams] one in the @ direction,
of the standasd tvi-digonnl mainx algarithm
TEMAY which is used i the two-dimensonal
procedurs [1] also. Thos, for equation (2,10
¢y and g, are iaken ai comstants when the
sweep & in the y direction, and $y and §¢ nre
held comstant far the supep in the = direcrion,
Mare desils of this metbod will ke given in
Eoition 33

14 Somv generad ravaards

The Poizson pqualion for presssee. At 1his
stage, o will be clear thel we obiain the velacity
#ml presem Gelds by the solution of (e thres
miamenium aqualiors and of the equalion (217
for the pressure correctice p', which is derived
from the continuliy eguaticm. This equation
for pf 15 jusi @ new foamn of what is known in the
litersture a3 the Poisson equation for pressare
Thia interpretation may enable b= resder o
i more cleady why we mus real (5p/3x)
differently from (g8 and (Ppfdz) A peneral
Poissom equation wil be elliptic in all the three
space co-nrdinate and will nod allow soluilon
by o marching techmique. To be able to march
b x dlireclion, we must mest ke ferm
(07 g/ ns known and regard the eqeation as
elliptic in only the y and = co-onlinales. This is
precisely why we obtyin (IFx) before the
Paisson equation for @' i walved,

The bosmdory comditions. Ome of the less
ohiviois Bul important features of the pregpem
iUkl & U samn wilhs which 1he hydredynamic
beumlary conditions man be appial When wa
spdve for the starred welociy Beld we can use
ks actml bousdsry conditions for welocity,
2= the starred velocities are expocted to be very
close o the frie velsiies. Afer this is done,
the Boundary seodilions for the pressure cor-
rection am also simple: 2 a wall boundary for
eiariple, them will be no velocity carrection af
the Bsundary. azd so ihe gradiest of p° pormal
1o that boundary must be zero; at & boundory
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aljaoent 1o a free siream on the other hamd, the
prossore is keowe, and i p* is st sguad 1o this
pressare, ihe eorrection o al the boundary mas|
be zero. [n contrast 1o ihe present procedure.
the meibods thal use warticly as o vasable
requsn: complicated derivaizons of 1he boundary
conditions [15].

The nom-lieraris nature of the provcadsre.
Mumerical procedares for solving ihe pariial
differentis] squations in Mukl Jynamics tend o
be jtefalive for ihree main reasons: (o) he
equalions are noa-Encar: (b} the [iressiine
ey 1he comiiigy and mamentam B AR
stronghy lenkead; and [¢) a direct soluiion of the
impdicit fmite-diforemoe equations, cven when
they are hingar, is iEme<onssming. We have
attensplad to moke the présent procedure noe-
Refative by: (o) the caleulation of the 4, B C
and I coellicients i the fimibedifference equa-
tons from walues al ihe upstream satios
{Thos, we “force™ the equations 1 be linsar) ;
ib} the use of approximaie forms of momentum
efquations [oquatons (215) (2060 and (2200):
amd () the soluticn of the Nnie-difSerence
equations by the fwa sweips of the TOMA [t s
troe that these ihree “iricks™ mmiroduce sneos
€rrre s in et zolition compared 0 sedetion
produced by a fully Remdive preceduse Tht,
firsidy, thvese errars are of the e kind #s the
“Iruncation™ errors in sny  Fnite-differenco
procedure ond henes ¢an be redoced o an
arcepinble leved by the use of =mall forward
steps; mnd secandly, it & possible for ug, al the
ond of cach forward siep, o calculate the ¢rroe
iy =xtislying each comservalion cquation [thess
can e considersd ps mass o momentum
tources which our sumerical approsionaticns
have introdwcad) und then to make a cares-
ponding corvection st the cext sigp down-
stream. Thus, by leaving errors which can be
defeciod and, il necessary, cosvected for, we
ey 1k benelits of a noo-derslive procedure
witheriil serices pennlny.

We hope by now w have comveyed 1o the
readar 1be essential features of our calculatson
procedure. The acliesd alpebraic details remain

i b pivan. 12 is bo this macier 1880 2% pow furm

E SR THETAILS OF THE CALCLILATION
FRAOCENLRE
1] Mesrrictios

The general calailation procedure described
wr far i ristricted only by those conditions
which defime pambolic flows. amd whach are
tescribed m Secton 1.2 Howeves, the alpebraic
details of the general perecadure with varicaes
types of boundary conditions, grid sysiems,
auxilivry ipformation, eic. will be quite lenpihy
aed el 0o repor hore For this reasan, we
ghall present the cgoations for & umileom-
propiiy laminar fhow and give anly 1he tmpar-
tanl deiails. The remaiming deceils dre cither so
straighdlorward chat ke resder sauld woek them
ozt Edmself, o are sieilsr 16 the correspanding
features af our two-dimensional procedure [2].
We shall use & Carlesien coordinate system xys,

d
13 The jinite -differooe equarioms
The dgfererlal equation eansidersd. For o

lamrinar umiform-propery Bow, equation (E5)
takes the farm:

i d d
2 [P -ﬂj'lpl# + EE[F"IH

i i2) LBl

He @
ip .a}g T e S AL
{1} T I 611

where I i e trapsport such as
viscomily, When ¢ stamds for a welocicy com-
panenl, 1be diferential equation has the wme
form excopl that a pressuere-gradien]  erm
nppasds an the right-hond side. {This vere shauld
be writien scparately, and not Incloded = 5,
ax we treat the pressure pe e enkmown)
Therafore, it will be galficient 1o deseribe hers
how equatsm (3.1} & transformed into a finite-
difference egquation,

Sarna bavie decivions, We transform equation
(111 inta a Rmile-difforence eguaiion by infe-

- —

- —— — T e ™, et
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grating it over the comtrel solume shown |n
Fig 4 by dotred lines. Fguee 5 gives more deinils
of the j# foee of the control vodume. The points
B, 5 ¢ ware ibe médpodnts of the lines PN, PS
PE asd FW respectively. {The “boamerasgs”
i Fig. 3 have dbappeared in Figs 4 and 5;
there the polsits n, 5, ¢, w have been introduced.

i
.I""lflrp-l.lrl.irr.l

P d The coningd volumd swd 16 Gbiain (e Sniie S0
It B4 ar

.y

P

T +
eyl N N - S -
i
-—||:.|_—|—|:En'|_-- -

Fic 3 Tha jpf fiix of | e conbrl va bame.

which enable us 10 present the algshrale detgils
mire precisely. ) We make rhe lollowing AsFUmMps
tiems about the variation of $ between 1he g
paoinds:

{8} In the x direction ¢ varies in & shepwise

a7

maneer; ie the downsireas (2 = 5, values af
o are supposed o prevall aver the inderval freen
iy I xy, excep® al X, This makes our haie-
dilferenon schame & fully-implicd coe.
{b] For ihe mlculsiicon of 1he cdirection come-
vection and of 0iiras 1erms that nay depend on
4. the veriation of ¢ i the ¥z plage is also taken
1o be siepwise. Thus, i tke y2 plan: the value of
¢ & asmamed fo remain uniform and equal 1o
&,mlt:dutludmumhﬂfq.ﬂsum:undin;
the paint # ard 1 chanpe sharply 0§, ¢
Py oF g outside the reciangle.
fc) For the cras-sieam comvection from ihe
xy and 2= Gioes of the contral volume, the value
of ¢ convenled is inkem 10 be 1Be arithisesic
fwcan of 1be o values on ¢ither side of 1hat fecs,
exoepl whem this practics is alterod by che “high-
lnteral-Mux  moddicatian™ mentianed  below,
Thus we we o convenient cambdnaison af the
central-differencs and upwind-difference farnau-
fag for the firsi-order derivasives,
(4) For dilfusson across the xy and sz faces of
the control wolume, we assume that ¢ wvarsies
lincarky between grid poinis, except when (he
high-lateral-lux medification dictaliss atherwise
Deratls of the maly fnitedifermmcr quadion.
Whis i ahove-menticned decisions are taken,
it & a simple maner 1o obiain Abe fnte-
difizresce equation by Integration of equatian
(3.0 over the condral solume Wa pet:

fn’l‘l - Fytfp p + f—.:';'ﬁ# + el = Ly + t:l
() 2
+ Lolde + bed — Lildw + el
(3
= Vs — diod = THdp — 'I!'.l]'r
. f4)
ok T-:i'i'p“l!'ri—‘_r.""i_ﬁ'r:
5

+ Sy 4 Sy 1Y

e
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whero the pumbers 0 ihe parelheses indicate

the correspondisg terms in egeation (111 and
the new svoabiole are delimod as follows ;

(LTI E
Fim Lr""' (el

L'umTﬂllﬂlu
ru B,
Fom Fp— 2l + 200 =20 4202 (39
LY
fiy

.3%‘.‘

{5y + Spipd = 8, JdAy) (A2)
Rearranging the terms, we ged:
#r= Apdy + Asdy + Agihy + Antly + B,

L

T

{34

where

Ay = Al

Ay = AGAL,

Ay = Apid,

Ay = Ayl

B = Hidp!
Ay w T~ kL s (3.5
Az =TT 4 12, .
Ay = To- L. |

e T+ L

' = Fpdp g+ Sg.
Ay @ Ay + A5 + Ap + Ay + Fo = Sp.

The Aigh-lezerial-lTux modifcation When the
lateral Mo {dencosd by tke symbsal L) s lange
some af the coelfeient A A Adp Ag @0
become eegaiive; this evenl lesds 10 physicalBy
unrealistic realia The Gurs is a simpls oo and
& disconserd 4 length in [2] where it is given
the fiame “Ike high-lateral-Muon meodification™.

Here we merddy state thal the moddifocaism
consists of replacing a® the T's by T defined
by

TediT+|L|+|T-|L1L (8

where e T and Lahoukl be the cormesponding
poas b 77 with L5 10 skauld B noted 1kat
ihiz mesdilication bacomes “active” ooly whan
IL| = T; Titsell is alenys positive.
Finire-differeme aquntions for relociry cors-
povieis. As mendioned earlier, the difference
equstios for u, & End w owill be similar 1o
equation [3.4) excegn for an additanal pressung
lerm. In deriving the ixquations lor the cross-
sircam velocilies o and w. we must note that,
sinos vand w have “siaggered ™ storage locations,
they regroire different comtrod volussa The
aciual degalls, however, Wil nog be given hee
Finite-differaticn éguation for pedsure correc-
fion. 1T we write éqsitices (L15 and (2.146) as;

S
P-"l-h"“'m{r'r—.ﬂ';]- |
= e+ DR — e
w ™ wE -+ DTE — pied

the continulty aquatien written for 1% coninal
weduime shown i Fig 4 bectmes

F.{'E— 1}+1L'_- 2L 4210
Up.o

— 1L e D Gy — b+ e DD I

= pel + pdy O pe — Pl

o+ pdy OZ (P — Pl = 0. {3.F)

The super=cript ® on the L's dencdes thet thess
mre calculabed [rom the starced velociy codn-
ponesds. Mow i & o mene matier of rearrange-
meeni 1o get eguation (217

313 Sedavion of the faite-differvace aquations

The double swwep The Gnite-diference oqua-
ibona like (34) <an Bo solved by the socoassive
use of the TDMA in the y and r directions. Far
ibe p-direction swoep, we wribe:

——
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B = Ay iy + Ay
Fldpdy 5+ Aw e p + B, [35)

whers Ihe expressiom n the parenihesss s
knewn and the TIXMA ¢an he opied, The
superscript | denates tbe values obtained from
this first phase ¢f sobalion. The secomd phase,
mamely the z-<direclion sweep, Is the wiulion of:

#F = A df 4 Agdl
+ Ay ik 4+ Ag ol + B (3a0)

in & similar manger,

Remarks N s frue that the above procedure
:I-_u-u M @ive s an exact swtieos of (he Smiie-
dillerence equations; ket itz uss = advocated
oit 1ke fallowing considerations:

{1} I can be ensily ssen thae when the p-dinec-
im corlficients Ay 4; am moch smaller ar
much larger in inagnilwde than Ap Ag. the
above procedurs does give o nesrly corect
solathan,
[(Z) When the lorwand step Ax i small, the
equation is doisinatsd by B which contains the
upsiredmn vakue ghe pc then the use of slighily
approakmaie valoes of dy. dy, dy, by introduss
a very amall ormor in de
I:]:] The lasi remark applies i all the linde-
diference equaikans excepl the ono for the
pressure correctios, wiich doese nol have an
“upstreams convestion” lerm. For the pressure-
correctsnn equaalicn, themlore it may be wortlh-
while ohtgining grester socuracy by Fepeating
the dauble sweep a feor Hmes Usually aboul
thiee gaeculions of the dowble sweep ase
sulfcienl. '
{4} Thas, to reduce the error resshing from the
TOMA-double-sweep method of solution, we
an wee ane or mers of e following devices:
(i} use salles Torwand siop;
i I':![H::l-l the double sweep a small sumber of
A1H LS H
(ili} cabeibate dbe orroc al che end of the forward
siép and worrect (or i during the nexi sep

34 Spmr miscellesaiug it lérr
Mamy details of the caloulaton procsture

elill menmaim o be repontod Here we merely
draw atlgnbion i 2 few poinits end srate thai
ikeese an be handlad by means slimilar i 1hose
in the mathors’ two-dimensionsl procedune [2].

T turbubent bosmdory loper, When the Tow
i turbsaless pather thim faminar, the same
calculation prooafun: i o be used except thar
the Eeminar viscosity and oiker irasspart
properties ere i be replaced By “effeciive™
transport coeflickents ghven by & “lurbuloncs
el

The specifedflu bousdary, When ot o wall

boumdary the heat Nux (rathar 1Bien 52 cEm-
peratere} it spacihied, the fmite-diflerence eqim-
tian for a control volome adjscent @ thas
bomndary must be rewriicen in such a way that
the coeflicient of ithe housdery lemperature is
FET,
T'he wall flanctions. Ofien the variaticos of the
dependent varinhle e qaile zeep near o wall
bavurdary and therelors the Eillemon Nux ai the
wall camnot be accursiely obdgimed from o
lizenr-profile assumplion for ¢ In such cases,
oo can employ & funciion (called the wall fisnc-
than im [2F for ike Nux a1 the i'ﬁll'li this takes
Into accoant the noa-lnesarty of ke ¢ profide
resislling [fimn prsssucs pradien], mass transfer_
Iranspa T-prraperly vasialion alc,

Adpasring gride. In this papar, we kave nsed
a Cartzsian coordinate sysiem  throaghoud
but # iz possible 10 employ oiber coondicaie
sysiems which may be convemient far panicular
problems. Faor example, the fow in & duer al
elligiic cross-sectson cam be conweniently cal-
ciilaral o o cuFviletss erthoganal coordioabe
seiem in the eross=argam plane For oxlermal
houselary layers, ® i pralitable o use a grid
fax in [Z]} which expands or contracis as the
boundary-ayer thickmess increases or decreases.

d &S APPLICATION OF THE CALCULATION
FROCENEE

4,1 Krwewmeni of D prablvm
Here we illusirale the uss o the present
method by applying it 1o e dewlopiog Gow

o e— e e T e
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and heal transfer in & ded af square cross-
#eciEm wilh a laterally-moving wall, 55 s
in Fig & This Now siteation &= foumd b sorew
exlmidors, bearing lubricators, membmne oxy-
penators el Fartber, in regions of fully
developed Now. the cross-stream velocity and
pressuse Bilds ame identical 1o those in o steady

MQ ,..

e

twa-dimensional Mlow in o squan cavity with a
moving wall.* The laber problem has besn
amalysed Iy maany authors (for  evample
[16-287) and we kave iheir schsiiom lo
CHEparisom.

The Now is regarded ns lamenar. and the Duid
praperiies as unifarm. Al the inlet, the velocity.
pressure and lemperpture are taken o be
uniform aver the cross-sedion The lempernbare
af the msaving wall & held m o ficed vadue,
wheress 1k other thres walls nre consaderd
aidabatic, Booyancy efzcis are neglecral

Fz b The Pow wiaalico cosailesd

" Thea can b8 gistly ardersteod U we netn dhar, e (ba
rl.!l"'di-_'ﬂiﬂ.ll‘rlllﬁ:ll.ﬂllh wziim |5 CETEPETETTLL DEhAR B
vary wilk 2. Thes 1 orpsd-iitas vdodlia o aad w o
jortited by procicly ik @ equdlien o e for @
1eaedd i s oanl Bora

4.7 Dutaiks of 1hw compulation

The mmpuialions woere performed on &n
108 70 compuber: A uniform reciangular
grid of L6 « 16 modes wes usad for all rums
excepl those which were mudz W exkming the
effeci of the grid size, Each lorward step took
2w of computer lime Aboul 100 forwand steps
wurme néissary b atlain the folly-developed
silumation,

4.3 Hemats

The meve pressues, Figune 7 gherwe the varia-
Biva af the mean puessupt wilh 1B distance
along the slued or varows selocities of ihe
maoving wall For ihe case of the stalionany wall,
oar prediciioss ame compared with the eaperi-
menial data of [19]; the agresment can be sten
1o be very good.

The effece of the grid size. T Fig 3 are plansed
b pEedictions of megn-presseg varation for
vanous prd sises A mm be oxpected. ihe
surcessive  refimement of the grid mies
wympictically fowards the oormest salwiban,
We cnn conclude that & I6 = 16 geld glvies s 2
sulliceently accumte sofuibon e ihis problem,

The eafucizy feld Figure 9 ghows the variation
off fhe ntaxinven lopgitudisa] weledsly with the
distaniy alorg e decl Cnom again, the pre-
dictions for zero wall vebocity are compared
with the expemimentzal dats of [20] and the
pgreement is pood Figares Ml and 11 refer io
the [ully-developed (large-x) reglon of the Bow.,
In Fig B mre presentesd the comtours of the
lempnudinal velocity foe vasious velocilies of
the moewing wall Figurs 11 commparce the
varialion of a cross-stream velocity [nbosg a
conirg-ling <f the cross-section] with the pumert-
cal rewalis of Burggrall [16] who solfved ihe
pleady rwo-dimensioeal square-cavicy problem
Unce again ibe apreement s very saiisfeciony,

T demperarare feld, Flgene 12 shows how
the hulk 1emperatuee of the Moad e with he
longirudingl dxlance, As can be expeied, |be
higher ke wall velocaty, the Bster i3 (he rise ol
the hulk tempsrature. Figume 13 shows the
elfect of 1B Frapdil namber oo the bulk-
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Fe 13 Yanarion of ball semporsta o varons Pordd nambsndAe,, = B0
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Frew M Copmgins of [ = & Ve — fiol for wa-inds wall mlocins= (Pr = 1L

lemperature developasent. The temnperaturs ois-
tribation in the cross-stream plane & presented
i Fig [4 in the S of contours: B can B ween
how the swirl induced by the moving wall
distoris the tesnpesature fedd.

A COMCLUTING REMARKS
(1} The present paper has described a gessrally
applicable, accirase and economical method
for caloulating beal, mass and momentum
irnnsfer s thepe-dimensionsd parabolic Nows.
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(Z} The uncouplfing of ihe Jongitudine]l ond
cross-siream pressure gradienss b sn Em-
poriapd fesiere of ihe meilbod ; it 15 casential
far making the equations parabalic

(3] The son-ikeralive nalure af the method
rives from the ws of npstream conwaction
fluxes, [rom the mpficii cormections of
pressum and velocity, end from the doubde-
sxcop-IDAMA salution of the Gnite<diferenme
Bquations

{4 The procedure describal bere shares many
uselul fesleres with the present suthoss”
two-dimensional precedure [ 1]

(5} Varcious applications of ike present procedure
are @ progress, and will be reporied else-
where. Fumther mdvamces in the prediction
ol three-dimensional prrabalie Nows wonld
wome frmn the developmen al the medels
for terbubence, redintion wmd chemical renc-
lian,
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ABETRACT

Yue progedures are déxctilnl for solving Che Havior-Fickes squatieas foo
ataady, Tully thee—dinermiceal [les: both ars extensians of narflor catheds di=
vigsd for th-pa—fimpnsfonsl Bourdncy lapers . srd hovs tha Esllouving coomon Featuresi
(i3 the waln depsndent varishled ara tha welecEties sod pressurni (ii} the Lascer
mts coepoled on & holiber of stagpeved, fabsrlacing grids, esth of which is i gl Aol
with & parcisulas varishlef {11f) & hybrid eentral-opwind SEllerense schon: is
employed] sad (i) the molucion alperichrs are sufficiently fmplicit ke chviace the
nopd Eo sppredch Che speady mbatn ¥ia the time ovaletion &f the flow, sa iz suquived,
tiy wholly sxplicit sstheds.

The procedurss diffee Ew thoic mwmnee-of ¥olving the diffocente equatiosr. Tne
ELWA (o STeultanmoun Veriohle Adjssrmant} proccdute; which e fnbly-implicil, uere
» combinazion of algebraie elindzation and polnt=sucramsive auvhstiowt fon, ¥harein
Fiwultaoeoss néjusczants are PAGE b a joist pressere, sed the als sstrounding wal-
peities, sush thar cho aquakions for enex agd [linsocised} Secenfus acd Loeally
parluiiod.

The SGIFLE [for Scml-Tmplicit Nethod for Pressssc-tizked Eqwitlons) method pro-—
cepds I8 B Eongarids puadi—and-gorract faships, Bach oypclo of Etevorhon sstalls
Firstly the ealeulasicn of aa isterewéiace valscity Tield vhich satizfies the Lin-
sacizod moemniun epsaioi for s goassed peessurn dizecibubieni  tRen cha @zes con—
servagien principie is invoked to adjust the welozicles and prazsurea, sucl thac all
af ke pjualicet are Inm halancs, '

By way of an iltustraiion of che cppatliftian of the wethods, resulia are given
of the caloutatios of phe flow of wind sroesd o bullding, and rhe sipaltasocus dis-—
peraal of ghe effluant Erom o chisey Tecabsd wpiteeds.

1, 104

§.1 Ohisorlvre of the preacal FeeRatoh. ifm are here coneerned wieh prodicEioa
Sethids for that ciase of conmective—llew pheamssa viich ace stecdy, retiroulaciag,
lowrapeed zad thres-disensfenalt she majority &f the prearisaliy-izporetast [low
situntives eaccancared in Dndiuitelal, anvelronsantal, physiolepbieal and other finlds
are ol ehis kird, Tuo ealeuletien proctlures for such flows will be deseriied:
both proceed by usy af Einite-differeron solutica of the Fulorisan partial-diffeven—
tinl cquaclone Far the cossecyarica of pass, moceniza, enefg). dnd sibes propockies )
and both repley the weloeltles snd preasute &5 The redn hydrodynoeic waridhlos.

1.2 Halaticn Lo peevisus . kithessh thome sxint = nosber ol finitedifforence
pIncedures which sautd, in prisciple, ba used for The present elame of poeblema, nope
fppuer bw be vall-subted for this putpors, T, for crasple, wearly all of the
avallable nothods atberpl te Pollsw the Cizs evelutiew of gho [lew in afriving ac tho
sready-srace solution. Whes beeever the latier is Uhe &aTy Foncure of Intarest.

this ia wrually pesdlescly sapeesive, especially whan s sepliodt formlacion i o
ploaed.

The precedutes Lo b descrided here exntaln & warbrr of icosvacions,; 21lewing
pertieularly sromocical roetes Do che wiondy dtdter they alas bomoE LacoEpaTact
meniy Fnoen Deatures Dnclwding:— tho displaced pride [oz Selocity aad prasture =i
pleynd by Uaclew sod $olch TEBESY;  the consépl 47 0 paorscnnd-corresl procaduca (ot

& 1.5, Carortn s cureently dg Catlforniz Statc Universicy, Eecthzidpe, California.




ilim wmlocity ficld, wxed by doeden aad Eaclow {L2T3) and Sorcin (LR} - and ihe fo-
plicit calculaties of weinzdcies, slong dhe 1iwon of the Prachs {1020 werrfon of i
Borloe=Uslck (L9065 precsdero. AdHcimmal goidasse In the dossaluticn of thooms
prddedurss lpg been docived fras applice wech by the duthors and shedlr colleagune on
malhods for beo-diressionnl Flovs (Fabmbar and Spadding, 19000 Codcin et &), D955},
ara ;hrul'da.:-n;lq-nnl_ bdurdary layste (PuLeokzi gkl Spaldiag, 1PI3a; Carecke ok &l.,
15720 -

L] 1.3 Cimients of the paper,  Seegion I od the papar is devoted €0 the desceipiion ol
the bvo procedurea, oode-gired SUHMLE o6 EIPE, Iocauia the paink of drpactuse bo-
tugen fhe oo peilicds @5 in bhe eapoer of aolving the findte-diffarence squepione,
the letter ace deacclied [lrer] then desailm are given of D Esdiwidual eslubien
ml‘lla

Im Zscrlon ), ve piovide a simsacy of phe expevioncs gadaod from applicaiicn of
the provedures be & varisty of toet cases, Then, by wey of & fewoscrration, We pre-
sant ‘Ehl reauler of a eoEpuler fimmlabfon of tha Flow of wind pesk o building, md
the airulcassaus dispersel of Phe sfflwsar [vow & shisney Located wpuind of the
buitdipg. Finelly, in Sscklon § we presest oer esnclusloss sbist the reletive
Exgits of the two proeedures, ded tha prospacte for Fusther davelopmase.

L1 ARLYELR

2. The equacicns to be solwed: The matbssatical probles suy bacompisctiy ex-
preseed, Cith tho sid of Carfoskan Lonso¥ saTation, i ceves of the follewing sec of
dilfefantial agesblong|

B-’:'.’"I.”hi = o ] Ll

='|.|:ll.l'-'|||j:||'|!lIEi = “"t![luj;'rhi}“::i. w a'r-.n'a:f — J} = 0 4 {2F

:-'l{l'-lui-l-:l."ilii = I{I':I'ﬁ!!iﬂ'hl:lﬂ::s = |.‘_ = ¥ | (3)
which mopoese the laus of conderration of pasa, moweatzs ond & seilit propertly
PedpecEivaly. Herd the depéndant vaciabler noe tha {fiw-averopa] viloms ol:  Ehe

welogicies i1 el prosauce 0; pod &, which stards far swh ecalor quantlcies 2z
ewthilpy, concenkrcation, kivesie csevpy o dissiparion rave of rerlalence (Lavader
ded Bralding, 1971) sad padbazica flux {Zpaiding, §1971a) atc. Tho spohols ng and l+|
mband for addicional seorces (or plnkp) assdeinted vith puch phewopenn 25 pateval
onvEcLion, chemdeal rompden oand seo-uel formicy of teanspert eoelficianps, shile a;,
Wgrp &nd Py off are pospecCEivaly the demsity, wiscority end sxchange coafficiane Foc
#-  Thie fubecvipt "eff" appendsa o ohe larcce tun imlieaces thas, for cerhuienc
':'1:"1 thay ooe sommbless azeyibed "effcctive” walues, deduced feam tuthulenes guas—
CEties.

Tl Fimikm~fibf _ﬂtmE Eam ™

cid mnal LA stagpernd=prid myeton saployed for both mathode i e
pleeed e Tig. Ei thim shows pely the xy plane, hut [2& Lrestmear in the other
PFlanes [felloss idsncical 1irss.

Tine incerasctlons of the #5lid lines mark tho prid podas, vh<er all varicbles
sxcept the welachroy  torpiooota mre agornd. T Intter ate mtored o gointe wiich
aro diereiud by the aczoss and leaated sid-way beoeees the gpeid dneorscesloes, A
cansifored nnds oed i [esedints meighbouzs ace dorminl by the sshscrlpee B, xr, =,
¥, ¥ 3t ol 3o pho fignificance of themr cap be porcedived foem Fip. 1. Wha
wiloclbdie are sisilarly zoferomed, witk the comesablod thet T {and esah of he
othor subacripta} woe velees to a =luatier of warishles, av fndicdred in Ehe dingree.

B . T

tengcrvabion rquaclon or a ageiar irepgecty b A didferemco sgmbion Talacing
¥F Bo i puridunding ¢'s iz ebeadwed Wy dngepraclon of (3 ever the goptrnl volsso
maaloelng P, with the add of [lus expressious deciveld froc mo-divensiosal [low
theosy.:  Soas dorpils ¥ill ner Ba givan.

r Diffszuncing peactlcon, Argention =010 [iver %o [orusacd om oha Jifferoncial
(3 I



Mg tepfeiant the ner g-diToctios convectioe asd diMfusfon of § throsgh e cos-
brol Yeluss {(Flg, 21 bys

AR I B TR : €4}
HRETH, fagal b I

O, whan ¥ - & 0 -

=¥ f 54
N 'IT}H.. wh e E':“ 'E-I“'_ }
B, = F v lnall other elecuzstmnces.
Fa t WA I

pad 4™, ki and T‘_ coapeotlvaly meend for thi sssd Fles; ermaa-peeriossl dees and
ek b rechange ceel ficdmie at the toumdlary (o question.  The orher quancitioe fe
{4} =re wiaflacly duliacd,

The @bove cipraacion may be regarded a5 @ bybrld of geetesl— and upuind-
dlffeTonce schames, jn Chal LL roduces to the Torrev wlen bha catdn Irin] 4a lesal
Foclet mesbar) 1o lees than unity; and {c ylelds the large (F/0) pyepEote oF tha
latter for [PID] giwater shan q-ni-lgr. The Bybroid achous hea the adwanknges of baing
BOCE dtcufralo oear A wide conpe ol KA (Spaldieg, 197305 Funchal, 19T, thig
edrher of ice opsuepemes, el of yirlding & disgomlly-doainasr watiln of cosflic-
ionte for a18 Ffo.

(e} Tha diffcreoce squailens.  When the flusex in thy ¥ aod & direckioss nre ew=
prazecl o & simiisr semaer, the rraultost fnioe-difforonco equatioh iss

':'ll.l:-JP - r:_ﬂ__ + l::‘.'?_ + ﬂ;_-:-‘_ sty a ,,_.,-d-j" it 5

e et i Ed

whire A% segrrEsEntd The irdopral of thie aoeres l'? wvar bia oonerol vols=s ard:c
., 4 ) )
:I:' '::++E|:-+l:r!+cj'-'::+"::—'

Thw trantsent =l the soeernm equetions ir sraentlally the dcom z8 chap phove,
e concrol velwsss for the veloeltiax are nf psiras diapleced From ghose fer 4.
Incarpolotion iv sweclees TECEERATY O DRTELN eofvesE e u'l.-p-:l,l:‘l_t'.. dunsitiez, wia=
Gofifiea sto. or U ragoelosd Bocssions. In 5ll coeee cor ohaies of inenrgalation
pracsitss is guidmd by e reyalrecaoe thac ghe resulibig dilference eguition ke can=
EETUATL [Yae LI wi depore tha solocitdse In 1he Ky b corordinngle dcrcsionn By
Uy v xml w pespectivaly, then the & [farenes eustloez For fiswctus coy b wricroest

G m Tkt -maed )
n

.;-:.,} - ?:: MR S F [ &3

::-.-r = EI::_ W ﬁl_ I":- = 'F":I g i cny

Earw, the sursstiont ore ovur the sic reiphboaring valeeftier:  snd the eoofCieionts
in the eguations are deliged in s milogoeie Fasliicn La thaoe dw {53, Finally, wo

T:Jﬁ-i'l‘l-nq 4.7 [Ilﬂf-:l.rl.—l.l::i.ﬂﬂ ta difTeirenig Tora h.:ll ﬂ"'—F"HILﬂH Eha m'l"“l.t:l' re Lo bos
AX=

Mouby, ~teubph b+ Hovd, = fowdpd boe flud_, — Goxdol a: = O, [
-3 Tea SEMPLE progcfurn:  This "Secdefepld folr Meesd Ior Pepsaori-LEekid Eruea=

Li#mn' anbvus the r=t (8] &0 (%) ¥ « ryclic sories or ghuti—ard—rororce operanlise,
Vieroda i velocielon ave flest ealeulakad by wag of Lha mcrentyo vz lapk Tor &




guettsd preseure field, and thes the lateer, and leter the velacieles, mra adjusted
S0 mi to sasiafy ot inuity.

The flrag sty ia tha evple is eteaigheforsand:  thaus the gigccad FTULRUT &R
f=hioh vy be laitial punkses; or ualuss Drea & previcss eyola) . dukobsd Ly V&, arn
mbseitelod lute Umaciscd® rorstoms of (G = t‘gj- Thite are thea sclvad onopinld
a fiold of incevnediais veloglcica %, W& pad ot shiiel Nill oot onines pled enlugom
haw bean resched, matlaly eoctimley,

Tt &5 here bhat the Fais neveliies of the precedurs snter, fn the casase of
aLlalying che coacineicy raquitesmsns. Tia igpronth B oo gubstitubs for Ehe wel=
beitian in egme (91 relarloos of the Cepe:

u!-uFIJ.:{E:::“—E;j i {1k
vy = wh w AY - HE g {11y
i A R uz)

siere I In o prespers corssccion, e=d the A's bedr the fallouing reintlnn to coufife—
iznta dn thé mosantes sgwicions:

.F.;leﬂ'l::[ J;:"'pﬁ::‘ and ":"I';"I'I:;'
The resulk is the Flalte—difderancs egulvalont of » Polssan equaclen foe P°, wis: (1

- FE Eones . 15
Negs the IU-_-II"M:J.-D:. tign hag the wsunl ressiop, sad the coslfiziemes are plves Ly

R R Laval | = Cowklb & ¢ Rlawdd | = Gl d A

A %,.n:.: | A £14)

with aimllar definitions fer eka athas tarss, ﬂb. it should %o moted, ie wothing

mars than Lha leasl mags ishalasnoe of the intocoeéiste welolty CE6ld: mo, whes
eontlouity {s evorndese satietiod, the prossure correctiun gnes ko zero, 8% veld i
ko sxpagied,

Unce the B' Field has beea cheained from L33, it in 3 wernighyferuied eattor ' E
L npldace the preawuros osd valocicles (fese eqne. 10-0133: chiang il eecomaacy,
Fhay way bu uctd as guasess for & noe eycle.  TE thers ase $' to be palewlated,
thay may he fEitked in 4t 8 eeawenione Erhpe iw Uha cyctm: often tha choles ia
arblerary,

Hazause the SINPLE procaduce computes The varishis [islds suncessively, robher
than glemlkrasosaly, [t Ea bighty Fleaible in ruEpest of che pecthods of solubion L
whick it will sdpit for the diffefonce sgmacions. FPer ghe prefant caleulatlonis, {
“o hare capleyed = Liso~lreraticn methpd, wherdis the uskeos vaziallese a1 ang ench W
firid 1ins &fa calculated by applicatlon of the bcidisgnaal matrie algorithe, on Eha
aebwtion chat valuss sn nelpMouring 10we ore ke, Thin operstiss lc pae-
Formad dm t=re on the pets of binse Iyleg I the =, ¥ md 5 directioass ic maially
wal Flées to pocfors eue sush "erlphe ewrap’ ou tho welogdcdes aed ¢, and threp
#abepd o By gar cyele of ealéwlntion.  Thin sesaod is Subsbankinily Eister chen
prict iterarlea) howaver [f =asb bo sbroansd thar vker rren pere crononicpl Pebicde
bagne: frailedte, tlay =08 rosdily b ivzurparetad jute Lhs peaardivag,

%'., ,In”*- jl'--"_i"'_"";,"',ﬁl';fi- This precadurs deplves los rars Frna i niresl way inm whigh
seLhE

B curhinga lteration with SEmiTtansons Varisbio Adjusgesnt.  Fith this cons
Fipatioa, iz L8 poasible to Earibly wisslenssourly, #n 4 lseal basis, the equarfeua

T tho coslfielEAtS and suurce [okes uce avalaared Froe the previoun cvolo, and Beld
CONECANL.



ik

tor cmmenbus dad eoncbugiiy: 8 theigh ghis balmes in later doutrofid when azigh=
Beuring nadns mrn wisited, the net gifocl i% ro rTodura bhe reaidusl pourcos, g S0
PEUEUrs EEUYET RERL,

Tha peneedars invelves the sdjuacsant, as esch oo (s visltnd, of 7 varlohles,
nezofy the presiuea Py and the § socromudisg velecity coTponenis, Dps Tae ¥y E—r.
u, il wai-.  The Formuiac Fox the wariable adjuprente mrm '“5'*‘{".:5 Ty alpatem
stlutioe o1 the datinelcy cpeaclon [¥)] end linsukised versionn el the wecwncum
mgaatlony for the afs velocities, gxpromsod [a rhe tal lowing Tormi

-..,u.:.::u“*u:r'!t:; E 1)
v - -:-r_,‘_.*t:IPJ-:r; | £16)
u, = q.ﬂ‘..:r,”; | (L7}

uinh mindlar exprossicns for ugs. s ard e Fhe guipcleion &, [ aml ¥ n E!L‘lt
equatioes are teadily dedwcidin from the perset equatioss {(6)~[§}, viedo Tetrm Ln~
wolving viriables outside of. the 'SIVA eluster’ hewe been swopc into the 7's. And
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COMFLITEN METHODS IN APFLIED MECHANICS AND ENGINEERING 6 (1915) 261- 197
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” CALCULATION OF THE THREE-DIMENSIONAL ROUNDARY LAYER
WITH SOLUTION OF ALL THREE MOMENTLUM EQUATIONS

5V, PATANEAR, 0. EAFITMNEIATY and T30, SPALDN WG
Alzrhiwivd§ Fogiieven’ngr Orpardoeed, Ingeral CoXepe. Losdan, (L4

Bocosed 3 Muach 307§

The: piper dencziaes e Eppdlention e 1 cobowlsion proandsre Io Mo Tl sl sscioes which cin ke dharseizr-
izl g Mo mersoral boendary iy ers. UiHioe mest of the pubbshed reeitoda, eie prean proead ies §odved all
s rr oy s are) fd ard lakess Tull sceanst of (he g saidyion g dledlons el 1o 6 mainfiow diiagoR
Thi# egidicationt domaesimes that, when the boendary canditiam ecaibit canaie @scankadties, saly (he iolermn
ol 1 ihies meaemlum equatiam om ghee atisfeiogy soceescy. The rowail of itk prosest coleslaifons 08 oo mpaisd
ik asnBabie gdrlailly ol vbom whermem el

Momenclafune
X digtance in main-fleaw - difection
i cross-strcam eoordinales :
i} density
v Kinemathc viscosity ;
W welodly components in ko, ¥, z directions, respactively
B pressure in the main-directbon momentum equation
ol pressure in the cros-stream momeRtim equations
il temperatione
0 b amilarity variables: 5= p (e fix)?, [ = g Cir, M7
a8, ¢ consfante
& boundary-laver thickness
sirBserlers i fo
ine [res-slream conditsn
¥ wall condition

L. Introduction

There are several techniques avalluble for solving three-dimensicnal boundarydayer flows, but
most of the published procedures solve only 1wa momenium equations and abtain the thind com-
ponent of velocity lrom the continuity equation. Such methods are discussed in a review [ 1] and
incliede thoss n [2]—[6]. There are, however, some phenomena which require all three momentum
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erpaticn 1o be laken inle account, The authors know of enly four Dinite dilference methods
which can solve the problem of the latter kind: Caretto, Curr and Spleding [7] hive developed
twa procediores, and more recently Patankar and Spalding [8] and Briley [2] have developied tech-
niguees o sofve Che thres-dimensional boundary-layer equations i genernl form. A. 1, Baker pre-
senis &0 Interesting findte slement method in [10],

The present paper applies the methods of [&] fo three particuler problems. The first problem
s such thet onr geseral metod would educe ddentically to the conventional methed. For the
secand prablem, both Kinds of method are applicable, but they yiehd results which are dilferent.
The third problem cannct be solved by the comventional metihods and o general method of the
typein [E] & requlred

Attention B cenlimed here 1o umiform-praporty lagninar Nows. The results af our coloulations
are compared with availables solutlions.

L Outline of the prediction procedire
The prediction procedure of [8] will now be briefly outlined,

L The differenriof squmrioas

The probklem is thist of solving the Fellowing se1 of perabolic partial differential equations with
appropriale boundary conditions:

Condfmudty dy - ay B
r __-|- - — e e B * E.I
sttt (2.1
— i 1 y
Homerin . §£1 o '-E|_4"_.|. i o ! P, F"H__E ¥ u} 1 (1.5
ay @z pax ayt art
En:i- s I 2 dte @
ity do, du, _Ldp, (K 8 (2.3)
ay e pay {:u.-f a:'}
O Rw W ’_"';E”{"_’E,ﬂ"}, (243
ax dy ar p az ay® Azt
Thermal Enevgy 3T 2T ar T ¥
mat +—1. 2.5
g TR T FL{.,, hjll e

These equiations ame valid for three-dimensional, sleady, laidicas, uniformn-property, boundary-
layer Now. The deperclent variables w, v, w, p, and T are determingd ag Tunciions of the Cartesian
coordinales x_ p, and 7. (Although the mathod of |B] cen handle non-uniform properties, that
facility is not needed for the presenl paper.)

In the above b of equations, viscous and heat-copductive sctipns across planes of constant x
are neglested so that no influences from downstream can penetrate upstream. This neglect is con-
sistent with the nature of the fiows under consideration and condrihutes 1o the parabolic character
af the equations. A further contribuiion i the different treatment of the pressure in the x-momee-
tum equation from teat appiopeiates b the crossstream momentam squations. Thees Do pressines

— e — e —
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are shawn by diffesent gymbals p and g, The pradicat 333 is sssumead ta be o known function
of positon, deducible fram conditbors auizlde the boundary layer. Since the eguations are para-
balic, intsgration can proceed by “marching' in the x dirsclion.

2.2, The finite difference equnbions

A system of rectanguler grids 8 chosen for the p—z planes The size of the rectangle is allowed
1o change as we move In the x direction. The mte of change of this is 5o chosen thal sur grid just
enclases the fiow region of inferest i

The fiedd varishles gre stored in a stapgpersd fashion: w, p and T are stored For main grid nodes,
while v aml w, respectively, an: storsd for the center points of the p-wise and z-wiss links joining
therse nodes

The differential equations are seritten in finlie difference form by integration over & control
volime swrroainding each mode or cepter poiat, The equetions are solved by the line-by-line 2ppli-
calion of the tridiagonnl matrix algorichm,

2.3 The solation rrocedure

Safuliom of the finitediffererne: eqintlons procesds as Follows:

8, The pressers distribution in the -z plans is guessed (upstream values are good guessss),

. A [lirsd approximation o the cross-siream velocity feeld is then obtained feom a selution of bl
inemenium eqantions for v and w,

¢, The longitudinal pressure gradient 3 3x & known Mrom the copditions cutside the boundary
layer. The x~ompanent of velocity, w, can therefare be obtained directly Trom the rgbevant
fimlte difference squations.

d. The velocltles abtained in steps b and ¢ do mod in generml setisfy continuity, betauss only a
puessed pressure distribition has bees ised, Therelore, comections 10 This pre=sune field are
calculated mach that correspording corrections e and w will bring ko velocity ficld in con-
farmity with the continuity equation

e The thermal energy equation i then solved to vield the tempersture fleld for the plane.

Steps n to e complete the st of computations af & given foreard position x; they are repeated
plane-by-plane wniil the whole Field ks been gaept from upstream (o downedream.

24 A simplified vorsdan of the meling

The method just outlined takes full account of the diffution Mue: and pressre gralicnts in
Barh cross=iream directions: it Iz this feature which distigushes the meihod from thoese veesd in
moel three-dimenssonal boundary-layer investigations, in which the diffusson Muxes are assumed
o be imporiant in only one of tke cross-stream directions and the pressure gradient anly In the
Gther

v of the aims of the present paper is to establish whether these approximations can lead to
apprecigble ervar in the problems considersd hore, For this purpose, rather than to program a
published cosvenisonal procedurs, we have fousd {6 convelent to cast the general method of [8]
into a sieplified Tosm.
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In thiz simplified version both diffusion Muxes are retained, but 3p/ay is put equnl to #ero, 5o
that the whaole pressure field & specified and ro pues-and-correct procedure is needed. Then a ansd
w can be abtalned directly fram the relevant momentum eguations, and v Follows Mrom te con-
tinuity equatio,

Hencelorth, the original method of [8] will be referred to as method 1 and this simplifisd ver-
slon s meuhn-d .

3. Laminar boundary layer with pressure gradient and Injection
Laminar flow over a plane surfoce is consldered, with and withaut fnjection at the wall.
2 1. Flow without Infection

Stavement af ske problear: We consider a flow over a flat surface with the freestream condi-
hens: m_ = o, w_ = bx, where o and b are constantz. Yohner ard Hansen [11] have obtained
similarity solutions for this case, and Krase et al, [12] have applied their finkte difTerence tech-
nigue 1o Chis profhlem

The computatiens are carried out fore = b = | in the region ABCD of the p—z plane &t cach
forwand location x (fig. 1), Due (o the nature of the free-stream conditions, the similar solution
&f this problem is inslependent of z. Therefore, the distance AD is kept fixed, independent of x
and much larger than AB. However, AB expands downsiream in proportion to (ecfu_ "7, Az s
resalt, an expanding grid was used in the p-direction such that ABfx = consd Cxu_ )™ ""5 All mins
wire performed with & uniform, 11 % 11 grid, which was found Lo give sufficient accuracy,

Both methods | and 1] were used for this problem. When method 11 was used, pressure gradients
dpfdz = — bhpw_ and 3pfay = 0 wers specified.

B ugrf. wy s <

gl

I

A o}
Fig. . Coordinales and caliculition segios for prablern of secticn 1.1.

Resulrs

The velocity profiles are plotted in figs. 22 and 2b, whers comparisons are made with the results
of Yoliner and Hansen [ 1), $ines u_ i & constant and w_ is 3 function of x alone, the - and
edistribulions must be fentical with the solution of the Blasius squation, while the w-distribution
has & maximum within the bowndary laver dwe 1o the curvature of the exiermnal streamlines. The
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agreement of Gur numerical golutkan with those of [11] is seen to be oo, Dwe to the nature o
the Mow, no difference is found between methods 1 and 11, and bath methods are equally valid in
tliis case. However, the eompater time is somewhat larger {about 306 for method 1 tsan for
mezthaod 0.

i 2 Flaw with indecnion

Statement of the problesy: Laminar Mow with the sane free-siram l.‘-'ﬂﬂﬂl-il'lflﬂ! (e =a and
w_ = bx} is now considered over o parlially porous plane wall. The porous region exiefds along a
sirip in the x-direction; fluld is Blown through it into the boundary layer. .

The calculation reglon In the y—z plase at 2 particular x & shown in fig. 3, where 1!1: wall AD
i porous along the reglon EF. The blowing velogity #t the wallise, = comstm_[/x) ’-:lhh.e dis-
tance AD is kept fixed but AB expands downstream according Lo ABlx = constlxe [e)™
whenein the constant |5 selected by numerical experiment so that no change is observed in the
vebocity profiles as the constant is varied. Computations were performed with both methads | and
I8 witly ai 11 % 15 grid; this gave sulTicient accuracy.
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Fig. 3. Flow goammeiry and cxloulatiod jegiod for problen ol wation 3.2
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Resmaliy

The results of cabeulations for twa dilTerent blowing rates conresponding to v (xfen_ 9% = 0.25

and 0.5 are presented here. The resalis of methods | and 11 &re compared at twe dilferent spanwise
locations:

(a) over the blowing regian,
(b] outside but close (o the Blewing region (fig. 3).
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Fig-4. Weloelty profiles of benisar three-dimersional Maw over & parially poroes plane wall, u = 10, W, = 3, pixiou )t =
015 &= M8,

o B

:‘1. 5. Velesdty peodilen for laménar hese-dimersiona Mow over 8 pantally presen plase wall, ug, = 111, w, = 5, vl )" =
aex= 1,04,
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ips. Aa anad Al compan: i lve two methods for e ¥ = .25, and figs. 52 and 3b corre
presind Ben thee vahue of 05, it i naded that the two methods produce different resulis for thls
pieslidens, swd e differences are more impartant over section (b). Particularty for the larger blow
s vl large differcnces ane moticed in the velogity profibes.
00 i ool ot The methad 1 results which must be reganded = tlye more accurate. The terms In
b vopnatsns which method 1L neglects are evideatly mot wegligible in this case,

g | simtisar [lsw alasg s reclangalor Cormer
J 1 Stetement of the problem

| aeinar Mow along & corner formed by the intergection of two perpendicular flat plates is con-
siderel 4 fig. &) The free-siream velogity is assumed to e of the form u, = ex™, where ¢ ard
aii g ol anie amnil T i@ ‘hﬂ distanes I!I:.'IZI'I.E thae cornir {mm tlhc ]m’nﬂ "'jﬂt Th‘tm'ﬂu.ﬂilﬂﬁs al
euc bt furwand location ¥ are performed in 8 rectangular reglon ABCD whose boundsrles are effec-
Lively tem dimensionsl. A uniformly spaced grid is used in the p—z plane which exgpards a5 the
citle alations proceed downstream. The ralts of grawth of AD and AB with x an assunvid equal
japl prospaar Hinal Lo the rates of growth il the {wa-dimensional boundary layer [ar fradt the
s DT TeRBm, e lﬂ[.l!l.ﬂlhlld.l' = ':.I 'Ijlsl{:!":l,llll.'.ﬁ where 8{x) & the thickness af the E'I'-":I'I'HF-'l'-":I'ldl"E Ly
Jinensional houndary kayer, and &, is a constant,

Moo crarmdininE: “Mo=slip™ col [ibons are used along the AB and AD boundaries. Along
Use C1F and BOC boundaries, which are far from the corner, bwo-dimesslonal velocity distributions
are spevified acconling to the integral snilution of twordimengional faw aver a fat plate with a
pivon pressure gradient [13]. The latter boundary goniitions are not pssentlal, gnce ouler-edpe
conditim have no influence o (e pentral part of the solution if The infegralion domain is suffi
caenthy Yarge

Eleat transfer aicubations are pﬂ'f-u:mud writh wall tempemiures T, Eﬂrﬁﬁﬁﬂd pccording 10 the
following power ke, T, = T_= ocanst ¥, whene T is the [Fie-skmeain temperature. This wall-
lemperalure distribistlon ;‘nmu-u]f‘-airru‘lar temperaturs fisld |n the comner [ 14].

A uniform 15 % 13 reciangular grid i wsed in all pians. Method 11 5 not valid in this case and
Iy iece only method 1 has been used
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a2 Resafrs

Twa sets of calculations have been performed: (1) with uniforn feestream velocity m =0;
il (2} with favorable pressare gradient m = 0,5,

Zgmir ared Young [ 15] have mads an extensive experimental investigation of ihe Oow in 3
carner. They have found that the laminar fow in the corner breaks down at relatively small
streamwine Reynokls numbers. Therefore, their dala are either i the transition or fully turbalent
regkns aiwl are ot comparable with the prosent resilts. A number of investigators, however, have
obtained simitarity scfution to the problem by integral techniques. Schlichting [ 14] reports the
results of the werk by B, Vasanta. The present resulis are compared with the Biter work.
Pelociry distribuiions <

Constent-velocily confours of the similar solutions are shawn on figs. 7a asd 7 for m = 0 anx
0.5, nrd compared with the Integral solutions of Vasanta, The sgreement Js very good except for
slight discrepancies near the free-stream region, Perlags the latter sre cansed by the coameness of
the grid (13X 15} but, of course, the integral solutions are themselves inexac,
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= |k

Teniperatnre dirrribirians

The tonstant-temperature contours e alss plotted for e =0 and 0.5 on flgz S0 and 8b. The
Framdt] number Prequals 0.7, frlethonal hesting B neglected, and Mudd properties are assizmed
constant. The tempemture profiles are close to thelr comepemnding w-distributiops, s expected,
since the Prandl number & close o unlty,
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41 Effect of grid-expansion rate

icciangalar caraer stk ditm el poeasis gradeith . A, B 48,

As mentioned earlier, along with the marching process the grids in the y—2 plane were exparded

ak tha :|'|.lEi:I i (i Wdx . The Imfleence of the constan ry on the similagily seluiions was sfudied,
Fig. ¥ shows the effact of C, am the u-velocity distribution alorg the biseclor of the corner. The
resulis suggest that o = 1.5 is the aptimum value; it allows the solution 1o be independent of C)
without hawing a latge mumber of grid points in the free-streim region,
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5. Coneluzloeng

The numerical procedire of [B] has been applied to the prediction of certain three-dimensional
external bourdary-layer Nows. This procedure is applicable in cases where diffusion fuxes and |
presssine gradients in oae or Bath ol (he cross-stream dirsclions ame siprificant & in the crses of &
partially porous wall apd fow in a8 comer. The method, of course, also prisluces satisfactory me- |
sults for preblems for whilch the mose restrictive existing procedunes am valid. For these, howover,

a speclal version (method I1) can be employad which uses shout thres-quarters of the computer
time of meihod L
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FLUID FLOW ANMD HEAT TREANSFER
IN THREE-DIMENSIONAL DUCT FLOWS

V. A PRATAP akd [X B SpsLDiKG
Impeniid Codloge of Soicace ened Teibtelogy. Depanmeai al Mechiaecal Eegnoorang,
Ealpbsstiod Rasail Losdos SW3 LK

Recplinsd 3 Febrmary 1578

Abmivari— 4 clcpliron eocsdun @ diecrited for fhrecdireesénad Jedl-faw sileatiom abich aiv

Ip-parshalac in sature, 12 dhmme jn whech coracdiive infoemisr pais ofly Josndesas ST

miiemces amr dincial acrom the viream, b mliev @ lisfadned [ o riesE MRgRRs e

i reann asei by way of proiees. The eumencal calialid od praondors hasdlie pich fous scaepmecally,

it wooies Wy pressere o m threedimeagaoiad @iray, b other wvarishine iwo-dimmuoaally. Aoz

Mistintien, De rciidls froes an appEcilion of (ke cabulsion procedurs s cempesed. wilh thine of o
i b eadcnd ali o praasdune,

EOMENCLATUEL

A,
B, ebefTierdl w e Ietic-differemce
£, B EtReTyE
e
4 difursson fun;
5. Coa ol
" [rCRErY;
5, SCAdros of shad 1E7EL ]
, vedocily sloeg s-direction ;
I velochy fong p-direcon;
i, vilosily alorg =direclion)
L8
» } pocediaee Jindticns
£,
tlerck symbols
~ wheeeaiiy;

I LT
i, general warzabis

Subscripia )
OVE, W RS 0L P robar dognd s inisrface:
2w, TLE, L ]l Brcazions;,

ieribm e o o

reler io conrespandng welochies

A| ]11|
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L ST CTHEY

LL Clmsfipaion o maasy o Hinsarion
I7 Eind besn mefol in noescnzal Auid sechsaics o
divide siegaly-Bow problema ko bas claases; olbpia:
and pazrabalic Sircily speak ing o0 Nosws oxoepi wholly
supenonks oaes aie odiptic: this means hit periui-
baiinfs of soadilions o any peint of the Aow cim
influsrnes corplition: al mey other polnl. The mecs-
armms of these innRction e waally !
fip Coenvectzan [i e diramstream traremision aloeg
siremm linm )
liip Cofidoction, difimion and vioscus actiod {Le

durermation in-all dinsttioss by Sckecokar
§ e Tk 7
[i8) Mecomere lranstiiaion g 3. e 12reeacy of @ Auid
i 4 silaans o o maées il of the way of &
drraratreain ebisuicle belome reanmg il
b "parsholic” Noes, mechasiamm [ip aed (&) b
el enosd gh Lo Be gndeed and e Now cenfipuration
w free o “reaccubiion”, &8 B mechinsm {1
timsammits cfleom only in oo direciios, Mpny bodsdasy-
tawer, duct-Neew sl joi phesostienmare of this pambalic
uind; for oben ihe Bemohis numter i high giough
i render ke sokecelnr actons insgrificam gn ke
srparreane dipecton; and Be bousdeiies of 1he fow
dicirain grovaks a0 Sam curveinms o vl reamlime.
Ir ke prewenl pupe hovesver, mieniion is focused
epon @ clase of Bowr siustions whish @ inlermedisge
o Tk garsbelic mid clliptic categorien. Sech flows,
hors cabied “partially-parabalic”, are chafacterissd by:
I} Abserce of rswtubiion, so i mecbarem [if
[coaverlion) operares. only is a singe idown-
s | i resiion;
ili} High Reysclds pember, so thal meckinam (il
imolecelir action o significant ondy sermal in
The sivwarm- s,
i Frgwithaar ourvaesre of Eoundanm. mmderng {ek
{privure Ir sdission] he Sominant iransmioe
of mfluensas in an spaiream dinsshios

1.1 Exawmples af parrialp-parafuiliz Pows
Preszonsin Maling Inio he panally-perstlic dan
inshde;
iwl Flos in srongly-surved ducs, for exsnple pipe
ey o Besar enchagers;
§b Flirar im inrbine and compeorssr cascades;
ik Flawsindnd near partally permeakle resisianses
ach ax pveser and serecrs of tabes o nods, @
in the shals of some piam gens o,
) Farws of habekeaims i cwo-dimensional el i

1.0, SymFomes for dnmsemnica OO0 )
il fows mquine compuler sorags ol d!::trl-
wnnalty eqeal wo that of tha Now: gk stomge dime-

LIEY
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EiNiLy of a peesbola Now, Iy Sonizast, iy oae les
than that of the Now. Consequently, sace infuenses
spread only in ihe downsiream directios is parabokc
Bewn marching barepratian £an be smployed; and there
I8 T sl 10 peliEn nowioen Aow vaciakls For irees
han the immedmelyupdicas plane or Ee For
elliptic phepoinesa by comirad, it s necessady b0 retain
el epsivcim welues @ sbore; fof they may b $0-ba
edered sgain in the light of sdjmiments =i 1o be
made dowasiream; s ilerailve procedess is thus

For pancisilp-parabokc fiows, the requinments ae
-..El‘;l'ln:.d:i:llq::l:lﬂlj ihe presnne sequices b kareg slorago
dimersionaliy egual 1o the flow dimersionalkity; e
BT 'l'm'ilﬂ-ll (ie witrry pompomess, icmecrature,
wmcenirations, eti) requice only the reduced dmen:
skcmarly of pardbelic Aows. Thus 1he mais advaniage
ol partizlly-pandalie silumtion, sver e alliptic oo,
o froes the guificant reduction in the storsgs
reguirement. This advestaje = grealen) for thres-
dmmnsional Boss, m cm be s in e lollowing
LT FTES O

Suppiee that 33 prid poinis aee requinad fn ey
Srection for adequine eoverape of tha domals, e, 30
for a iwp-disensinal problem and B000 Tor & thros-
dimersaonal sne,

Supposs also thal we arg concorned. ok |5 ofien the
cnie, wilh thme velociny cosponenis, peexion, b
pEralure, (wn tar baenes qeantities amd oosoen raton,
12 erght visisbdex in all. 17 1he Soor i ravo-dirensainsl
ind clliptic. we need§ = 306l i 3100 shorage locaiioes;
hawever, if iU partially-parabalic the Sige i re-
dacid ko ¥ flor presserel + T = 20, e lo S0 iocsons,
3 raSacTea off BEH

A thne-dimersiopal ellipsie problem with this grid
Eneness requine 84000 storam lacations; i Bosssver
the proces naduces 0 pamiafy-parabolo Fwem, ihe
Slorage roquinement (s only BOO047 = 400, jn (080,
# roducrion of 33 200 Sach 3 med icfiom 18 of peeat vikie

This Hing the e, i b perlaps rerarkaiie thst
the partially-parbalic Row clas mems 1 baes sicapal
arieniios until sew, Cerainly thers It svery rEasns fo
recommend thal whetevwer poilile, three-dimenticnal
Boran should be trealed an partinBy-parabolc iesteed
of fully eflipic

L4, Danine of the preseal contribution

Cabouletion pracedurgs for Gree-dimeasional para-
botie [2] and albptio [1] fows Bawe been availible ke
m'il‘l‘lﬂ:ﬂ.l‘ﬂlﬂ.ﬂh.inthn:nﬁ-ﬁ in warioes. Boaw
configuratioe. In this report wo dmeribe 2 numerical
proscedire for fhe calioulasion of parmially- parabodc Bow
afiations, Like the pumbelic calesbnlion proceders
[1] the present provestore i of & finite-differsace (ype
and makes ust of the SIMFLE® dgorithm; bt ils
iy crive daaiu ey an;

ta) Tl pressure fedd alore B storad @ & heee-
dimmeenal @ray, 10 ke wod m mremon for all - ihe
Thirse o mesitos cjuiions

_"'-5“-!“ lllrﬂﬁ:;-;bui-irpbﬁl melhid for presnre-
Bk oy i o

ihi An iterative, machicg-iniegrailon procedure i
mlopied, wherely several swccpa of 1he Row domain
arc made; ouch swoap ussr o betier estimens of the
presune felil dedeced Mo Re olserverdion of erroes
durimg the previous pavep &l othar varishles, e
webocities mic, are stonad i rao-disiensisnal armys,

In Emtions 2 and 3 of the reperl, te dffereaiial
equztiait and Lhe cidzilation procedurs are saplainsd;
anilkalmative svample of partis®y-parsbolic Row g
ation is dmeribed In Section 4, alenp with the appis
catidl of ihe proenl pmssdum for i caloolaten,
Faiim comiparinons mads betwess the revadil uning tha
parabolic mad pariially-pacabolic procederes, it i ob
vl that the parsally: parabaelic celoulations display
1 wmpied Ao paieen and differ sgrifcanily froms
Ihviie: obeaital by wing the parabobic provedore.

1 DIFFERTRTIAL LUATHRNSE SOLVED
The squaiion: goveming @ partially-pacabslic foo
e the Eretdliar Mavier-Stokes eguaiione for 3 steady
flow bul with diffesion in e pregominant Bow dinse-
uim (o) aeglctal. e iks |r ), 7)) cocedinain syaiom,
they am)
Peldss oo mervafson:

i! & &

Ef.ﬂd*f;.l;uﬂliﬁw-ﬂ 217
-Eceiling mencnlies:
# d d
= A dit i
= || +,|5|:|.1'“"| fhulirl.ll

d Py T
= Mfﬂ 1-#}.*-5. {ZI]

el eI T L

a a é
== i} + 7 lier] & = fard

e :—E-l-:.:;f-l-i%-l-ﬂ. (El ]
r-dirsliin momeniem:
il ) d
E'ﬁl’“‘?*@fﬁ*”‘amﬂ
dr o,

-— E+F+ E'I' = 24

Transport of & scalar propeny, 4
) & i Bl &,
;’:Ml‘1ﬂ;[ﬂﬁﬁj+zﬁ1ﬂlﬁjl?+¥+&u (250
In the wbove aquatsens, i, 5 and » denote the vwioolties
along the x, F i & direcens, p repromts the Auid
deasily, sl p the presmees, Tha "175 repreess the
shear streses in the Nud) faod J, stand Toe 1B Pax
offihe propery & The ler=a 5, & 5 and 5, opresani
adddbvticnal souircey or piaks,

The differsaces beressn die pbove ejisfions and
thoic of eliptic arad parabols foes are the fllowing:

(il Foran elliping fiow, the poverning squaGons will
contain glso the sheir slicaes = the r diredion; o
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terma such 25 e, B, sie will mppedr i the
conespoling cquations

(i) Fora parabolic Ao, on dieockes bawd, not enly
ol (12 EjUaliom mni omitain fhe diffison Suers = ihe
£ diredlion by sepamaie pressere fiekds Bave w be
erephopad for the latenid and lirggritudinal mainseium
oqunssnk, The lalier poaciics in parabobo Peess oo
meeeEry 10 ersune Ihal the pressce \rarmodsen of
dotsrdlecam cvenli ik negbgihie,

1 DETAILE OF TIRE SOLUTION FROCTMIRE

T abovedescrisal diffzrential equatings for @
pantialiy-jurabelic fow am sobed usisg a Snjie-
defferencn calculation procedure The esdeulstion -
codhirg if hassd on o numerosl algoridin calisd
E!F-'EF‘L'E or Senl Drgficic Metaod Foi  Proieens-
Linked Bguasons] which wae dovelopsd carlier by
Pasipkser and Spalding 2] for passbaetic 0w, Bosrse
of ihe similnrity in the austions for parabolic sad
pantiafly-parabalic fowy, the present cilculalion pea-
cedum shares many femtuns with the parabolic o
In this paper impurtances is given o i diferesces
Bzlwesn ihe bwo procedeces; ilie comsttinn kilioes irs
meriensd oaly uiclly

Al Fwlg-differenre dqimaniods

The miethoed of dexivalion & the limbe-diTeraice
eyuatioes from o dilferentiel equations is sdemtical
b that |# the parabolie caleolation peessdurs [2] The
finilz-diferenie eqpiabeng arg darived by indegraiing
e difereninl eqoailon cver “conliol wokies” o
indivehial variahles rsmapored. The three velozty
companmis ared presune are sorsd s Siaggersd poals
oo an We Anie-diffensice grl. The defnilioes of
covingl walemes and sicunpge ol wnriatles aro shosm
inFig l.

The Silerence eypuaiions can e glaind as follrws:

Coniraliy;

C™ i, — [pady] + Colavhy —(pvhy}
+C"fipmly ~ W} w0 (X1)

Slomenin;

Wy = AN AR & e+ Alew
+iF+ Mpp—pad (13
e Afe, £ AR = Ae, & Alia

8+ -~ gl {13)

o . AT A e b A AR W
e o L R EE
Property, ke
fom Ay gt Aldpe dhder P 0N
In she atowe equatioa, the 4 oscflicients caprois the
cimnbiiaed effecs of omeonon and ddfusen, linking
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TEXT FOR REPORT REF. HTS/76/6 - "Hagsic Equationas af Fluid
Mechanics and Heat and Hasm, and Proceduras Tor their
——I—F+d—r——————————-Hh———————————————*-&Hhh————————

Balukion®™,

Lecture 1

Panal 1

Tha courae of lecturse, of which this is tha flrsk, is
fltuckured In tha manner indicated on the above
panel,

Five lscturea, imcluded this introduclery one, are devoted
0 fundasnantals. In the present lecturs the motivation

of the course is provideds Lhe following four lectures
provide the basic laws of physics which form the starting
paint of the analysis, cnder the headiag: consarvation
laws) flux lowss and source laws. These laws arcs put
togethar, in thea fifth lecturd, to provide thae fundamaptal
difforantial eguationsto which spluticns and polution
procecures ars -tao be sought.

It is rarely necessary, orindesd practioable, to provide
golutians fFor the fundemental squations with all terms
aperative, Instead, *ldesalizations® are Introduced which,
by eliminating some of the complexities of real phepomana,
réduce tha difficulty and expense of the task af sclution.
It 18 weually intendad that the eliminakted physical
phenomana are not of groat significancs far the purpose
whigh the anslyst has In minds; but sometimes the necessity
Eo employ an inexpensive compuatational procedure. entaile
mord drastic discrepancies between tha 1dealization and
reallty than can be comfortably telerated. Much af the
art of computationsl Fluid mechanice i esncarned with how
to find the bept idealization for particular processes.
"best® Implying & compromise batwsen the raquiremants of
realiem and economy. Flva lactureas area devobed to



idealizations of & poneral kind.

One particular kind of idealization is given & Five-lecture
sRquansd of its own. This is the breaking<up of the space-
tima continuem into a finito numbsr of ragions, variously
called "control volumes®, "calla®, “"elemante™, ete. Mhereas
the time dimgnsion is ordinarily divided into {ntervals
having the ssma magnituds for sach part of Eha spatial
domain af interest, the spaktial dimensions themselves can
ba subdivided in & large number of different ways. Thess
are daseribed 1n the lectures; and their relativae
sdvantagee and disadvantages are discussed,

The naxt seguence of lecturss is concerned with classifying
the problems which are comsanly presented to the practitlansc
of computational Ffluid mechanics. and to the plessiFication

af the procedurea which are avallabie for exluving thoss
problams. The subject of classification is an important

one, for, when proparly understood, it enables the
practitionsr to match the solution prooedure to Ehe prodblam,
avolding the uae af thﬂnlfﬂﬁlﬁﬁulﬂ ba either ungatisfactory
in raspect of accuracy, or excessively expensive for the

Lesk in hand,

The final seven lectures are dovoted Ep illustrating some of
thege problems and proceduras.

LECTURE 2

Tha obechiues of Hao ouae aes Lo Wi

tha first 1s concernod with undardtanding, and the asaond
with tachnigue.

The processas of heat, mass and momentus transfer 1n
engineering and in the natural environment are, in thaip
essencd, both fow and simpley but they can be combined
togethar in ao many ways as to producs an  endlsss varioty



of processes. Tha lectursa coured will have been successful,
in respect of Ehe firet of ites cbjectives, §Ff it parmits

the hearar or reader of the lectures to parceive the unity
that parvades tha dersity, and to be confidant about

his ability to diatingulsh the sssential from the sccidental.

Howavar, the subject to be discuassd is one which has graat
practical utility; for it permits. In & large number of

agasos, the practiceally significant Ffuatures of natural amd
man-made fluid-dynamic phenosans to be predicted guantitatively.

Thia means, for sxample, that the probable performance of &
pigce of anglinraring mgulpsenl csn bs Forelold, and assessad,
without the necessity to senstruct or oparate that eguipmeant;
and, partigularly In the natureal efnviconment whare
experiments are difficult or Imposaible, predictions can be
made which allow appropriate acgtions Eo be plannad,

Often, aspecially in enginssring, the ability to make
guantitative pradictions permits optisum designs of plant
to be arrived at, and thalr optimum operating condltione Lo
ha detarminad. '

Ffanal 3

Tha diagram on this panel is intended to portray the way in
which the practice of quantitative pradiction relatss to
ghginaering practice on the ana hand and te research ("proving”)
on kha ather.

Were no costs Involwved in the trenalation of a design conocept
into fmmediate raality, and fm tho teskting nF}hn parforsmancs
of that reallity, 1t s the Left hand-calumn of tha panel
which would ocpopy most attention 1n enginearing schools

agnd in the development divisions of industrial $irmz. Tha
equipmant has to provide a specifiad performance, as a rulse
and whether 1t doss s0 or not can errtainly, im principle.

be daterminad by Fabrisating the conceived design, and by
teating the regult. Howevar. much engineering agquipmant is
far koo expansive for this to be a practical means of nrriuiﬂg

at the deslgn.
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It is for this resson that guantitative prediction procedures
d4re developed and used. The contents of such proceduras ara
indicated in the middle column of the above pandal, wherein

it is mam that they rest an the laws of physics coupled with
*modals” of baelc processss [(te bm discugaed later),
Mathamelical prineiples are invelved: the propertise of
materiale and the special conditions of tha aquipmant np
Brocass are also irplicateds and this whals body of information
ie convorted by a "prediction procedure™ ints the desired
predlction of parformance. Thus, ths pradietive aolumn
provides sn alternative path from *design” to "performance™.

Prediction procadures are often imperfect; and, sven when
they are very good, it is necessary to prove that they are
ralisble. Therefore. a large amount of ressarch ls concerned,
nowadays, with testing tha validity of pradiction procedures .
The contants of the “proving” box indicate what ts invalyed:

& Bpdcial apparatus is davised, and operated upon by spacial
measuring techniques; tha messurements ara processad Snd
Lharaby turned Into "results® whilch cen bm compared with
predictions, made by a procedure ultimately intended for '
engingering usa, of what the results of tha measuraessnts
"should®™ have bean, If the predictions and the pesults AgrEa,
the procadere is, to that extent, "validaked®: and it can

ba ussd with somswhat mora confidence by Lhe enginearing
designar.

Panal 4

There now begins a list of processes inwvaluing haat, mass and
momentum tranafer to which it is apprepriate. in practice,
to apply prediction proceduras of the kind which are discusaad
in these lsctures. First, processes ariging in the natupral
environment are listad.

Tha pollution of the ground-level atmosphsrs by smoke from
chimneys, and tha production of fog and even rafn from tha
maist alr which Fflows frem the cooling towers associated

with power stakione, are nulssnces with which industrial
societies. are all tos femiliar. Tha dasigners of the plants,



if thoy could, weuld Indemd deasign so aa to minimise tha
nuigances buk 1t 45 not always masy to know, before the
plant is builk and 1t fnteragtion with the torrain has

been obserwed,; how sarious tho nuisance will Ba. Both plant
designers and environmental protection enthusissts sre
therafore Interested In belng able o pradict such processes
guantitativaly.

The prediction processes, which will be discussed in the
followlnpg lactures. do germlt the conosntration distribotions
faar induskrial plankt to oo predickedy and Ehey do so partly
by way of a detalled pradiction of the flow fiald. Such
predictions, inclidentally, can alsg furnioh information

sbhout the Toroces exerted by Lhed nalural wind on satructures.

There ard simillar processes, and prediction needs, . connected
with Ehe hydrosphers. Warm water from poswer skakions 18
poured Into rivere and astuarlas; and it §s desired to Know
how Ffar-reaching are 1ts affecte. Heoat is Iost Ffrom the
gurfpor of the weier to thoe airy bulbt damage may have béen
dene Eto plant and animal 1ife before aufflelent hest has.
baan rejectad, and, if cooling water for the power plant is
baing withdrswn from tha sams body of wakar, thars may ba
Fﬂﬁ recirculation of warm water which diminishes
What ias treva of Lthermal pollubEion s slsa bteva, with =soma
pndi#tiatinnﬂ. of concantratlon pellution of natural watars.
ﬂ; It i aftan undesirabla; and, whan 1t cannot be preventad.
ono at Ieast wishas to know (ks guantitative extant.

Haating and alr-conditioning speclaliste ara conparned with
providing dwellings, ooncert halls, factories, stc. with

alr of the appropriaste freshnees and temparaturs for the
comfortse of tha occupants. This mir may be blown inko =2
congert hall in sufficient guantity; bDubt how can ong tell

how it distributes ftealf? A prodiction propedura which

would dndicate which seats were likely to be subjected Lo

an unplessant draught, and which were enveloped In stagnant
air, would enable tha designers to make changes before they
warn called upon to do sao by callad wpon o do so by displeased

concerb-goara.



All the public bulldings have, as fer ms possible, to be
dosigned so that, should an aceidental fire be presant, the
smake which it produces should nelther confugse nor aaphyxliatse
the sscaping fiman beings,. For this reason, much attentlian
is ourrently beling given to the prediction of smokae movement
in buildings by numeérical means. For obvious Teasons, it

is not desirable to have to burn a bullding down in order

to discovéer whare the smoke is likaly to go.

Hemaakth the ground also; there ars processes of fluid and

haat flow which are of vital importance. Tha production of

oil from undercground "resarvoirs®, the underground gasification
of coal: Eha raising te the surface of salta by passing warm
water through actificislly-made enderground cavitises. and the
vae of tha high temparature of some natural rocks for ths
production of steam and congsequently of alactrlic power, =re

all epxamples of which it is peedlass to emphasise the isgortascs.

Panal 4

The nesds of the ssrospace industry heve provided o major
impetus to the developmant of predictien procedures. Although
Lurta=-jet engines and rocket mobtors were at firat developed
befors numarical computation was practicable. digital
computere not havifng besén invented, the sxpense nf cut-and-try
davelopment proved to be so graat that, as Eo0On a8 computera
and computationel prooedures wero available, they weEre

extansivaly used.

The above panel indicates smevaral of the topies which have
sttracted particular attentlon. As will be svidant te thosa
who knpg somithing of the sguipment in guestion. the toplcs
ranga From thoae whicoh are concerned solely with asrodynamics
i for gxgmple the flow arownd a subsonic aircrafbl. chrough
those which invelve Both fluid-dynemic and tharmal dffocts
(for example the cooling of turbine bladesl, ko those inm which
ghemical reaction and radlatlon also play significant parts.

The way in which such procesass can be predicted will hs



describad latser in this lecturs series.
Fanel E

Tha deaigner of & ship, and of tha propellor which drives ik,
also has a nerd for cosputational fluld mechanice.

In tha past, the parformanoce of .a whip in respoct of frictional
and wava-making drag wos estimatad from the measvrements made

of mmall-ascmle models towed alenp & long tank, This Eschnlgus
has navar bean #ntirely aatisfactory, bacauza tha laws of
dynamircal aimllarity hava prevented the maintenance af the
fquality of both the Froud and Reynnlds numbars; and the
pradiction af the flow in the wvicinity of the steering goar

and propoallars has been partigularly inadeguate,

Mossadaya . thereforse, muooh abbkenbiop is being given Lo the
numerical pradiction of the flow arcund Bhipa, with full ascount
Baing taken of turbulence. free-purface effects, and the
intahaiinn: between the rotating propellor and the naarby hull.
Such predictions are Important not only from the poist of view
if déagigning for high-propulsiva efficieancy, but ales, In thae
888 oFf submarines which mist be =ileal if thoy z2re to escapm
detection; for the prediction and hence the redection af

prope llor-generated nolea.

Panel 7

Fuel is in gshort supply, and 15 likaly to becoma anly mors
gxpangive ag btime goes cn. Thorefore, there is a great nesd
to engure that all squipmant using fukl is as efficient ms ik
Ean B .

Man has used fire for hils purpossa for perhaps oha million
yBeraz; and svan modern fuel-using equipmant has nearly all
bran designed on the basis af tradition modified by the impact
of naw materials and new needs. Furnsces, for exampls, have
been designed hitherto, in just such "avalutionary® ways.



The same is trum of internal-combustion engines of various
kindg,

Now, howsver, strenuous efforts are being made to devalop
raliable numerical prediction procadures for the Fluid-§Flow.
heat-transfar and chemical-reaction processes which ocour

in furveces and in the combustion chamberm of engines.
Although the gdifficulties are sevara, they ara being aver-

Lome,

Pradiction procedures which are valid for wanted combisstlon
procesaies are jusat as valid for those which are undesired.
Fart of the stimilus towaprds prediction procsdures for
combustion processes has therefore come from the side of
Flre~prevantion and flre-ocantrel.

Fanel 8

Tha abowe panel indicates some of the items of equipmant

which arlae in the chemical-anginearing and process
industties, About wach topic it would be ponsible to presgnt
ong or more [actures. Hers it seems best to advise the

reader to axplore hie memory, library or such obhar sources

of Information a8 arm avallsbie to him, =0 as &0 sepk gut

a faw particular examples of industrially-relevant embodiments
af haat and maas tranafer, =nd than to answer for himeslf

Eha gquastiorns:

(2] How do the processes of fluid=-flow, heat transfar,
mags Eranafer asnd chemical reaction manifest themsolues
In this procass?

(bl Mhat are thes costs asgocisted Wwith this process?

o] What are the besefits assaciated with the benafits of

the prooess?

(4] How could an abillity te predict quantitatively the
prooesses of fluid flow, hest Ltransfear, mass transfor
and chamical transformation, assist a designer to
maximiss the benefits and minimise Ehe oosts?



Fangl 8

At a modeet lewel, the prediction af the flow of haeat and
alr Ehrough buildinga has boan practissd for many years
by heating engineers, who ape required to determing how
large a "radiator® ko install, and air-conditioning
exparts have been concsrred with how ta prasarve Lhe
humidity and temperature of the alr within srescribed
limita,

Nowadays, new demands sre baing made of pradictive
capabilitieas. More ues is being made of tha trapping of
incldent sunlight; din goms areas of the world an lacreasing
proportlan of bulldings are baing placad undarground, sa
that heat conduction through sall and rock becuomes of
especial importenoce; heat pumps; wWilith Eheir ancillary
heat-gnchanging devices, are receiving intensive study as
fuel-saving devioes: and, as freeh-air induction is
raduced in ordar Lo diminiah fuel congumption, 1t becomes
more and more important to arrange the digtribution gyetbam
50 that the sir is optimally wtilized. '

It can not be sald that, at tha prasgnt tlme, mathamatical
modelling has played much part in tha kitchan; naverctheless
it Is worth noting that cooking is, Ffor the most part, a
matber of carefully corntrolled mass transfer [i.m. mixing)
hest tranafer and chemical reaction:. Ono day, perhaps. the
computer will tell the eook how to bake a-batter caksl

FPanel 10

Thare 1a much scope for the mathematical modelling of Fluid-
flow and heat and mass transfer processes Ln medicing. Tha
clrculation of the blood conveys nutrients and wasts products
to and from the verious organe, and, through tha anlargesant
or contraction of capillaries near the skin, the rats o¥

hmat loas of the body is controlled,

To the latter control device thers 1s addad the vapourizastion
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of moisture from ghin, which iz Lo be regardsd as a
combkimad heel -and mess -transfer procese.

In part, tha recognition of the role of heat and mass transfer
in bodlly functions may be regarded as |ust "inkeresking®
however, guantitative use can be mada of predictive ability
whan any guastion of re-design arises. Thus. to introduee

a8 ‘by-pass” into tha circulatioen system fs to modify, with
benaficant intent. tha pressura-drop%flow relstionship of

the appropriaste part of the circulation system. This should
be done on the basis of calculation rathar than gussswork
and, furthar, it is dealrable that =ome knowledge of the Flow
pattarns inducmd at junctions should be availablas to tho
surgeon.. The resson is that the blood calls are exkremaly
gangitive to the shear atress in tha stream; and, iF
eicasalve Elrosses are created, a breah-down may ocour.

Mathemalical medalling of the flow of bBiological fluid is
owven =xra appropriaste if thess flulds are flowlng ovtelde
Lhe human body, for exampla in sctificial lungs. Thars Lt
becomes possible ko dasign with greater pracision than whan
organic tiesue is in guestion. Although 1t cannot be said
that human and animal biology formz & vary large p;rt of tha
fleld of applied mathamatlcal modalling, it has its place,
and [t may grow.

Fangl 11

Frobably maore mathematical-modelling astivity in fluid
mechanics and heat transfer is coonscked with nuplear power
than with any othar branch of industry. The reasans ars not
hard to sae;-

[a)l Tha cepilal coats of nuclear plant are very great.

[b) Onoce a plant has besen started, it is extresely
diffirult to make subsaguent changae to it becauss
af the radicackivity which is engendered.

tc} Even under design conditions, the proper working of
tha prwar plant depends upon a careful balance
batwean haat genaration and heat loss in tha
reatbor and @lsewhara,
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id)} The possibilitiea of departures from design conditfons,
which may ba extrems, can be dangaraus. It has therefors
bean neceasary for the ropgulatory mganciss to reguips
gafaty devices which will deal satisfeckorily with a
number of possible, even although but remoktely
possible, accidents. For the most part, the guastion
im: How can the coolankt be brought to the over-heated
aguipment item befare it is too late?

Prohlems p+ this kind occur whakever the nature of Eha
rescotor coolant. Poasibly the most difficult mathematical-
modelling problams pocur whan water is the coolant: for this
boile and gives risr to a range of twa-phase effects which
hawve only racently come within the poopR of mathematicosl
modelling.

The fast-breadar resctor is cooled by liguld sodium which

may also boil undar accldent conditfons. The high condectiviby
of the esodium, as wall ae being banefleial fFrom the point of
vigw of cpolant effectivensss, also croates certaln problems
for tha mathematical modeiler; it is no lonpar possible far
him tp separate so completely as ha can from other Flulds

Ehe laminar from the turbulent regimes.

Panal 1¢

Having oomplrtad & brief revieed of some of the more important
physical processes which is the desire of Ehe pomputatlional-
fluld-mechenics expart to pradict, a review, which, of
course, could have been prolonged alsmast indeflnltely, it is
now appropriate to make =oss general remarks about the
procedures of prediction which it 18 dasired te produca.

It is obvious, although frequently glven insdequate attention,
that the ability ta make pradictions {8 worae than useless

if tha predictions themeelves are wrong. The development of
a pradiction procedure is sasy, but to ehow Ehat its
pradictions are in accordance wilh reslity is a task which
can, sbkrictly speaking, nevar be completed. What can be
done, and should be dons, is to test eveary pradiction
procadure against a large numbar of axparimental situwationa



af the kind for which the prediotion procedure i@ likely
to be wsed. If, in @ high proportion of bhess cases; the
predictions and Lhe exporimental findings agres, the
procedure can ba used with some confidence, Caution is,
howaver, always necesearyj eand the less wall "vallidatad®
tha predicltion procedure le, the greater the amount of
caution that s necessary.

The sacond requirement of & useful prediction procedurs

iz that It ehould be possible to ask It & guesticn and
obtain the anaswar in a short tise. The total time expendad
has agveral components; and, aften, the longest is that

of leaming how to use tha procedure. Other components

dara manlioned on tha panal.

Computar time coats moneyr and so doms the time af bho=e
who muat supply the informatien to the compebter program,
and interpret ILts owbtput in ths appropriate Lerms.
Mathamatical models would be used much more fraguently 1
thay were cheapar to use, that is to say if the compubksr
axpEnaes are notk so great, and 1f all computer programs
wera s0 well sutomated that an anglnser could address them
without having to learn thair speaific language-

Two furthar requiraments are mantioned an the panel, namaly
agcessibllity and flexibility. Tha formar refers to the
Rage WELh which it 1s posslble for an engineer with e
definite prablem to maks connectiona with & computer which
has the appropriate code mousted, and which will giwve him
the angwsera ha requirs; the .second relates to tha sase with
which & single computer cade can respond to a large nuembar
of different guestions. Hoth accessibility and flexibility
are highly desirable.

Fane]l 13

Although computer codes hava besn mantioned above, and
quite properiy, it is worthwhile noting that *prediction
procodures® are of meny differant kinda. A list is given
on the above panol, wlith tha simplest procedure at the
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top and the most complex at the botfom. Aae Wwill be s&En,
it ig the last-bult=pr= Ethat is of majorcarmarm of the
praaent courss of lectures.

The aimpleat prediction procedurse le Lo suppose that that
which worked lsst time will work next time if no changas
ard made. Thm nnlg thanprtical principle involved iz what
might be called "the uniformity of natura™. It is a

principle which, however, 1 not applicable when any
novelty is presanty and we need not oonsider it furkhar.

The next kind of pradiction procedurs to be mentioned on
the panel is that which postulates Ehal. componanbs conmacted
inta a system will behave Just as thay do in lsolatlion when
the approprilate condltions ara providad for tham. This in
a prediotion procadure which is oommonaly used in plant
dasipn, For axemple, the compressor, cosmbusblon chamber,
and turbine of a gaa-turbing plant pan be tested separately
in the laboratory; than it ocan be gyppopeg  with good
reaspn, that, when they are coupled tagather, they «lll
behava in the same way. Thie ls, indsed, how gas turbines,
angd many other items of aguipmant are dopigned.

Altheugh *modal™ hes been refarrad to sarliar 1o this
lecturg. and will be rafarrad to many timas latar, the third
item in the panml rafers to "acale” sodalas, which ars
diffarant. Herse tha raference is to tho practice of making
4 dimensionaly corract simulaceoum of an gquipmenl iktam of
intereat, and operating it in a way which, becauss of the
laws of dimensional gimillarity, will be guantitatively
fndicativa of the way in which the full-scale sgquipment
wlll perfarm. For axample. a emall-scole model of an
asroplane may be placed in & comprassed-air tunnel; than
the measurements which are made on it can guites accuratoly
pradict the 1ift and drapg of the full-scale airarafl.

The scop# for the performance of ecalea-model teat is rather
l1imited, because the lawe of dimensional similarity often

conflict. For example, it is kaown that, when a acala-model
ship i=s to be towed in = tank, conditions may ba found which



reprasent the wave dreg correctly but not the friction drag,
or vice varsa, In these clrcumstsnces, what on the panel
are callad *hopeful approximations” have o bo mads.

Idoeally, predioctions would also be made by the exact numerical
B0lubtion of tha fundamental diffarentisl sguations goverming
tha processas. without the introducticn of eamy simplification.
This, however, is not posaible, in the majority of #low
Eituations; usuamlly the preasence of turbulence 1is a
gufficlent obetacle to this path. The laat entry in tha

panal ia therafors gne which is rarely put into prectice.

The last-but-one, however, is tha main subiject of the pragent
work; and it is characteristic of computational fluid mechanics

as a whole. The diffarential aguations ars solved {or
rather their finite-diffarame countarparis); but soma of
these squations are known to be at best approximata
repragentations of reality. The task of resgarch is to
develop guch "makthematical models® as ko provide & pood
to*piramisa betwean Lhe penaltiss of exoessiuve simplicity and
e¥cABaive expange. This topic will be discuessd in laker
laogturas,

Fanel 119

Tha cantral column of panel three is represented hecm in
rethor grostec detail, with a somewhat different shape,
"Prediction® appears in the heavy box in the top left hand
cornery  but £t 18 here indicsted that predictions are
often used {n ordear to provida opbtimal designs of equlpment

O procEsans.

At the bottom of the panal, the two general physical 1mputs,
the "laws® and "modele” are indicatad. The "sensarvation®,
"Flux® and "source” laws will be the subiect of the next
threa lecturear and models of "turbulesce®, “padiation®

gnd chamipal “*kinetics™ wWwiil ¥follow lLatsar,

The lecturs course, will {indeed consist largely of a
prograed up through the disgram. ODiffersntial sgquations
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Will ba described, and thean their finite-diffarance counberc-
parta. Theas ars inputs ta computer programs,

On the right aof the diagram it is seasn that the "ppacial
gonditions” which are appropriata te partioular
predictiana oftan oonprise information about gaome y. about
material propartiss, and about the operating ocircemstances

of apparatus. Theea, ktogather with the boundary condibions,
complete Ehe Ffoarmulation of a mathematical problem, Tharesftar
it is simply necessary to have a computer code which cperates
of correct mathematfcal peinciples then a prediction proceduce
in in eximtence;

Fanal 15

The final panal of this introduotory lactura summarizes the
pregent situstion. A& summary of the summary is: "doing wall:s
but improvemant needed=.

From the practical point of vigw;, mathematical modelling of
Fluid-+low, heat-tranafee, mese tranefer and chemical-
kingbicas procesees is in full swings Usaful ﬁrqdintlhnn

ard being produpoed; throughoukt the world; and in many branches
af industry. WMearly alwaye, tha costsof dolng the work ars
more Ehern those who do it like to pays and the raliasbility of
tEha rasulktes still leaves much to be desirad. Hoawever, thets are
Fow humen activitiss of yhich gimilar remarks cannot bo made .

Fortunately, 1t i8 known hew, In all respescte. improvements
cen ba made; mare reEsgarch, mors 1ninntﬂu= computakional
procedures, and a better business asystem For meking Lha
computational rescurces available for thoss who wish to use
thom. Propress can be fupscted to be rapid, and continuoos
oYer many docades.
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LECTURE 2

Fanel 1

Thare ara four major consarvation laws which underlia

the theory of fluid mechanics and haat and mass transfer:
they are the laws of corservation of: mass,. momantum,
chemical-apecias and enerpgy.

Strictly speaking it iz only mass which is truly consarvad;

therafore the word canservation has gquotation marks arcund

It in the ascond, third and fourth lines of the panel.

What is meant by "oconservatfon® is that it is possible to

strike a balance betwean the factore effecting the change
in the entity in guestion.

The canservation laws are among the most relisbla in tha
annals of physics. Certainly thay are more g than tha
"flux laws*, to be dealt with in the next lectura. and tha
"source laws®™ to be dealt wibth after that. :

The purpnee of the present lecture is to represent the
congervation lawas in 8 compact mathematical form, It would

be conveniont if a coordinate-fres nobtakion could be adopted
throughout, i.e. wector notation. Unfortenately, £t is not
®agy Lo expreas all the terme in the differsntial sguations in
vactor farm;  therefaere the Carteslan-tensor form is rmployed
in additfon, Howaver. the reader may be assurad that no
neadless preseantstion of alternative but masentially equivalent
Forma of the equations will bae mads.

Pansl Z

The law of sonsarvation of mass, oftan called the "continulty
aquation”, ptates that mases is naithar creatsd ner destroyad.
This means that, if the amount of mass in Gmét volume changes,
it has changed only as 4 result of, and in proportion to. the
differancs between tha inflow and the outflow.



A vactor-notation form is convenlent. Hers the operatar
"div"® 15 a symhaol of the net outflow of whatever appears in
the bracket bahind Lt. A more mathematical definition is
Elven an the panel.

Fanal 1

It may be as wall toa look firsk at the bottom line of the

abowe panel, where bthe continuity esquakion is written in

termi of Cartesisn coordinates. whersby Xy xy and x; are the
three rcoordinate directions, and Hgo Wg and Uy Aare tha weloslity
components In those directions. Most readers are probably
familiar with the mass-comservation esguatien in this Torm.

At the top of the slide panel there is = boxed aquation whigh
repregents the Cartesian-tensor eguivalent of the esguaktion
just discusaed. The subscript | stands for one of the threas
gubsoripts just mentionedy; and the convantion 1is guch that
if. in any term, subscript [ appoers twice, the tarm must hé
written out threse times, with subscripts 1. 2 and 3 agpearing
in Eurn. Applioation of thia rule to the sguatign at the
top of the panel clearly will rasult in the equation at the
bottom.

1t should be emphasisad that nothing is painad by the use of
this convention apart from compactnass. Any readar who tenda
to be confused by its use. and 1s willing to write sut every
equation at langth, would be wall-advised to oo so.

Fanal 4

Thers is a mathematicel manipulstion of the continudty aquation
which 1t will latar ba found convapient te use. Tha
manipulation ia to differentiasats tha deneityuvelecity product

by parta, and so. in wave which are hinted at an the panel.
produce the boxed squation. Thie says that the divergence

of the velopity vector (ne longer tha densityvyeleciby-weslar
product] is sgual to tha negative of the "substantial derivative®



of the logarithm af density. The importance of this
formulption 1iee in the fact that 1t is often much spasier
toe avaluake bokh the left-hand and the right-hand sidas of
the eguation in Ehis hulkunantinuity'fnrm than it is to
evaluate the tarmes which aries in the form given in panel
3. Thus, the substantlal derivative indicates the rate
of ghangea of Lhe relevent prapecty of & presoribed body
af matarial. Oftan it will ocsur that., albthough sharp
density varlations exlat within a flow. Ffrom polnt to point,
ar from Lime to time st a given location, the substantial
depivative ig 8Lill either zero or amall. For bewo
incompressible liguids. it 1s zero.

Readers who mre morg familiar with Certesisan coordinstos
might wish to satidsfy themaelwves oF the trubth of tha
ralation beptween tha tgu forma of the contlnuity equation
By performing & one-dimensional analysis.

Fannl 5 !

Mewton'e second low of motion can bg expresaad £m mnn} WAYS .
Im the above panel, it is Repressed in terms of a'quunt{ty,
which can bs thoughl of =248 = scalar, namaly the amount of
m-direction momantum par wunit mass. M

It will be recogrised that momentum §5 a direclional
guantity, bukt, by congentrating on Jjust ona componant of
it, theé m-diroction component, it is possiblae to treat it as

a scalap.

The boxed eguation expresses,; in vector notation; bhow bhne
rate of changa of the m-direction momentum par unit wolume
chengea as a consequenca aof the transport of momentum acrocs
a cortrol=walumon bovndary [the second terml: Band as a result
af various forcea (the cight-hand aide).

On that right-hand side thera will be found terms eoxpressing
the gtresses sustained by the fluld (div p_i, the body force



in the m-direction, for example gravity, and some postulated
regiative force per unit wolume. also In the wm-direction.

The fluld-stress vector § mr an be regarded as the sum
total of all tha m-direction momentum tranefers sgdociated
with molecular interaction within the fluid. Thua. hoth
the direct stress [hydrostatic pressure]l. snd the viscous
momeantum transfapre, ara comprehended within this tarm.

it 1s important to recogniss that m-direction momentum is
transferred in various directione, its own but also thoss
at right anglea te it.

The quantity f_  can bo regarded as representing the forcoe
exertad on a fluid by a Tixed solid porous medium through
which it flows. as, for example, when o0il flows through
rock in & “reservolr® beseath the ground.

Fansl §

It ig ezpecimlly desirable to axpress ths “somesbum - cohservation®
equation In Cartesian-tensor form so as to facllitate. in the
ngxt Iecture, tha writing out in detail of the terms cosprehanded
in P g+  The squation within bhe box in the asbove panel
repreaents the first mowve In this direction.

It will bae se&n that, whepn the repeated-index convention is
employed, the sacond tarm in bthe above equation §8 replacaed
By threa terma: and so is thae first term on the right-hand
aide.

It is worth noting thet velocity sppears inm this sguation, and in
athera, ‘in two roles. First, It appears as it did in the
gontinulty equation, in the role of & measure of the apead of
thange of position. This might be regarded as the “kinrematic®
role of velocity. Valoolty appears also in the momentum
gquation in the role of momentum per unlt massy thias may be
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regarded as [k "dynamic®™ rele. From many points of view,
it would be desirable to have different symbols for tha

two concapte; eand this is at lesast affected, above. by the
usg of differing subscripts.

Even when the dirsction I and the direction m are fdentical,
it may bhe that by andg U should be regardad as diffarant.
Thus, in & poprous medium, which ocsuses Eka Flulid Eo
doccelaratn bptween obstaclee, 1t may be that the momentum per
uRlt mags pxoerds Lhe average =pesd of forward motlion.

Fapnl 7

It |s comsan, and also quite uwseful. to &ffect & combination
of the mosantum and tha mass conservation squations. This
i8 achisved by differentiation by parts; and the results are
gxpressed above. The detaile may be left to the reader
who, If he is not fam{llar with vector alpgebra. will almost
certalnly be able to parform the sguivalent transformation
oy working in Cartesian ooordinatas,

L]
The form marked “slternative” abowve has a rlaar physical
significance. It impliea thet the rate of change of tha
momentwm par wunlt mage of a prescribad piece of material is
inflysncad by the Forces on the right-hand side of the
afustiamn.

Fanzl §

Whersas panel Z was concarnad with the congsrvation of mass,
regardless of lta atate of chemical aggregation. the paxt
toplic pencerns the balance of processes effecting the mass
of = given chemical species. denoted by subeeript 1.

The masa of 1 per unit mass of mixturs is given the symbol
Mys this implies that the mass of 1 per unit volume is my e
Tha guaetion is: what makes the masas of 1 chenge with tima?

According to tha above statemant of tha *1l-conservation® law,
thera are thras influences, namely: convective flow.
diffusive flow and chemical resction.



The bowed sguation expresses the same Ffacta in mathematicaml
form, Tha firet tarm on tha left-hand side representa the
rate of change of the mass of 1 per wnit volume, it is the
"transient™ term.

Next |5 ssen Lhe rapresantation pf the divergence of tha
gum of two vectors. Tha first wackor, mln: reaprasants tha
canvected-mass-flow vactary it consists of tho mass-flow
vactor regardless of species, pu multiplied by tha masas of
1 per ¢nilt masa of mixture. My s The masa-flow vacstor haa,
of poursa, nlraady gppeared in the pontinuity egquatlion and
in the momentum aguation.

Material is transfared across boundariae not enly by "bodily
tranaport®; of the kind just referred to as convective maaa
flows there is an additional mode, commonly callad *diffuaion®,
which 1s a consaguenca of ralative motlien af one species as
compared with snother in tha mixtura. In the above squation,
tha diffusion flux of 1 ia given the symbal 31 . In the

next lecture, we shall have to conaider how this diffusiaon |
Flux {8 to be calouslatad.

The bwo tapms oparsted upon by div represent flows across

the boundary of a small control volume. By contrast, thg

tarm on the right-hand side pf the sguation refers. to

tranaactions which seccur within the control voluma, Specifically
H] rapresents the mass rate of creation of chamical gpacies 1

per unit voluma, What it depanda upon will be discussed in
Lagkure 4.

At the foot of the abowe panal threes implications of the above
dafinitione are notsd. Firak. it ie 8 conEequenoce of tho
significance of m; that sddition for all the apecies presant

in the mixtura must equal unity) otharwise, 211 the components
could not have bean escocounted for.

It ie equelly trus that the sum of all tha diffusion fluxes

and of all the chamical reaction rates, over all species. !
mugt sum to zero. Thus, if tha differential chamical-species
"conBarvation® pquatlions were written down for all the speciea
in a mixture and addad up, the result would be tha oquation

on panel 2, ag is to be swxpected.
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What was done with the momentum equetion can also he done
with tha chemical-species equation. Firat, the Cartasian
tensar notatlion can be engloyed. Hers the symbol 1,1,
repraganis the f-direction coamponsnt af the diffusive-Flux
vector.

Differentiation by parts. and combination with the

continuity sguation, permits the deduction of the second
equation aof the abowve panel. The substantial-derdvative

form, which shows that the msss fraction of lin a gpiven body

af mizture would resain constant were it nobt for diffusion

and chemical reaction; ‘is perhaps helpful to the underatanding.,

Othap forme of the chemical-speciea "conservation® equation

can ba found in papers and text books. Often the mols
fraotion, of a partial pressure are prefered as indicators

of the smount of a species which Is presant, Sueh formilations
heve thelr advantages: but they are difficult to use Ln Ehe
mitt gmnaral circumstances. The reason is that thero is

a law of mass conservation, but there le ne law of mada

conservaekion,
Fanel 10

1t is often useful to concantrate attentfon upan tho mass

of a chemical @lement per unit mass of mixture) Ffor this

may re=main constant even though the mass Practions of a
particular species are changing. In order to discuss this
question, twn naw eymbole are introduced above. nemely m,

the mass of elemant & per urit mess of misture. and

My 3 the mass of element o in unit mase of chemicel speciss 1.

A8 indipated sbove, m, ®will ordinarily wary from place to

place within & flow field; bBut L is & constant, depending
L

only an the elemsntal composition of the spacies.

If the equatfon of panal B 138 meltiplied by m. q» and 1 then
all such eguations ara musmad for these species which contain



- f =
Lhe #lament 2+ Ehe reswlt is the above boxed sguation.
Examination of thas equation showe thet it has & zaro on
the right-hand side, corresponding ta the faot that thearse
ie no net paurce of the chemical element a. Summation
signa havae disappeared from tha tranzient mand the conuveotive-
magg-Tlow termss; but a summation mign remaina for the
diffusion terms. In a later lecturs It will be sean how
evan this sign can dieappear undar some olroumstances.

Panal 11

The first law af thermodynamice. or energy *conssrvation®
law is harder to express in either words or symbols,
bacauss of the large number of forms of eneargy transport
whigh in praocticem, Mevertheless & form gimilar to
Ehat of the aguation ¢n pansl B may be discernad in the
gquation boxed abowa:

The Eransiant term conparrs the rake of increase of internal
anargy and kinetic snergy poar unit voluems, This fa hare
oxprasssd by way of the stagnation enthalpy., which s the
gum of tha specific enthalpy and the kinstic anargy: 1I:hu
Efagnakion anthalpy, E, with gubbraction of the preesurse
divided divided by the density., represents tha internal and

kinetic ensrgy per unlt mase.

The firat Eterm operated upon by div represents the
contribution of conveobkive mapm flow to the enepgy balance.
It is the product of the mass-veloclty wector and the
stagnation pnthalpy. Thrae cthar terms appear within tha
sama bracket, Lthay are z-

ﬁ. the heabt=-Flux veokor;
ﬁs; the ghear-work vastor)
and Ehe sum of the individual specific anthalpies of the

spaciea multipliad By thoir respectad diffusion fluxes.

Un the right-hand side is indicated the symbol 5rnd' whigch
Btands for tha radiative haat source. The Ethres dots
indicate that thers oan, in génaral, bBe other energy soorces.
for sxample, elactrical heating.
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Of courss, before this egquation can bo wsed, it will bae
necpasary bto introduce mxpressiocns far 4il thasa EBarme.

Panel 92

The Ffirsk two gguations in tha above panel repredsant

Eimply the application to tha energy egustion of the same
two manipulations as have alreésdy bsen egen, nasaly the
Introduction of the Cartesian-tensor form. followsd by tha
comiination with the continuity sguation. whioh yimlda Ehe
sequation for the substantial derivative of the skagnakion
enthalpy. That guantity, it is noted above. can also

be expressad in terms of temperaturs. specific hmat, and
mags fractions. This axtendad form is mora lengthy, bBuk

it o somebimas useful in leading to further simplifications.

Panel 413

Although Lt ie prematursn to simplify the enérgy eguation
at the present point, the reasder may be glad to recelva the,

promisa given above. of aimpllfication to come later on.
S

Thara ara many ¥lows for which the shaar-work and pressure-
varlation terms are negligible. This is trus, foar axampla,
in & heat axzchangar, In whigh tha majlor tempearaturs varlations
are the oponsesgsusnce of the haat Eransfar. and nok of thae Plow

work .

Then, the definition of a mixturs epecific heat., c. parmits
8 #implification of the exprassion for the differential of
the specific gnthalpy, giwen above.

Further if 1t ls permissible ta regard the spacific heats of
all the speciss as being equal, as is often the case, a still
further eimplifTication arisas. It is given abowve.

This mattar will ba returned Ea in lectura 7.

Panal 14

It ie now sppropriate to asphasisa tha similarity between the
various equatians by expressing thes all in an identical Form,
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This Iz given in the baxed equation sbova, where the symbol
¢ stands for any of the wvariables which have been conaldered
[“_ my h) or for unity in the cess of the continulty eguation.

Tha substitetion of wnity for ¢, coupled with the recognition
that there is no net diffuasion of mass, nor ary nat mags
source, lsads ko the contipulty eguation of panel 2.

Substitution of my ¥or ¢ and of Ry for 5* laads to tha
recovary of the chemical-spscies "conservatisn® eguaticn,

Wharn h or u. are subatituted for ¢. the Forcinmg of the
“conservation” mquations fnte the desired form can be effected
enly by making somewhat more arbitrary definitions of the
diffusion flux and the source term. Just what s best

to be done here will be discussed later, afTter the #lux

and gource laws have been introduced.

suffice 1t to say that from tha point of view of nu=erical
computation, it is axtremely useful to be able to deal with
all the major dependent variables in & comeon mannars

for then thought is aided, computar programing aimplifiaed,
end errars reduced. This theme will bep slaboratad throughout
tha Iecturss.

Panal 45

In conrolusion it may be said that the sguetions which have
been derived above have many countarparts throughout
thearetical phiysics,

For axampla. the law of consarvation of slectrical chapgs
oan be expressed as above, although, in many osses, the
mass ~convective Eerm 48 negligihle.

Further, when the subject of turbulance models is discuasad,.
it will be seen that the conplexities of knowledge of
Lurbulence flaw can be wsefully, and without too much
dapartura from truth, condansed into equations having tha
sama form as that of the goneral conssrvation equation on
panal 14, This eguation, incidentally. is sometimes
called & “"transport® equation., It fs Bn pguation whigh
which wa ehall be largely congerned throughou® this lecturs

Churse.
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Howaver, hefore attention can be given to the mathematical
propartiss pf the oguatien. it 18 necessary to astabligh
how the Lers .]'* E¢ ara to br svalupked. Thess toplcs. are
Lhe subject af the anext two leckures.
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